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PEEFAOE. 

The publication of these lectures^ which I deliyered in Columbia 
University in the spring of 1906, has been unduly delayed, chiefly 
on account of my wish to give some further development to the sub- 
ject, so as to present it in a connected and fairly complete form; 
for this reason I have not refrained from making numerous additions. 
Nevertheless there are several highly interesting questions, more or 
less belonging to the theory of electrons, which I could but slightly 
touch upon. I could no more than allude in a note to Yoigt's 
Treatise on magneto-optiqal pheuomena, and neither Planck's views 
on radiation, nor Einstein's, principle of relativity have received an 
adequate treattnent. 

In one other respect this book will, I fear, be found very deficient. 
No space could be spared for a discussion of the different ways in 
which the fundamental principles may be established, so that, for iur 
stance, there was no opportunity to mention the important share that 
has been taken in the development of the theory by L arm or and 
Wiechert. 

It is with great pleasure that I express my thanks to Professor 
A. P. Wills for his kindness in reading part of the proofs, and to 
the publisher for the care he has bestowed on my work. 

Leiden, January 1909. 

H. A. Lorentz. 



In this new edition the text has been left nearly unchanged. 
I have confined myself to a small number of alterations and additions 
in the foot-notes and the appendix. 

Haarlem, December 1915. 

H. A. L. 
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CHAPTER 1. 

GENERAL PRINCIPLES. THEORY OF FREE ELECTRONS. 

The theory of electrons, on which I shall have the honor to 
lecture before you, already forms so vast a subject, that it will be 
impossible for me to treat it quite completely. Even if I confine 
myself to a general review of this youngest branch of the science 
of electricity, to its more important applications in the domain 
of light and radiant heat, and to the discussion of some of the 
difficulties that still remain, I shall have to express myself as con- 
cisely as possible, and to use to the best advantage the time at our 
disposal. 

In this, as in every other chapter of mathematical physics, we 
may distinguish on the one hand the general ideas and hypotheses 
of a physical nature involved, and on the other the array of 
mathematical formulae and developments by which these ideas and 
hypotheses are expressed and worked out. I shall try to throw a 
clear light on the former part of the subject, leaving the latter part 
somewhat in the background and omitting all lengthy calculations, 
which indeed may better be presented in a book than in a lecture.^) 

1. As to its physical basis, the theory of electrons is an oft- 
spring of the great theory of electricity to which the names of 
Faraday and Maxwell wiU be for ever attached. 

You all know this theory of Maxwell, which we may call the 
general theory of the electromagnetic field, and in which we con- 
stantly have in view the state of the matter or the medium by which 
the field is occupied. While speaking of this state, I must immediately 
call your attention to the curious fact that, although we never lose 
sight of it, we need by no means go far in attempting to form an 
image of it and^ in fact, we cannot say much about it. It is true 
that we may represent to ourselves internal stresses existing in the 

1) In this volume such calculations as I have only briefly indicated in my 
lectures are given at full length in the appendix at the end. 

liorantz, Theory of electrons. Sod Kd. 1 



2 I. GENERAL PRINCIPLES. THEORY OP FREE ELECTRONS. 

medium surrounding an electrified body or a magnet^ that we may 
think of electricity as of some substance or fiuid^ tree to move in 
a conductor and bound to positions of equilibrium in a dielectric, 
an^. that n^e .maji :also conceive a magnetic field, as the seat of 
cert^.*inYi32bl€C anbtitos, rotations for example around the lines of 
fpri^e.,. ^11 ..this li^v.b'e^i done by many physicists and Maxwell 
£bttS<^.*llas*s^& 'the 'exainple. Yet^ it must not be considered aa 
really necessary; we can develop the theory to a large extent and 
elucidate a great number of phenomena^ without entering upon 
speculations of this kind. Indeed, on account of the difficulties into 
which they lead us^ there has of late years been a tendency to avoid 
them altogether and to establish the theory on a few assumptions 
of a more general nature. 

The first of these is, that in an electric field there is a certain 
state of things which gives rise to a force acting on an electrified 
body and which may therefore be symbolically represented by the 
force acting on such a body per unit of charge. This is what we 
call the electric force, the symbol for a state in the medium about 
whose nature we shall not venture any further statement. The second 
assumption relates to a magnetic field. Without thinking of those 
hidden rotations of which I have just spoken, we can define this by 
the so called ma>gnetic force, i. e. the force acting on a pole of unit 
strength. 

After having introduced these two fundamental quantities, we 
try to express their mutual connexions by a set of equations which 
are then to be applied to a large variety of phenomena. The mathe- 
matical relations have thus come to take a very prominent place^ 
80 that Hertz even went so far as to say that, afker all, the theory 
of Maxwell is best defined as the system of Maxwell's equations. 

We shall not use these formulae in the rather complicated form 
in which they can be found in Maxwell's treatise, but in the clearer 
and more condensed form that has been given them by Heaviside 
and Hertz. In order to simplify matters as much as possible, I shall 
further introduce units ^) of such a kind that we get rid of the larger 

part of such factors as 43r and ]/43r, by which the formulae were 
originally encumbered. As you well know, it was Heaviside who 
most strongly advocated the banishing of these superfluous factors and 
it will be well, I think, to follow his advice. Our unit of electricity 

will therefore be y4jt times smaller than the usual electrostatic unit. 



1) The units and the notation of these lectures (with the Exception of the 
letters serving to iodicate yectors) have also been used iD my articles on 
Maxwell's. Theory and the Theory of Electrons, in the „Encyklopadie der 
mathematischen Wissenschaften^^ Vol. V, 18 and 14. 
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MATHEMATICAL NOTATION. 3 

This choice hayipg been made, we have at the same time fixed for 
every case the number by which the electric force is to be represented. 
As to the magnetic force, we continue to understand by it the force 
acting on a north pole of unit strength; the latter however is like- 
wise y4:X times smaller than the unit commonly used. 

2. Before passing on to the electromagnetic equations, it will be 
necessary to say a few words about the choice of the axes of coor- 
dinates and about our mathematical notation. In the first place, we 
shall always represent a line by 5, a surface by 6 and a space by S, 
and we shall write ds, dfS, dS respectively for an element of a line, 
a surface, or a space. In the case of a surface, we shall often have 
to consider the normal to it; this will be denoted by n. It is always 
to be drawn towards a definite side and we shall agree to draw it 
towards the outside, if we have to do with a closed surface. 

The normal may be used for indicating the direction of a 
rotation in the surface. We shall say that the direction of a rotation 
in a plane and that of a normal to the plane correspond to each 
other, if an ordinary or right-handed screw turned in the direction 
of the rotation advances in that of the normal. This being agreed 
upon, we may add that the axes of coordinates will be chosen in 
such a manner that OZ corresponds to a rotation of 90® from OX 
towards OY, 

We shall further find it convenient to use a simple kind of 
vector analysis and to distinguish vectors and scalar quantities by 
different sorts of letters. Conforming to general usage, I shall denote 
scalars by ordinary Latin or Greek letters. As to the vectors, I have, 
in some former publications, represented them by German letters. 
On the present occasion however, it seems to me that Latin letters, 
either capital or small ones, of the so called Clarendon type, e. g. 
A, P, C etc. are to be preferred. I shall denote by A^^ the component 
of a vector A in the direction h, by A^, A^, A^ its components parallel 
to the axes of coordinates, by A^ the component in the direction of 
a line s and finally by A^ that along the normal to a surface. 

The magnitude of a vector A wiU be represented by |A|. For 
its square however we shall simply write A*. 

Of the notions that have been introduced into vector analysis, 

I must recall to your minds those of the sum and of the difference 

of vectors, and those of the scalar product and the vector product of 

two vectors A and B. The first of these „products% for which we 

shall use the symbol 

(A-B), 

IB the scalar quantity defined by the formula 

(A . B) - I A I I Bl cos (A, B) - A.B. + A,B, + A.B. 



4 I. GENERAL PRINCIPLES. THEORY OF FREE ELECTRONS. 

The yector product^ for which we shall write 

[A-B], 

is a vector perpendicular to the plane through A and B^ whose 
direction corresponds to a rotation by less than 180^ from the direc- 
tion of A towards that of B, and whose magnitude is given by the 
area of the parallelogram described with A and B as sides. Its 
components are 

[A B],==A,B.-A,B^, [A.B]^ = AA-AA, 

[A . B], — A^By — AyB,. 

In many cases we have to consider a scalar quantity ^ or a 
vector A which is given at every point of a certain space. If 9? is a 
continuous function of the coordinates^ we can introduce the vector 
having for its components 

dtp d(p d<p 

dx^ dy' Ji' 

This can easily be shown to be perpendicular to the surface 

g> » const. 

and we may call it the gradient of <py which, in our formulae, we 
shall shorten to ;;grad tp^^. 

A space at every point of which a vector A has a definite 
direction and a definite magnitude may be called a vector field, and 
the lines which at every point indicate the direction of A may be 
spoken of as vector- or direction-lines. In such a vector field, if 
A^, A , A, are continuous functions of the coordinates, we can intro- 
duce for every point a certain scalar quantity and a certain new 
vector, both depending on the way in which A changes from point 
to point, and both having the property of being independent of the 
choice of the axes of coordinates. The scalar quantity is called the 
divergence of A and defined by the formula 

div A = -5-^ + -^ + -^^ 
ox dy de 

The vector is called the rotation or the curl of A; its com- 
ponents are 

dkg dky dkjg dkg dky dAgg 
'dy' "" 'W^ 'W "" 'dx^ ~dx "" ~dy ' 

and it will be represented by the symbol „rot A". 

If the divergence of a vector is at all points, its distribution 
over space is said to be sclenoidai. On the other hand, we shall 
speak of an irrotntional distribution, if at all points we haTe 
rot A « 0. 



FUNDAMENTAL EQUATIONS FOR THE ETHER. 5 

In order to complete our list of notations, I have only to add 
that the symbol A is an abbreviation for 

and that not only scalars but also vectors may be differentiated with 
respect to the coordinates or the time. For example, ^— means a 
vector whose components are 

dk^ aA» dk, 

dx^ dx^ dx^ 

and -^ has a similar meaning. A differentiation with respect to the 

time t will be often represented by a dot, a repeated differentiation 
of the same kind by two dots, etc. 

8. We are now prepared to write down the fundamental equa- 
tions for the electromagnetic field in the form which they take for 
the ether. We shall denote by d the electric force, the same symbol 
serving for the dielectric displacement, because in the ether this has 
the same direction and, on account of the choice of our units, the 
same numerical magnitude as the electric force. We shall further 
represent by h the magnetic force and by c a constant depending on 
the properties of the ether. A third vector is the current C, which 
now consists only of the displacement current of Maxwell. It exists 
wherever the dielectric displacement d is a function of the time, and 
is given by the formula 

c - d. (1) 

In the form of differential equations, the formulae of the electro- 
magnetic field may now be written as follows: 

div d - 0, (2) 

div h = 0, (3) 

roth«i-C-|d, (4) 

rotcl--~h. (5) 

The third equation, conjointly with the second, determines the 
magnetic field that is produced by a given distribution of the 
current C. As to the last equation, it expresses the law according 
to which electric forces are called into play in a system with a 
variable magnetic field, i. e. the law of what is ordinarily called 
electi'omagnetic induction. The formulae (1), (4) and (5) are vector 
equations and may each be replaced by three scalar equations relating 
to the separate axes of coordinates. 
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Thus (1) is equivalent to 

*''"" "dt ' S dt ' * dt ' 

and (4) to 



dh, dhy 1 dd^ 



J etc. 



^y ^^ c dt 

The state of things that is represented by our fundamental 
equations consists^ generally speakings in a propagation with a velo- 
city c. Indeed, of the six quantities d^^, d^, d„ h^^, h^, h,, five may 
be eliminated^), and we then find for the remaining one ^ an equation 
of the form 

This is the typical differential equation for a disturbance of the 
state of equilibrium, travelling onwards with the speed c. 

Though all the solutions of our equations have this general 
character, yet there are a very large variety of them. The simplest 
corresponds to a system of polarized plane waves. For waves of this 
kind, we may have for example 

dy =- a cos w (^ — — j, h, — a cos n u — — j, (7) 

all other components of d and h being 0. 

I need not point out to you that really, in the state represented 
by these formulae, the values of d^ and h,, which for a certain value 
of t exist at a point with the coordinate a;, will after a lapse of 
time d^ be found in a point whose coordinate is x -{- c8t The 
constant a is the amplitude and n is the frequency, i. e. the number 
of vibrations in a time 2x, If n is high enough, we have to do 
with a beam of plane polarized light, in which, as you know already, 
the electric and the magnetic vibrations are perpendicular to the ray 
as well as to each other. 

Similar, though perhaps much more complicated formulae may 
serve to represent the propagation of Hertzian waves or the radiation 
which, as a rule, goes forth from any electromagnetic system that is 
not in a steady state. If we add the proper boundary conditions, 
such phenomena as the diffraction of light by narrow openings or 
its scattering by small obstacles may likewise be made to fall under 
our system of equations. 

The formulae for the ether constitute the part of electromagnetic 
theory that is most firmly established. Though perhaps the way in 
which they are deduced will be changed in future years, it is 



1) See Note 1 (Appendix). 
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GENERAL EQUATIONS OF THE ELECTROMAGNETIC FIELD. 7 

hardly conceivable that the equations themselves will have to be 
altered. It is only when we come to consider the phenomena in 
ponderable bodies, that we are led into uncertainties and doubts. 

4t. There is one way of treating these phenomena that is compa- 
ratively safe and, for many purposes, very satisfactory. In following 
it, we simply start from certain relations that may be considered as 
expressing, in a condensed form, the more important results of electro- 
magnetic experiments. We have now to fix our attention on four 
vectors, the electric force E, the magnetic force H, the current of 
electricity C and the magnetic induction B. These are connected by 
the following fundamental equations: 

divC=0, (8) 

div B = 0, (9) 

rotH«|C, (10) 

rot E « - i- B, (11) 

presenting the same form as the formulae we have used for the ether. 
In the present case however, we have to add the relation between 
E and C on the one hand, and that between H and B on the. other. 
Confining ourselves to isotropic bodies, we can often describe the 
phenomena with sufficient accuracy by writing for the dielectric dis- 
placement 

- .E, (12) 

a vector equation which expresses that the displacement has the same 
direction as the electric force and is proportional to it. The current 
in this case is again Maxwell's displacement current 

C « d. (13) 

In conducting bodies on the other hand, we have to do with a 
current of conduction, given by 

i - *E, (14) 

where (7 is a new constant. This vector is the only current and 
therefore identical to what we have called C, if the body has only 
the properties of a conductor. In some cases however, one has been 
led to consider bodies endowed with the properties of both conductors 
and dielectrics. If, in a substance of this kind, an electric force is 
supposed to produce a dielectric displacement as well as a current 
of conduction, we may apply at the same time (12) and (14), writing 
for the total cuiTcnt 

C-D+J-«E + (yE. (15) 
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Finally^ the simplest assumption we can make as to the relation 
between the magnetic force and the magnetic induction is expressed 
by the formula 

B > (,H, (16) 

in which /it is a new constant. 

S. Though the equations (12)^ (14) and (16) are useful for the 
treatment of many problems, they cannot be said to be applicable to 
all cases. Moreover, even if they were so, this general theory, in 
which we express the peculiar properties of different ponderable 
bodies by simply ascribing to each of them particular values of the 
dielectric constant £, the conductivity 6 and the magnetic permeabi- 
lity ft, can no longer be considered as satisfactory, when we wish to 
obtain a deeper insight into the nature of the phenomena. If we 
want to understand the way in which electric and magnetic properties 
depend on the temperature, the density, the chemical constitution or 
the crystalline state of substances, we cannot be satisfied with simply 
introducing for each substance these coefficients, whose values are 
to be determined by experiment; we shall be obliged to have recourse 
to some hypothesis about the mechanism that is at the bottom of 
the phenomena. 

It is by this necessity, that one has been led to the conception 
of eUctronSj i. e. of extremely small particles, charged with electricity, 
which are present in immense numbers in all ponderable bodies, and 
by whose distribution and motions we endeavor to explain all electric 
and optical phenomena that are not confined to the free ether. My 
task will be to treat some of these phenomena in detail, but I may 
at once say that, according to our modem views, the electrons in 
a conducting body, or at least a certain part of them, are supposed 
to be in a free state, so that they can obey an electric force by 
which the positive particles ai*e driven in one, and the negative 
electrons in the opposite direction. In the case of a non-conducting 
substance, on the contrary, we shall assume that the electrons are 
bound to certain positions of equilibrium. If, in a metallic wire, the 
electrons of one kind, say the negative ones, are travelling in one 
direction, and perhaps those of the opposite kind in the opposite 
direction, we have to do with a ^urrent of conduction, such as may 
lead to a state in which a body connected to one end of the wire 
has an excess of either positive or negative electrons. This excess^ 
the charge of the body as a whole, will, in the state of equilibrium 
and if the body consists of a conducting substance, be found in a 
very thin layer at its surface. 

In a ponderable dielectric there can likewise be a motion of the 
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electrons. Indeed^ though we shall think of each of them as having 
a definite position of equilibrium^ we shall not suppose them to be 
wholly immoyable. They can be displaced by an electric force exerted 
by the ether, which we conceive to penetrate all ponderable matter, 
a point to which we shall soon have to revert. Now, however, the 
displacement will immediately give rise to a new force by which the 
particle is pulled back towards its original position, and which we may 
therefore appropriately distinguish by the name of elastic force. The 
motion of the electrons in non-conducting bodies, such as glass and 
sulphur, kept by the elastic force within certain bounds, together 
with the change of the dielectric displacement in the ether itself, 
now constitutes what Maxwell called the displacement current. 
A substance in which the electrons are shifted to new positions is 
said to be electrically polarized. 

Again, under the influence of the elastic forces, the electrons can 
vibrate about their positions of equilibrium. In doing so, and perhaps 
also on account of other more irregular motions, they become the 
centres of waves that travel outwards in the surrounding ether and 
can be observed as light if the frequency is high enough. In this 
manner we can account for the emission of light and heat As to 
the opposite phenomenon, that of absorption, this is explained by 
considering the vibrations that are communicated to the electrons 
by the periodic forces existing in an incident beam of light. If the 
motion of the electrons thus set vibrating does not go on undisturbed, 
but is converted in one way or another into the irregular agitation 
which we call heat, it is clear that part of the incident energy will 
be stored up in the body, in other terms that there is a certain ab- 
sorption. Nor is it the absorption alone that can be accounted for 
by a communication of motion to the electrons. This optical resonance, 
as it may in many cases be termed, can likewise make itself felt 
even if there is no resistance at all, so that the body is perfectly 
transparent. In this case also, the electrons contained within the 
molecules will be set in motion, and though no vibratory energy is 
lost, the oscillating particles will exert an influence on the velocity 
with which the vibrations ure propagated through the body. By 
taking account of this reaction of the electrons we are enabled to 
establish an electromagnetic theory of the refrangibility of light, in 
its relation to the wave-length and the state of the matter, and to 
form a mental picture of the beautiful and varied phenomena of 
double refraction and circular polarization. 

On the other hand, the theory of the motion of electrons in 
metallic bodies has been developed to a considerable extent. Though 
here also much remains to be done, new questions arising as we 
proceed, we can already mention the important results that have 
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been reached by Riecke, Drude and J. J. Thomson.^) The funda- 
mental idea of the modem theory of the thermic and electric pro- 
perties of metals is^ that the free electrons in these bodies partake 
of the heat-motion of the molecules of ordinary matter, travelling in 
all directions with such velocities that the mean kinetic energy of 
each of them is equal to that of a gaseous molecule at the same 
temperature. If we farther suppose the electrons to strike over and 
over again against metallic atoms, so that they describe irregular 
sdgzag-lines, we can make clear to ourselves the reason that 
metals are at tJbe same time good conductors of heat and of electri- 
city, and that, as a general rule, in the series of the metals, the two 
conductivities change in nearly the same ratio. The larger the 
number of free electrons, and the longer the time that elapses between 
two successive encounters, the greater will be the conductivitv for 
heat as well as that for electricity. 

6. This rapid review will suffice to show you that the theory 
of electrons is to be regarded as an extension to the domain of 
electricity of the molecular and atomistic theories that have proved 
of so much use in many branches of physics and chemistry. Like 
these, it is apt to be viewed unfavourably by some physicists, who 
prefer to push their way into new and unexplored regions by follow- 
ing those great highways of science which we possess in the laws 
of thermodynamics, or who arrive at important and beautiful results, 
simply by describing the phenomena and their mutual relations by 
means of a system of suitable equations. No one can deny that 
these methods have a charm of their own, and that, in following 
them, we have the feeling of treading on firm ground, whereas in 
the molecular theories the too adventurous physicist often runs the 
risk of losing his way and of being deluded by some false prospect 
of success. We must not forget, however, that these molecular hypo- 
theses can boast of some results that could never have been attained 
by pure thermodynamics, or by means of the equations of the electro- 
magnetic field in their most general form, results that are well known 
to all who have studied the kinetic theory of gases, the theories of 



1) E. Biecke, Zur Theorie des Galvanisinus und der W9,rme, Ann. Phys. 
Chem. 66 (1898), p. 353, 645, 1199; Ober das Verhaitnis der Leitfahigkeiten 
der Metalle fur Warme und far Elektriziat, Ann. Phys. 2 (1900), p. 835. 
P. Drude, Zur Elektronentheorie der Metalle, Ann. Phjs. 1 (1900), p. 666; 
8 (1900), p. 369. J. J. Thomson, Indications relatives k la constitution de la 
mati^re foumles par les recherches r^centes sur le passage de T^lectricit^ a 
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dilute solutions, of electrolysis and of the genesis of electric currents 
by the motion of ions. Nor can the fruitfulness of these hypotheses 
be denied by those who have followed the splendid researches on the 
conduction of electricity through gases of J. J. Thomson^) and his 
fellow workers. 

7. I have now to make you acquainted with the equations 
forming the foundation of the mathematical theory of electrons. 
Permit me to introduce them by some preliminary remarks. 

In the first place^ we shall ascribe to each electron certain finite 
dimensions, however small they may be, and we shall fix our attention 
not only on the exterior field, but also on the interior space, in 
which there is room for many elements of volume and in which the 
state of things may vary from one point to another. As to this 
state, we shall suppose it to be of the same kind as at outside points. 
Indeed, one of the most important of our fundamental assumptions 
must be that the ether not only occupies all space between molecules, 
atoms or electrons, but that it pervades all these particles. We shall 
add the hypothesis that, though the particles may move, the ether 
always remains at rest. We can reconcile oui-selves with this, at 
first sight, somewhat startling idea, by thinking of the particles of 
matter as of some local modifications in the state of the ether. These 
modifications may of course very well travel onward while the volume- 
elements of the medium in which they exist remain at rest. 

Now, if within an electron there is ether, there can also be an 
electromagnetic field, and all we have got to do is to establish a 
system of equations that may be applied as well to the parts of the 
ether where there is an electric charge, i. e. to the electrons, as to 
those where there is none. As to the distribution of the chai-ge, we 
are free to make any assumption we like. For the sake of convenience 
we shall suppose it to be distributed over a cei*taiu space, say over 
the whole volume occupied by the electron, and we shall consider 
the volume-density (> as a continuous function of the coordinates, so 
that the charged particle has no sharp boundary, but is surrounded 
by a thin layer in which the density gradually sinks from the value 
it has within the electron to 0. Thanks to this hypothesis of the 
continuity of (>, which we shall extend to all other quantities occurring 
in our equations, we have never to trouble ourselves about surfaces 
of discontinuity, nor to encumber the theory by separate equations 
relating to these. Moreover, if we suppose the difference between 
the ether within and without the electrons to be caused, at least so 



1) J. J. Thomson. Conduction of electricity through gases, Cambridge. 
1903. 
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far as we are concerned with it, only by the existence of the volume- 
density in' the interior, the equations for the external field must be 
got from those for the internal one by simply putting Q ^0, so that 
we have only to write down one system of differential equations. 

Of course, these must be obtained by a suitable modification, in 
which the influence of the charge is expressed, of the equations 
(2) — (5) which we have established for the free, i. e. for the uncharged 
ether. It has been found that we can attain our object by the 
slightest modification imaginable, and that we can assume the following 
system 

div d -« (>, (17) 

divh«0, (18) 

roth-^C-^(d + (,v), (19) 

rotd---|h, (20) 

in which the first and the third formula are the only ones that have 
been altered. 

In order to justify these modifications, I must in the first plac« 
recall to your minds the general relation existing in Maxwell's 
theory between the dielectric displacement across a closed surface 
and the amount of charge e contained within it. It is expressed by 
the equation 

/d.d<J-e, (21) 

in which the integral relates to the closed sui-fiace, each element d6 
of it being multiplied by the component of d along the normal n, 
which, as we have already said, is drawn towards the outside. Using 
a well known form of speech and comparing the state of things with 
one in which there would be no dielectric displacement at all, we 
may say that the total quantity of electricity that has been displaced 
across the surface (a quantity that has been shifted in an outward 
direction being reckoned as positive), is equal to the charge e. Now, 
if we apply this to an element of space dxdydZj taken at a point 
where there is a volume-density (>, we have 

e^ Qdxdydz 

and, since the integral in (21) reduces to 

div d • dx dy dz, 

we are at once led to the formula (17). 

In the second place, we must observe that a moving charge 
constitutes what is called a convection current and produces the 
same magnetic effects as a common current of conduction; this was 
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first shown by Rowland's celebrated and well known experiment. 
Now, if V is the velocity of the charge, it is natural to write pV for 
the convection current; indeed, the three components (^V^, pVy, (^V, 
represent the amounts of charge, reckoned per unit of area and unit 
of time, which are carried across elements of surface perpendicular to 
the axes of coordinates. On the other hand, if in the interior of an 
electron there is an electromagnetic field, there will also be a 

displacement current d. We are therefore led to assume as the 
expression for the total current 

c-d + pv, (22) 

and to use the equation (19) in order to determine the magnetic 
field. Of course, this is again a vector equation. In applying it to 
special problems, it is often foimd convenient to replace it by the 
three scalar differential equations 

By dz '^ c\dt '^ ^ W' dz dx '^ c\dt '^ ^ W' 

dx dy c\ di "^ ^ W 

You see that by putting (> » 0, in the formulae (17) and (19). 
we are led back to our former equations (2) and (4). 

8. There is one more equation to be added « in fact one that* 
is of equal importance with (17) — (20). It will have been noticed 
that I have carefully abstained from saying anything about the 
nature of the electric charge represented by q. Speculations on this 
point, or attempts to reduce the idea of a charge to others of a 
different kind, are entirely without the scope of the present theory; 
we do not pretend to say more than this, that 9 is a quantity, 
belonging to a certain point in the ether and connected with the 
distribution of the dielectric displacement in the neighbourhood of 
that point by the equation (17). We may say that the ether can 
be the seat of a certain state, determined by the vector d which we 
call the dielectric displacement, that in general this vector is solenoidally 
distributed, but that there are some plaCbes which form an exception 
to this rule, the divergence of d having a certain value (>, different 
from 0. In such a case, we speak of an electric charge and under- 
stand by its density the value of div d. 

As to the statement that the charges can move through the 
ether, the medium itself remaining at rest, if reduced to its utmost 
simplicity, it only means that the value of div d which at one moment 
exists at a point P, will the next moment be found at another 
place P'. 
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Yet, in order to explain electromagnetic phenomena, we are 
obliged to go somewhat further. It is not quite sufficient to con- 
sider Q as mierely the symbol for a certain state of the ether. On 
the contrary, we must invest the charges with a certain degree of 
substantiality, so far at least that we recognize the possibility of 
forces acting on them and producing or modifying their motion. The 
word „force'' is here taken in the ordinary sense it has in dynamics, 
and we should easily become accustomed to the idea of forces acting* 
on the charges, if we conceived these latter as fixed to what we are 
accustomed to call matter, or as being a property of this matter. 
This is the idea underlying the name of „charged particle^ which 
we have already used and shall occasionally use again for an electron. 
We shall see later on that, in some cases at least, the fitness of the 
name is somewhat questionable. 

However this may be, we must certainly speak of such a thing 
as the force acting on a charge, or on an electron, on charged 
matter, whichever appellation you prefer. Now, in accordance with 
the general principles of Maxwell's theory, we shall consider 
this force as caused by the state of the ether, and even, since 
this medium pervades the electrons, as exerted by the ether on all 
internal points of these particles where there is a charge. If we 
divide the whole electron into elements of volume, there will be a 
force acting on each element and determined by the state of the 
'ether existing within it. We shall suppose that this force is pro- 
portional to the charge of the element, so that we only want to 
know the force acting per unit charge. This is what we can novr 
properly call the electric force. We shall represent it by f. The 
formula by which it is determinecl, and which is the one we still 
have to add to (17) — (20), is as follows: 

f = d + i[v.h]. (23) 

Like our former equations, it is got by generalizing the results of 
electromagnetic experiments. The first term represents the force 
acting on an electron in an electrostatic field; indeed, in this case, 
the force per unit of charge must be wholly determined by the 
dielectric displacement. On the other hand, the part of the force 
expressed by the second term may be derived from the law according 
to which an element of a wire carrying a current is acted on by a 
magnetic field with a force perpendicular to itself and the lines of 
force, an action, which in our units may be represented in vector 
notation by 
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where I is the intensity of the current considered as a vector, and s 
the length of the element. According to the theory of electrons, 
F is made up of all the forces with which the field h acts on the 
separate electrons moving in the wire. Now, simplifying the question 
by the assumption of only one kind of moving electrons with equal 
charges e and a common velocity Y, we may write 

if N is the whole number of these particles in the element s. Hence 

F»^[v.h], 

BO that, dividing by Ne, we find for the force per unit charge 

4[v.h]. 

As an interesting and simple application of this result, 1 may mention 
the explanation it affords of the induction current that is produced 
in a wire moving across the magnetic lines of force. The* two kinds 
of electrons having the velocity V of the wire, are in this case driven 
in opposite directions by forces which are determined by our formula. 

8. After having been led in one particular case to the existence 

of the force d, and in another to that of the force — [v • h], we now 

combine the two in the way shown in the equation (23), going 
beyond the direct result of experiments by the assumption that in 
general the two forces exist at the same time. If, for example, an 
electron were moving in a space traversed by Hertzian waves, we 
could calculate the action of the field on it by means of the values 
of d and h, such as they are at the point of the field occupied by 
the particle. 

Of course, in cases like this, in which we want to know the 
force exerted by an external field, we need not distinguish the 
directions and magnitudes of f at different points of the electron, at 
least if there is no rotation of the particle; the velocity V will be 
the same for aU its points and the extemiJ field may be taken as 
homogeneous on account of the smaUness of the electron. If however, 
for an electron having some variable motion, we are required to 
calculate the force that is due to its own field, our analysis must be 
pushed further. The field is now far from homogeneous, and after 
having divided the particle into elements of volume, we must 
determine the action of the field on each of them. Finally, if the 
electron is treated as a rigid body, we shall have to calculate in the 
ordinary way the resultant force and the resultant couple. 
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10. Wliile I am speaking so boldly of what goes on in the 
interior of an electron, as if I had been able to look into these small 
partideS; I fear one will feel inclined to think I had better not try 
to enter into all these details. My excuse must be that one can 
scarcely refrain from doing so, if one wishes to have a perfectly 
definite system of equations; moreover, as we shall see later on, our 
experiments can really teach us something about the dimensions of 
the electrons. In the second place, it may be observed that in those 
cases in which the internal state of the electrons can make itself 
felt, speculations like those we have now entered upon, are at all 
events interesting, be they right or wrong, whereas they are harm- 
less as soon as we may consider the internal state as a matter of 
little importance. 

It must also be noticed that our assumptions by no means 
exclude the possibility of certain distributions of charge which we 
have not at first mentioned. By indefinitely diminishing the thickness 
of the transition layer in which q passes from a finite value to 0, 
we can get as a limiting case that of an electron with a sharp 
boundary. We can also conceive the charge to be present, not 
throughout the whole extent of the particle, but only in a certain 
layer at its surface, whose thickness may be made as small as we 
like, so that after all we can speak of a surface -charge. Indeed, in 
some of our formulae we shall have in view this special case. 

11. Since our equations form the real foundation-stones of the 
structure we are going to build, it will be well to examine them 
somewhat more closely, so that we may be sure that they are con- 
sistent with each other. They are easily shown to be so, provided 
only the charge of an element of volume remain constant during its 
motion.^) If we regard the electrons as rigid bodies, as we shall 
almost always do, this of course means that q is constant at every 
point of a particle. However, we might also suppose the electrons to 
change their shape and volume; only, in this case, the value of p 
for an element of volume ought to be considered as varying in the 
inverse ratio as the magnitude of the element. 

It is also important to remark that our formulae are applicable 
to a system in which the charges, instead of being concentrated in 
certain small particles, are spread over larger spaces in any way you 
like. ' We may even go a step further and imagine any number of 
charges with the densities p^, q^ etc., which are capable of penetrating 
each other and therefore of occupying the same part of space, and 
which move, each with its own velocity. This would require us to 

1) Note 2. 
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replace the terms q and ()Y.in (17) and (19) by Qi + Q2 "^ ' ' ' *"d 
Qi^i + Qi^i '^ ' "y ^^^ vectors Vj, Y^, ... being the velocities of the 
separate charges. An assumption of this kind; artificial though it 
may seem^ will be found of use in one of the problems we shall 
have to examine. 

12. I have now to call your attention to some of the many 
beautiful results that may be deriyed from our fundamental equations, 
in the first place to the way in which the electromagnetic field is 
determined by the formulae (17) — (20), if the distribution and the 
motion of the charges are supposed to be given. The possibility of 
this determination is due to the fact that we can eliminate five of 
the six quantities d^, d^, d„ h,, h^, h,, exactly as we could do, when 
we treated the equations for the free ether, and to the remarkable 
form in which the final equation presents itself.^) We have, for 
example, three equations for the components of d, which we may 
combine into the vector formula 

A(l-id-grad9 + lA(pV), (24) 

and the similar condition for the magnetic force 

Ah--i'li = -i-rot(9V). (25) 

It will not be necessary to write down the six scalar equations for 
the separate components; we can confine ourselves to the formulae 
for d, and h^, viz. 

Al.,-i|i.---|-|^-^-?i|??|- (27) 

In order to express myself more clearly, it will be proper to 
introduce a name for the left -hand sides of these equations. The 
result of the operation A, applied to a quantity ^ that is a function 
of the coordinates x, y, z, has been called the Laplacian of^. 

1 d* 
Similarly, the result of the operation A ^-^ ^ay be given the name 

of the Dalembertian of the original quantity, in commemoration 
of the fact that the mathematician d'Alembert was the first to 
solve a partial differential equation, occurring in the theory of a 
vibrating strii^, which contains this opei-ation, or rather the operation 

ji J ^„ which is a special case of it. Of coarse, since vectors 

can be differentiated with respect to time and place, we may as well 

1) Note S. 
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speak of the Dalembertian of a vector^ of tiiat of a scalar quan- 
tity. Accordingly, since, for a given distribution and motion of the 
charges, the right-hand members, of our last equations are known 
functions of x^ y, z^ ty we see that the vectors d and h, as well as 
each of their components, are determined by the values of their 
Dalembertians. We have therefore to look into the question, what 
wiU be the value of a quantity ^ whose Dalembertian has a 
given value o. This is a problem which admits a simple solution. 
In the ordinary theory of the potential it is proved that a function ^ 
whose Laplacian has a given value (d, may be found by the 
formula 

^"-hfy^S' (28) 

where r is the distance from an element of volume dS to the point P 
for which we want to calculate if, (o the value of the Laplacian 
in this element, and where we have to integrate over all parts of 
space in which o is different from 0. 

Now, it is very remarkable that a function ^ satisfying the 
equation 

(^-il')^-"'' (29) 

may be found by a calculation very like that indicated in (28)^). The 
only difference is that, if we are asked to determine the value of ^ 
at the point P for the instant t, we must take for co the value of 

this function existing in the element dS at the time t We 

shall henceforth include in square brackets quantities whose values 

must be taken, not for the time t, but for the previous time t 

Using this notation, we may say that the function 

* — ^Z-?''^ (30) 

is a solution of the differential equation (29). It should be observed 

that this also holds when <d is a vector quantity; [o] and —dS 

will then be so likewise, and the integration in (30) is to be under- 
stood as the addition of an infinite number of infinitely small vectors. 
For purposes of actual computation, the vector equation may again 
be split up into three scalar ones, containing the components of (9, 
and giving us those of V'. 

1) Note 4. 
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13. The above method of calculation might be applied to the 
equations (24) and (25) or (26) and (27). Since, however, the second 
members of these formulae are somewhat complicated, we prefer not 
directly to determine d and h, but to calculate in the first place 
certain auxiliary functions on which the electric and magnetic forces 
may be made to depend, and which are called potentials. The first 
is a scalar quantity, which I shall denote by 9, the second a vector 
for which I shall write a. 

If the potentials are subjected to the relations 

A9-^^ = -p (31) 

and 

Aa--ia--i(.v, (32) 

one can show^), by means of (17) — (20), that the dielectric displacement 
is given by 

d — a — grad if (33) 

and the magnetic force by 

h - rot a. (34) 

You see that the equations (31) and (32) are again of the form (29), 
80 that the two potentials are determined by the condition that their 

Dalembertians must have the simple values —q and — 7 9^- 
Therefore, on account of (30), we may write 

^-Infl^^9]dS (35) 

and 

«=-li-c/>v]<^^- (36) 

By these equations, combined with (33) and (34), our problem is 
solved. They show that, in order to calculate the field, we have to 
proceed as follows: Let P be the point for which we wish to 
determine the potentials at the time t We must divide the whole 
surrounding space into elements of volume, any one of which is 
called dS, Let it be situated at the point Q and let the distance QP 
be denoted by r. In this element of space there may or may not 
be a part of an electron at a certain time. We are only concerned 

with the question whether it contains a charge at the time t — - • 

Indeed, the brackets serve to remind us that we are to understand 

1) Note 5. 
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am 

bj (f the density existing in d8 at the particular instant t 

and by ^V the product of this density and the velocity of the charge 
within dS 9ki that same instant. These values [9] and [(»V] must be 
multiplied by dS and divided by r. Finally, we have to do for all 
elements what we have done for the one dS and to add all the 
results. Of course there may be many elements which do not con- 
tribute anything to the integrals, viz. all those which at the time 

t did not contain any charge. 

14. ^liat has been said calls forth some further remarks. In 
the first place, you see that the factor — , which we have been so 

anxious to get rid of, has again appeared. We cannot prevent it 
from doing so,, but fortunately it is now confined to a few of our 
equations. In the second place, it is especially important to observe 
that the values of q and qN existing at a certain point Q at the 

time t do not make themselves felt at the point P at the same 

moment i , but at the later time t We may therefore really 

speak of a propagation taking place with the velocity c. The parts 
of 9 and a which are due to the several elements dS correspond to 
states existing in these elements at times which are the more remote, 
the farther these elements are situated from the point P considered. 

On account of this special feature of our result, the potentials 9? 
and a, given by (35) and (36), are oflien called retarded potentials. 

I must add that the function (30) is not the most general 
solution of (29), and that for this reason the values of (33) and (34) 
derived from (35) and (36) are not the only ones satisfying the 
fundamental equations. We need not however speak of other solutions, 
if we assume that an electromagnetic field in the ether is never pro- 
duced by any other causes than the presence and motion of electrons.^) 

16. The case of a single electron furnishes a good example for 
the application of our general formulae. Let us suppose in the first 
place that the particle never has had nor will have any motion* 
Then we have a — 0, and since q is the same at aU instants, the 
scalar potential is given by 

The equations (33) and (34) becoming 

d = — grad 9, h — 0, 
we fall back on the ordinary formulae of electrostatics. 

1) Note 6. 



FIELD OF A MOVING ELBOTRON. 21 

We shall next consider an electron having (from ^ -= — oo until 
^ -* + oo) a translation with constant Telocity w along a straight 
line. Let P and P' be two points in such positions that the Une 
PP' is in the direction of the motion of the particle. It is easily 
seen that, if we wish to calculate g), a^ d and h^ first for the point P 

and the time t, and then for the point P' and the time t -{ , 

we shall have to repeat exactly the same calculations. If, for example, 
d8 is an element of space contributing a part to the integrals (35) 
and (36) in the first problem, the corresponding integrals in the 
second will contain equal parts due to an element dS' which may 
be got by shifting dS in the direction of translation over a distance 
equal to PP\ 

It appears from this that the electron is continually surrounded 
by the same field, which it may therefore be said to carry along 
with it. As to the nature of this field, one can easily deduce from 
(33) — (36) that, in the case of a spherical electron with a charge 
symmetrically distributed around the centre, if ^ is the path of the 
centre, the electric lines of force are curves situated in planes 
passing through ^, and the magnetic lines circles having s as axis.^) 
The field is distinguished from that of an electron without translation, 
not only by the presence of the magnetic force, but also by an 
alteration in the distribution of the dielectric displacement. 

We shall finally take a somewhat less simple case. Let us 
suppose that, from ^ » — oo until a certain instant t^y the electron 
is at rest in a position A^ and that, in a short interval of time 
beginning at ^^, it acquires a velocity w which remains constant in 
magnitude and direction until after some time, in a short interval 
ending at the instant ^, the motion is stopped. Let B be the final 
position in which the electron remains for ever afterwards. 

If P is any point in the surrounding ether, we can consider two 
distances l^ and Z,, the first of which is the shortest of all the lines 
drawn from P to the points of the electron in the position A, and 
the second the longest of all the lines joining P to the electron in 
the position jB. We shall suppose the interval /^ — ^ to be so long 

It will be clear that in performing the calculation of q> and a, 

for the point P and for an instant previous to ti + -^, we shaU get 

a result wholly independent of the motion of the electron. This 
motion can by no means make itself felt at P during this first 
period, which will therefore be characterized by the field belonging 

1) Note 7. 
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to the immovable electron. A similar field will exist at P after the 

time ^ + ~, every influence that has been emitted by the particle 

while moving, having already, in its outward progress, passed over 
the point considered. 

Between L + ~ and f • -f — the field at P will be due to the 

moving electron. If we suppose the dimensions of the particle to be 
very small in comparison with the distances Z^, l^y and the velocity w 
to be acquired and lost in intervals of time much shorter than t^ — t^^y 
we may be sure that during the larger part of the interval between 

U + -^ and L + — the field at P will be what it would have been, 

had a constant velocity w existed for ever. Of course, immediately 

after /^j + — and shortly before ^2 + -^ it will be otherwise; then, 

there will be a gradual transition from one state of things to the 
other. It is clear also that these periods of transition, taken for 
different points P, will not be found to coincide. If S^y 8^, S^ are 
parts of space at different distances from the line A By S^ being the 
most remote and 8^ the nearest, it may very well be that, at some 
particular instant, 8^ is occupied by the field belonging to the elec- 
tron while at rest in the position A, 8^ hy the field of the moving 
electron, and 8^ by the final field. 

16. Thus far we have only used the equations (17) — (20). 
Adding to these the formula (23) for the electric force, and supposing 
the forces of any other nature which may act on the electrons to be 
given, we have the means of determining, not only the field, but 
also the motion of the charges. For our purpose however, it is not 
necessary to enter here into special problems of this kind. We shall 
concentrate our attention on one or two general theorems holding for 
any system of moving electrons. 

In the first place, suitable transformations of the fundamental 
formulae lead to an equation expressing the law of conservation of 
energy.^) If we confine ourselves to the part, of the system lying 
within a certain closed surface <J, this equation has the form 

Jg(f . y)d8 + ^4t/(^' + ^'^^^ ] + '/"^^ ' •'^-^^ " ^' ^^'^ 

which we shall now try to interpret. Since f is the force with which 
the etber acts on unit charge, gidS will be the force acting on the 
element rfS of the charge, and 

(()rfSf . V) = p(f . v)dS 

1) Note 8. 
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its work per unit of time. The first integral in (37) is thus seen 
to represent the work done by the ether on the electrons per unit 
of time. Combined with the work of other forces to which the 
electrons may be subjected^ this term will therefore enable us to 
calculate the change of the kinetic energy of the electrons. 

Of course, if the ether does work on the electrons^ it must lose 
an equivalent amount of energy, a loss for which a supply of energy 
from the part of the system outside the surface 6 may make up, or 
which may be accompanied by a transfer of energy to that part. 
We must therefore consider 

^(d» + h*)efiS (38) 

as the expression for the energy contained within an element of 
Tolume of the ether, and 



cf[i . hj^rftf (39) 



as that for an amount of energy that is lost by the system within 
the sor&ce and gained by the Bmrounding ether. 

The two parts into which (38) can be divided may properly be 
called the electric and the magnetic energy of the ether. Reckoned 
per unit of volume the former is seen to be 

w - ld«, (40) 

and the latter 

tr„-ih«. (41) 

These values are equivalent to those that were given long ago by 
Maxwell. That the coefficients are -J- and not Sx or something of 
the kind, is due to the choice of our new units and will certainly 
serve to recommend them. 

As to the transfer of energy represented by (39), it must 
necessarily take place at the points of the surface 6 itself, because 
our theory leaves no room for any action at a distance. Further, 
we are naturally led to suppose that the actions by which it is 
brought about are such that, for each element de, the quantity 
c[d • h]^(2tf may be said to represent the amount of energy that is 
transmitted across this particular element. In this way we come to 
the conception, first formulated by Poynting^), of a current or flow 
of energy. It is determined by ihe vector product of d and h, mul- 
tiplied by the constant c, so that we can write for it 

8 - c[d . h], (42) 



1) J. H. Poynting, On the transfer of energy in the electromagnetic field, 
London Trans. 175 (1884), p. 848. 
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the meaning being that, for any element d6, the amonnt of energy 
by which it is traversed, is given for unit of time and unit of area 
by the component 8„ of the vector 8 along the normal to the 
element. 

17. It is interesting to apply the above results to the beam oi 
polarized light represented by our equations (7). We find for the 
enei^ which it contains per unit of space 



i(d« + h«)-a»co8»»(<-^), 



and for the flow of energy across a plane perpendicular to the axis 
of X 

cdyh, -« ca^ cos* n U — — V 
The mean values of these expressions for a full period are 

and 

Indeed, by a well known theorem, the mean value of cos* nU — —J 

is ^. 

It is easily seen that the expression ^ca* may also be used for 
calculating the flow of energy during any lapse of time that is very 
long compared with a period. 

If the beam of light is laterally limited by a cylindrical surface 
whose generating lines are parallel to OX; as it may be if we 
neglect diffraction phenomena^ and if a normal section has the area 2Jf 
the flow of energy across a section is given by \ca*£. It is equal 
for any two sections and must indeed be so, because the amount of 
energy in the part of the beam between them remains constant. 

The case of a single electron having a uniform translation like- 
wise affords a good illustration of what has been said about the 
flow of energy. After having determined the internal and the external 
field by means of the formulae (33) — (36), we can deduce the total 
electromagnetic energy from (40) and (41). I shall later on have 
occasion to mention the result. For the present I shall only say 
that, considering the course of the electric and the magnetic lines of 
force^ which intersect each other at right angles, we must conclude 
that there is a current of energy, whose general direction is that of 
the translation of the electron. This should have been expected, 
since the moving electron is constantly surrounded by the same field. 
The energy of this field may be said to accompany the particle in 
its motion. 
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* 
Other examples might likewise show us how Poynting's theorem 

throws a clear light on many questions. Indeed, its importance can 

hardly be overestimated^ and it is now difficult to recall the state 

of electromagnetic theory of some thirty years ago^ when we had to 
do without this beautiful theorem. 

18. Before leaving this subject I will, with your permission, 
call attention to the question, as to how far we can attach a definite 
meaning to a flow of energy. It must, I believe, be admitted that, 
as soon as we know the mutual action between two particles or ele- 
ments of volume, we shall be able to make a definite statement as 
to the energy given by one of them to the other. Hence, a theory 
which explains things by making definite assumptions as to the 
mutual action of the parts of a system, must at the same time admit 
a transfer of energy, concerning whose intensity there can be no doubt. 
Tet, even if this be granted, we can easily see that in general it 
will not be possible to trace the paths of parts or elements of energy 
in the same sense in which we can follow in their course the ultimate 
particles of which matter is made up. 

In order to show this, I shall understand by P a particle or an 
element of volume and by -4, B, (7, ... , A'y B\ C, . . . a certain number 
of other particles or elements, between which and P there is some 
action resulting in a transfer of energy and, in accordance with what 
has just been said, I shall suppose these actions to be so far known 
that we can distinctly state what amount of energy is interchanged 
between any two particles. Let, for example, P receive from A, B,Cy . .. 
the quantities a, 6, c, ... of energy, and let it give to A', B\ C, . . . 
the quantities a\ h\ Cy . . . , gaining for itself a certain amount p. 
Then we shall have the equation 

a + 6 + c+-'-— 1) + a' + 6' + £?' + ••-. 

Now, though in our imaginary case each term in this equation would 
be known, we should have no means for determining in what way 
the quantities of energy contained in a, 6, c, . . . , say the individual 
units of energy, are distributed among jp, a\ h\ c , .... If, for 
example, there are only two terms on each side of the equation, 
all of the same value, so that it takes the form 

a + 6 « a' + 6; 

we can neither conclude that a is the same energy as a and V the 
same as &, nor that a' is identical to &, and V to a. There would 
be no means of deciding between these two views and others that 
likewise suggest themselves. 

For this reason, the flow of energy can, in my opinion, never 
have quite the same distinct meaning as a flow of material particles^ 



26 I. GENERAL PRINGIPLES. THEORY OF FREE ELECTRONS. 

• 
which ^ by our imagination at least; we can distinguish from each 

other and follow in their motion. It might even be questioned 
whether^ in electromagnetic phenomena^ the transfer of energy really 
takes place in the way indicated by Poynting's law, whether^ for 
example, the heat developed in the ^ire of an incandescent lamp is 
really due to enei^ which it receives from the surrounding medium, 
as the theorem teaches us, and not to a flow of energy along tlie 
wire itself In fact, all 46pend8 upon the hypotheses which we make 
concerning the internal forces in the system, and it may very well be, 
that a change in these hypotheses would materially alter our ideas 
about the path along which the enexgy is carried from one part of 
the system to another. It must be observed however that there is 
no longer room for any doubt, so soon as we admit that the pheno- 
mena going on in some part of the ether are entirely determined by 
the electric and magnetic force existing in that part. No one will 
deny that there is a flow of energy in a beam of light; therefore, 
if all depends on the electric and magnetic force, there must also be 
one near the surface of a wire carrying a current, because here, as 
well as in the beam of light, the two forces exist at the same time 
and are perpendicular to each other. 

19. Results hardly less important than the equation of energy, 
and of the same general character, are obtained when we consider 
the resultant of all the forces exerted by the ether on the electrons 
of a system. For this system we can take a ponderable body which 
is in a peculiar electromagnetic state or in which electromagnetic 
phenomena are going on. In our theory the ponderomotive force 
exerted on a charged conductor, a magnet or a wire carrying a 
current, is made up of all the forces with which the ether acts on 
the electrons of the body. 

Let 6 again be a closed surface, and F the resultant force on 
all the electrons contained within it. Then, on account of (23), we 
may write 

F-/p{d + 4[v.h]}d<S, (43) 

extending the integral to aU the electrons, or as we may do as well 
{fi being in the space between the particles), to the whole space S. 
Now, by the application of the equations (17) — (20)^), this force F 
may be shown to be equal to the sum of two vectors 

F = Fi + F„ (44) 

which are determined by the equations 

1) Note 9. 



and 
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Fi. - i/{ 2d,d, - d« cos (n, re) } d6 

+ 4- Jf 2h, h„ - h» cos (n, a:) } da etc. (45) 



-^/* 



Sef/S. (46) 



The first part of the force is represented by an integral over 
the surface iS, its components, of which only one is given here, being 
determined by the values of d^, dy, d„ h^, etc. at the surface. The 
second part of the force, on the contrary, presents itself as an integral 
over the space 5, not only over those parts of it where there is an 
electric charge, but also over those where there is none. 

20. In discussing the above result we must distinguish several 
cases. 

a) In all phenomena in which the system is in a stationary 
state, the force F,, for which we may write 

disappears, and the whole force F is reduced to an integral over the 
surface 6. In other terms, the ponderomotive action can be regarded 
as the sum of cei*tain infinitely small parts, each of which belongs 
to one of the surface-elements d6 and depends on the state existing 
at that element. A very natural way of interpreting this is to 
speak of each of these parts as of a stress in the ether, acting on 
the element considered. 

The stress depends on the orientation of the element. If this is 
determined by the normal n, and if, using a common notation, we 
write X^f Y^, Z^ for the components of the force per unit area, 
exerted by the part of the medium on the ])Ositive side of the sur- 
face on the part lying on the negative side, we shall have 

X, « ^ { 2d,d,- d» cos (w, ic) } + ^ { 2h^h, - h« cos (n, a-) } etc. (48) 

From these formulae we can easily deduce the components X^, 
y^, Z^y Xy etc. of the stresses acting on elements whose normal is 
parallel to one of the axes of coordinates. We find 

Xx = W,^ - K - "/) + *(•»«* - K - h.*) ^t''-' (49) 

X, = r, =. d,d, + h,h, etc., (50) 

precisely the values of the stresses by which Maxwell long ago 
accounted for the ponderomotive forces observed in electric and 
magnetic fields. 
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This method of calculating the resultant force is often very 
convenient^ the more so because we can take for 6 any surface 
surrounding the body for which we have to solve the problem. 

b) We are led to similar conclusions if we consider a system 
that is the seat of periodical phenomena^ confining ourselves to the 
mean value of the force taken for a complete period T. The mean 
value being given by 

T 


the last term in (44) disappears. Indeed, by (47) the time integral 
of F| is equal to the difference of the values of 



- ?/«''^ 



for ^ -> and ^ » T, and these values are equal on account of the 
periodicity of the changes. 

Hence, in this case also, the resultant force is reduced to surface- 
integrals, or, as we may say, to stresses in the ether. 

It can easily be shown that the mean value of F (and of 
periodically changing quantities in general) during a lapse of time 
that is very much longer than a period T, is equal to the mean 
value during a period, even though the interval considered is not 
exactiy a multiple of T. 



21. An interesting example is famished by the pressure of 
radiation. Let (Fig. 1) AB be a plane disk, receiving in a normal 

direction a beam of light £, which, taking 
CA£ OX in the direction shown in the diagram, 

we can represent by our formulae (7). Let 
us take for a the surfiace of the flat cylin- 

^f-l drical box CDEFj whose plane sides lie 

before and behind the disk and are parallel 
to it. Then, if the plate is perfectly opaque, 
it^Hi' we have only to consider the stress on (72). 

^s- 1- Moreover, if the disk is supposed to be 

perfectly black, so that there is no reflected 
beam, there is only the electromagnetic field represented by the 
equations (7). Hence, since a normal to the plane CD^ drawn 
towards the outside of the box CDEF^ has a direction opposite 
to that of OXy the force acting on the absorbing body in the direc- 
tion of OX per unit area is given by 
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- X, - ^(d/ + h,«), 
and its mean yalue by 

Comparing this with the value of the energy and attending to the 
direction of the force, we conclude that the beam of light produces 
a normal pressure on the absorbing body, the intensity of the pressure 
per unit of surface being numerically equal to the electromagnetic 
energy which the beam contains per unit of volume. 

The same method can be applied to a body which transmits 
and reflects a certain amount of light, and to a disk on which a 
beam of light falls in an oblique direction. In all cases in which 
there is no light behind the disk, the force in the direction of the 
normal will be a pressure — X^ on the illuminated side, if the axis 
of X is directed as stated above. 

We shall apply this to a homogeneous and isotropic state of 
radiation, existing in a certain space that is enclosed by perfectly 
reflecting walls. By homogeneous and isotropic we mean that the 
space is traversed by rays of light or heat of various directions, in 
such a manner that the radiation is of equal intensity in difiPerent 
parts of the space»and in all directions, and that all directions of d 
and h are equally represented in it. It can easily be shown that in 
this case there is no tangential stress on an element dc of the wall. 
As to the normal pressure, which is represented by — X,, if the 
axis of X is made to Coincide with the normal, we may write for it 



P - *(««,' + d.» - d.») + i(h/ + h.» - h.»), 

where the horizontal bars are intended to indicate the mean values, 
over the space considered, of the several terms.^) But, on account 
of our assumptions regarding the state of radiation, 



*■« *"y *"r • 



Each of these quantities is therefore equal to one third of their sum, 
i. e. to -)-d^ Similarly 



h^ «= hy — hj =» ■§■ h . 

Hence, if the formulae (40) and (41) are taken into account, 

jp-i(cr« + ir»)-.i(u;, + M;j. 

In this case, the pressure on the walls per unit of surface is equal 
to one third of the electromagnetic energy per unit of volume. 

Later on, the problem of radiation pressure will be treated by 
a different method. 



1) Note 10 
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Thus far we liave simplified the equation (44) hy supposing 
the last term to vanish. In general, however, this term may not be 
omitted, and the force F cannot be accounted for by a system of 
stresses acting on the surface 6, 

This conclusion takes a remarkable form, if the surface 6 is 
supposed to enclose no electrons at all. Of course, the total force F 
must be in this case, as may be seen from the original expression (43). 
Nevertheless, the force due to the stresses is not generally 0, having 
the value 

f^ F. - 7./* dS. (51) 

It is worthy of notice that this last equation is quite independent of 
the theory of electrons, being a consequence of the fundamental 
equations for the case ^ "- 0, i. e. of the equations for the free ether. 
It has indeed been known for a long time.^) 

In the mind of Maxwell and of many writers on the theory 
there seems* to have been no doubt whatever as to the real existence 
of the ether stresses determined by the formulae (49j and (50). 
Considered from this point of view, the equation (51) tells us that 
in general the resultant force F^ of all the stresseif acting on a part 
of the ether will not be 0. This was first pointed out by Helm- 
holtz.^) He inferred from it that the ether cannot remain at rest, 
and established a system of equations by which its motion can be 
determined. I shall not enter upon these, because no experiment has 
ever shown us any trace of a motion of the ether in an electro- 
magnetic field. 

We may sum up by saying that a theory which admits the 
existence of MaxwelPs stresses leads to the following conclusions: 

1. A portion of the ether is not in equilibrium under the stresses 
acting on its surface. 

2. The stresses acting on the elements of a surface which 
surrounds a ponderable body will, in general, produce a resultant 
force different from the force acting on the electrons of the body 
according to our theory. 

23. Having got thus far, we may take two different courses. 
In the first place, bearing in mind that the ether is undoubtedly 
widely different from all ordinary matter, we may make the assump- 
tion that this medium, which is the receptacle of electromagnetic 
energy and the vehicle for many and perhaps for all the forces acting 
on ponderable matter, is, by its very nature, never put in motion, 

1) Note 11. 

2) Uelmholtz, Folgerungen ana MaxwelTs Theorie Qbei die Bewegungen 
des reinen Athers, Ann. Phys. Chem. 58 (1B94), p. 185. 
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that it has neither velocity nor acceleration, so that we have no 
reason to speak of its mass or of forces that are applied to it 
From this point of view, the action on an electron must be con- 
sidered as primarily determined by the state of the ether in the 
interior of each of its elements of volume, and the equation (43) as 
the direct and immediate expression for it. There is no reason at 
all why the force should be due to pressures or stresses in the uni^ 
versal medium. If we exclude the idea of forces acting on the ether, 
we cannot even speak of these stresses, because they would be forces 
exerted by one part of the ether on the other. 

I should add that, while thus denying the real existence of 
ether stresses, we can still avail ourselves of all the mathematical 
transformations by which the application of the formula (43) may 
be made easier. We need not refrain from reducing the force to a 
surface-integral, and for convenience's sake we may continue to apply 
to the quantities occurring in this integral the name of stresses. 
Only, we must be aware that they are only imaginary ones, nothing 
else than auxiliary mathematical quantities. 

Perhaps all this that has now been said about the absolute 
immobility of the ether and the non-existence of the stresses, may 
seem somewhat startling. If it is thought too much so, one may 
have recourse to the other conception to which I have alluded. In 
choosing this, we recognize the real existence of MaxwelPs internal 
forces, and we regard the ether as only approximately immovable. 

Let us admit that between adjacent parts of the ether there is 
an action determined by the equations (48), so that an element of 
volume of the free ether experiences a force 

-MS, 

and let us suppose the medium to move in such a way that it has 
a momentum 

7.M5, (52) 

or -|S per unit of volume. Let us further imagine that the density 

of the ether is so great that only a very small velocity, too small 
to be detected by any means at our disposal, is required for the 
momentum (52). Then, the formula (51) which, applied to an 
element of the ether, takes the form 

tells us that the assumed state of motion can really exist. This is 
clear because for very small velocities the resultant force acting on 
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the ether contained in a fixed element of yolume may be said to be 
equal to the rate of change of the momentum that is found wUhin 
that element.^) 

On the other hand, in the case of an element dS occupied by 
a charge, the formula 

may be interpreted as follows. The ether within the element is 
subject to a force F^, due to the stresses on the surface. Of this 
force, the part 

\idS 

goes to produce the change of momentum of the ether, the remaining 
part F being transferred to the charge. 

You will readily perceive that, after all, the difference between 
the two modes of view consists mainly in the different interpretations 
given to the same equations. 

34. Whatever may be our opinion about the questions we have 
now touched upon, our discussion shows the importance of the vector 

\^dS, 

which has a definite direction and magnitude for every element of 
volume, and of the vector 

G-ijJsrffif (53) 

that may be derived from it by integration. Abraham') of Gdttingen 
has applied to these quantities the name of dectromagnetic momentum. 
We may term them so, even if we do not wish to convey the idea 
that they represent a real momentum, as they would according to 
the second of the two lines of thought we have just followed. 

The way in which the conception of electromagnetic momentum 
may be of use for the elucidation of electromagnetic phenomena 
comes out most clearly if, in dealing with a system of finite dimen- 
sions, as the systems in our experiments actually are, we make the 
enclosing surface 6 recede on all sides to an infinite distance. It 
may be shown that the surface -integrals in (45) then become 0, so 
that, if the integration is extended to all space, we shall have 



1) Note 12. 

2) M. Abraham, Prinxipien der Dynamik des Elektrons, Ann. Phys. 10 
(1908), p. 106. 
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or in words: the force exerted by the ether on a system of electrons^ 
or, as we may say, on the ponderable matter containing these elec- 
trons, is equal and opposite to the change per unit of time of the 
electromagnetic momentum. Now, since the action tends to produce 
a change equal to the force itself in the momentum (in the ordinary 
sense of the word) of the ponderable matter, we see that the sum 
of this momentum and the electromagnetic one will not be altered 
by the actions exerted by the ether. 

Before passing on to one or two applications, I must call your 
attention to the intimate connexion between the momentum and the 
flow of energy 8. The equation (53) at once shows us that every 
part of space in which there is a flow of energy contributes its part 
to the vector G; hence, in order to form an idea of this vector and 
of its changes, we have in the first place to fix our attention on the 
radiation existing in different parts of space. If, in course of time, 
the flow of energy reaches new parts of space or leaves parts in 
which it was at first found, this will cause the vector G to change 
from one moment to another. 

It must also be kept in mind that (53) is a vector equation and 
that (54) may be decomposed into three formulae giving us the 
components F^, F^, F, of the resultant force. 

2B. Very interesting illustrations of the preceding theory may 
be taken from the phenomena of radiation pressure, to which I shall 
therefore return for a moment. Let us consider, for example, a source 
of light sending out its rays in a single direction, which may be brought 
about by suitable arrangements, and let us suppose this radiation to 
have begun at a certain instant, so that we can speak of the first 
wave or of the front of the train of wavtss that have been emitted. 
This front is a plane at right angles to the beam and advancing 
with the velocity c. Hence, if S is the normal section of the beam, 
the volume occupied by the radiation increases by c2J per imit of 
time. As we have seen, the flow of energy has the direction of the 
beam. In making the following calculation, we shall reason as if, 
at every point, the flow were constantly equal to the mean flow 8 
taken for a full period. If the magnitude of this mean flow, which 
relates to unit of area, is |8|, we shall find that of the electro- 
magnetic momentum, whose direction is likewise that of the beam, 

if we multiply -y 1 8 1 by the volume occupied by the light. It appears 

from this that the change of G per unit of time is 

6|-tI8|^; 



consequently, since this vector has the direction of the rays, there 
will be a force on the source of light of the same intensity and in 

Lorenti, Theorj of electrons. 2nd Bd. 3 
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a direction opposite to that in which the rays are emitted. This 
force of recoil^ which^ however^ is extremely small, may be compared 
with the reaction that would exist if the rays of light consisted of 
a stream of material particles. By similar reasoning we can deter- 
mine the pressure on the black disk we have formerly considered. 
But, in this case, it is best to imagine the radiation of the source 
to have been stopped at a certain moment, so that there is a plane 
which we may call the rear of the progression of waves. It approaches 
the black disk with the velocity e, and if 2J and |8| have the same 
meaning as just now, the magnitude of the electromagnetic momentum 
will diminish by 

-i|8|2; 

per unit of time. Consequently, there will be a normal pressure of 
this intensity acting on the disk. The result agrees with what we 
have deduced from the value of the stress in the ether, the quantity 
|8{ being related to the amplitude a by the equation 

It is easy to extend these results to a more general case. Let a 
plane disk receive, from any direction we like, a beam of parallel rays, 
and let one part of these be reflected, another absorbed and the 
remaining part transmitted. Let the vectors 8, 8' and 8'' be the 
flows of energy per unit of area in the incident, reflected and trans- 
mitted beams, 8, 8', 8'' the mean flows taken for a full period^ 
27, E\ E" the normal sections of the beams. Then, if we imagine 
the space occupied by the light to be limited by two fronts, one in 
the reflected and one in the transmitted beam, and by a rear plane 
in the incident one, all these planes travelling onward with the 
velocity c, the change of electromagnetic momentum will be given 
by the vector expression 

and the force on the plate by 

^(2:8-2:'r-2:"r). 

It must here be mentioned that the radiation pressure has been ob- 
served by Lebedew^) and by E. F. Nichols and Hull*), and that 
the theoretical predictions as to its intensity have been verified to 
within one percent by the measurements of the last named physicists. 

1) P. Lebedew, Untersachnngen fiber die Druckkr3,fte des Lichtes, Ann. 
Phys. 6 (1901), p. 433, 

2) E. F. Nichols and G. F. Hull, The presBure due to radiation, 
Astrophysical Journ. 17 (1903), p. 315; also Ann. Phys. 12 (1903), p. 225. 
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The theory of electromagnetic momentuiD , which we have 
found of so much use in the case of heams of light that are emitted, 
reflected or absorbed by a body, is also applicable to the widely 
different case of a moving electron. We may therefore, without too 
abrupt a transition, turn once more to some questions belonging to 
what we can call the dynamics of an electron^ and in which we are 
concerned with the field the particle produces and the force exerted 
on it by the ether. We shall in this way be led to the important 
subject of the dedromagnetic mass of the electrons. 

To begin with, I shall say some words about the field of a 
system of electrons or of chargejs distributed in any way, haying a 
constant Telocity of translation Wy say in the direction of the axis 
of Xy snialler than the speed of light c. We shall introduce axes of 
coordinates moving with the system, and we shall simplify our for- 
mulae by putting 

^ = /J. (55) 

Now, we have already seen that the field is carried along by the 
system. The same may be said of the potentials 9 and a, which 
serve to determine it, and it may easily be inferred from this^) that 

the values of -^ and -^ in a fixed point of space are given by 

dw da 

cx^ ex 

Similarly 

dt^ ^ dx*> dt* ^ dx* 

Thus the equation (31) takes the form 

whereas (32) may be replaced by the formula 

(l-^»)^- + ^ + ^ = -^«., (57) 

the components a^ and a, being both 0, as is seen directly from (36). 
Comparing (56) and (57), we conclude that 

so that we have only to determine the scalar potential. 

This can be effected by a suitable change of independent 
variables. If a new variable x' is defined by 

a;' « (1 - PT^^'x, (58) 

1) Note 18. 

3* 



36 I. GENERAL PRINCIPLES. THEORY OF FREE ELECTRONS. 
(56) becomes o, o, «• 

g7* + a7» + aF " "" 9; (&y) 

haying the well known form of Poisson^s equation. Since this 
equation occurs in the determination of the field for charges that 
are at rest, the problem is hereby reduced to an ordinary problem 
of electrostatics. Only^ the value of q> in our moving system S is 
connected with the potential^ not of the same system when at rest, 
but of a system in which all the coordinates parallel to OX have 
been changed in the ratio determined by (58).^) 

The result may be expressed as follows. Let S' be a system 
having no translation, and which we obtain by enlarging the dimen- 
sions of S in the direction of OX in the ratio of 1 to (1 — /3*)~ ^* 
Then, if a point with the coordinates x, y, in S and a point with 
the coordinates x', y, z in S' are said to correspond to each other, 
if the charges of corresponding elements of volume are supposed to 
be equal, and if 9' is the potential in S', the scalar potential in the 
moving system is given by 

y « (1 - /j«)- Vt y'. (60) 

Let us now take for the moving system a single electron, to which 
we shall ascribe the form of a sphere with radius R and a uniformly 
distributed surface- charge e. The corresponding system S' is an 
elongated ellipsoid of revolution, and its charge happens to be distri- 
buted according to the law that holds for a conductor of the same 
form. Therefore, the field of the moving spherical particle and aU 
the quantities belonging to it, can be found by means of the ordinary 
theory of a charged ellipsoid that is given in many treatises. I shall 
only mention the results obtained for the more important quantities. 
The total electric energy is given by 

and the magnetic energy by 

^-l^[^H\±i-^} ^ (62) 

As to the electromagnetic momentum, this has the direction of the 
translation, as may at once be deduced from (53), because we know 
already that the general direction of the flow of energy coincides 
with that of the motion of the particle. The formula for the magni- 
tude of the electromagnetic momentum, calculated for the first time 
by Abraham, is 

1) Note 14. 
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All these values JJ^ T, 1 6 } increase when the velocity is augmented. 
They become infinite for fi*^!, i- c. when the electron reaches a 
velocity equal to that of light.^) 

27. According to our fundamental assumptions^ each element of 
volume of an electron experiences a force due to Uie field produced 
by the particle itself^ and the question now arises whether there will 
be any resultant force acting on the electron as a whole. The con- 
sideration of the electromagnetic momentum will enable us to decide 
this question. 

If the velocity w is constant in magnitude and direction^ as it 
has been supposed to be in what precedes^ the vector G will likewise 
be constant and there will be no resultant force. This is very im- 
portant; it shows that; if free from all external forces^ an electron, 
just like a material point, will move with constant velocity, notwith- 
standing the presence of the surrounding ether. In all other cases 
however there is an action of the medium. 

It must be observed that, in the case of a variable velocity, the 
above formulae for U, T and | G | do not, strictly speaking, hold. 
However, if the variation of the state of motion is so slow that the 

change taking place in a time — may be neglected, one may apply the 

formula (63) for every moment, and use it to determine the change G 
of the momentum per unit of time.^ As the result depends on the 
acceleration of the electron, the force exerted by the ether is like- 
wise determined by the acceleration. 

Let us first take the case of a rectilinear translation with 

variable velocity w. The vector G is directed along the line of 
motion, and its magnitude is given by 

at aw c dp 

Putting 

dw c d§ ^^ y^^) 

we conclude that there is a force acting on the electron, opposite to 
its acceleration and equal to the product of the latter and the 
coefficient m\ 

In the second place, I shall consider an electron having a 
velocity W of constant magnitude, but of varying direction. The 
acceleration is then normal to the path and it is convenient to use 
vector equations. Let W be the velocity, W the acceleration, and 



1) Note 15. 2) See § 87. 
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let us take into account that in this case there is a constant ratio 
between |G{ and |w{, for which I shall write 

[4] = ^' = -"• (65) 

We have also 

6 = m"w, 

and the force exerted by the ether is given by 

It is opposite in direction to the normal acceleration W and has an 
intensity equal to the product of this acceleration with the coeffi- 
cient w". 

In the most general case the acceleration j will be directed 
neither along the path nor normally to it. If we decompose it into 
two components, the one j' in the line of motion and the other j" 
at right angles to it, we shall have, for the force on the electron 
due to its own electromagnetic field, in vector notation^) 

-wT^w'T. (66) 

28. The way in which these foimulae are usually interpreted 
will become clear to us, if we suppose the electron to have a certain 
mass m^ in the ordinary sense of the word, and to be acted on, not 
only by the force that is due to its own field, but also by a force K 
of any other kind. The total force being 

— m j — m j , 

the equation of motion, expressed in the language of vector analysis, 
will be 

K _ ,»' j' - „," j" - mo ( j' + j"). (67) 

Instead of this we can write 

K = K + »»')j' + K + m") j", 

from which it appears that the electron moves, as if it had two different 
masses m^ + w' and m^ + m", the first of which comes into play 
when we are concerned with an acceleration in the line of motion, 
and the second when we consider the normal acceleration. By 
measuring the force K and the accelerations \' and ]" in different 
cases , we can determine both these coefficients. We shall call 
them the effective masses, m^ the materiai mass, and m\ m" the 
dectromagvetic masses. In order to distinguish m and m\ we can 
apply the name of longituclinal electromagnetic mass to the first, and 



1) Note 16. 
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that of transverse electromagnetic mass to the second of these 
coefficients.^) 

From what has been said one finds the following formulae for 
m' and m'*: 

or, expanded in series, 

For small velocities the two masses have the same value 

whereas for larger velocities the longitudinal muss always surpasses 
the transverse one. Both increase with /3, until for /J = 1, i. e. for 
a velocity equal to the speed of light, they become infinite. 

If, for a moment, we confine ourselves to a rectilinear motion 
of an electron, the notion of electromagnetic mass can be derived 
from that of electromagnetic energy. Indeed, this latter is larger for 
a moving electron than for one that is at rest. Therefore, if we are 
to put the particle in motion by an external force K, we must not 
only produce the ordinaiy kinetic energy ^niQW^ but, in addition to 
this, the part of the electromagnetic energy that is due to the velo* 
city. The effect of the field will therefore be that a larger amount 
of work is required than if we had to do with an ordinary material 
particle niQ] it tvill be just the same as if the mass were larger 
than niQ. 

By reasoning of this kind we^ can also easily verify the for- 
mula (68). If the velocity is changing very slowly, we may at every 
instant apply the formulae (61) and (62). Since the total energy 
T + U is a function of the velocity w, its rate of change is given by 

This must be equal to the work done per unit of time by the moving 
force, or rather by the part of it that is required on account of the 



1) The notion of (longitudinal) electromagnetic mass was introduced for 
the first time bj J. J« Thomson in his paper ,,0n the electric and magnetic 
effects produced by the motion of electrified bodies", Phil. Mag. (5) 11 (1881), 
p. 227. The result of his calculation is, however, somewhat different from that 
to which one is led in the modem theory of electrons. 
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electromagnetic field. Consequently, dividing (73) by w, we find the 
intensity of this part, and if next we divide by w, the acceleration, 
the result must be the longitudinal electromagnetic mass. If one 

calculates 

, 1 d(T+U) 1 d{T+U) 

^* ^ cw dp ^ §c^ d§ 

by means of the formulae (61) and (62), one really finds exactly the 
value (68). 

29. A close analogy to this question of electromagnetic mass 
is furnished by a simple hydrodynamical problem. A solid, per- 
fectly smooth sphere, moving with the velocity W in an incom- 
pressible pei-fect fluid which extends on all sides to infinite distance, 
produces in this fluid a state of motion characterized by a kinetic 
energy for which we may write 

if a is a constant, depending on the radius of the ball and on the 
density of the fluid. Under the influence of an external force applied 
to the ball in the direction of the translation, its velocity will change 
as if it had, not only its true mass Wq, but besides this an apparent 
mass m', whose value is given by 

, 1 dT 

a formula corresponding to the last equation of § 28. 

We could have obtained the same result if we had first calculated 
the momentum of the fluid. We should have found for it 

G » aW, 

an expression from which we can also infer that the transverse 
apparent mass has the same value a as the longitudinal one. 
This is shown by the equation 

„ IG 



m 



w 



30. If, in the case of the ball moving in the perfect fluid, we 
were obliged to confine ourselves to experiments in which we measure 
the external forces applied to the body and the accelerations produced 
by them, we should be able to determine the effective mass m^ + m' 
(or m^ + w"), but it would be impossible to find the values of m^ 
and ni (or m") separately. Now, it is very important that, in the 
experimental investigation of the motion of an electron, we can go 
a step farther. This is due to the fact that the electromagnetic mass 
is not a constant, but increases with the velocity. 
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Suppose we can make experiments for two different known 
Telocities of an electron^ and that by this means we can find the 
ratio Ic between the efTectiye transverse masses which come into play 
in the two cases. Let x be the ratio between the electromagnetic 
transverse masses, calculated, as can really be done, by the formula (69). 
Then, distinguishing by the indices I and II the quantities relating 
to the two cases, we shall have the formulae 



ft It 



^0 + ^1 _ -t '>W/ _ 

+ tt ^j ft '"' ^y 

mji mji 

and the ratio between the true mass m^ and the electromagnetic 
mass m"i will be given by 

W/ X (* — 1) 

- ■ ■ ■ — ^BB ■■■-■■- ■- ■ I • 

ffl^ X •— K 

If the experimental ratio Ic differed very little from the ratio x that 
is given by the formula (69), m^ would come out much smaller 
than mi and we should even have to put m^ = 0, if fc were exacUy 
equal to x. 

I have spoken here of the transverse electromagnetic mass, because 
this is the one with which we are concerned in the experiments I 
shall now have to mention. 

31. You all know that the cathode rays and the /3-rays of 
radio-active bodies are streams of negative electrons, and that Grold- 
stein's canal rays and the a -rays consist of similar streams of 
positively charged particles. In all these cases it has been found 
possible to determine the ratio between the numerical values of the 
charge of a particle and its transverse effective mass. The chief 
method by which this has been achieved is based on the measure- 
ment, for the same kind of rays, of the deflections from their recti- 
linear course that are produced by known external electric and 
magnetic forces. 

The theory of the method is very simple. If, in the first place, 
an electron having a charge e and an effective mass m, moves in an 
electric field d, with a velocity w perpendicular to the lines of force, 

the acceleration is given by — ; hence, if r is the radius of curvature 

of the path,. 

w* eld 



m 



so that, if I d I and r have been measured, we can calculate the 
value of 

~ (74) 
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Let us consider in the second place an electron moving in a magnetic 
field hy and let us suppose the Telocity tr to be perpendicular to the 



magnetic force. Then, the field will exert on the particle a force -^ 



c ' 
as is seen from the last term of (23). This force being pei*pendicular 

to the velocity, we shall have, writing r for the radius of curvature 

of the path, 

w^ ew \k\ 

r' cm 

The determination of | h { and / can therefore lead to a knowledge 
of the expression 

and, by combining this with (74), we shall be enabled to find both w 

and — 
m 



I shall not speak of the large number of determinations of 
this kind that have been made by several physicists, and will only say 
a few words relative to the important work of Eaufmann^) on the fi- 
rays of radium. These rays appear to contain negative electrons with 
widely different velocities, so that it is possible to examine the question 

whether - is a function of the velocity or a constant. Eaufmann^s 

experiments were arranged in such a manner that the electric and 
the magnetic deflection, belonging to the same electrons, could be 



e. 



measured, so that the values both of w and of — ' could be deduced 



m 



from them. Now, it was found that, while the velocity tv ranges from 

about 0,5 to more than 0,9 of the velocity of light, the value of — 

diminishes considerably. If we suppose the charge to be equal for 

all the negative electrons constituting the rays, this diminution of — 

must be due to an increase of the mass m. This proves that at all 
events the electromagnetic mass has an appreciable influence. It must 
even greatly predominate. Indeed, Eaufmann's numbers show no 
trace of an influence of the material mass m^, bis ratio k of effective 
masses for two different velocities (a ratio which is the inverse of 

that of the values of — j agreeing within the limits of experimental 

errors with the ratio x between the electromagnetic masses, as deduced 
from Abraham's formula (69). 

1)W. Eaufmann, Ober die Konstitution des Elektrons, Ann. Phys. 19 
(1906), p. 487. 
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Of course^ we are fi'ee to believe, if we like, that there is some 
small material mass attached to the electron, say equal to one 
hundredth part of the electromagnetic one, but with a view to 
simplicity, it will be best to admit Eaufmann's conclusion, or hypo- 
thesis, if we prefer so to call it, that the negative electrons have no 
material mass at all. 

This is certainly one of the most important results of modem 
physics, and I may therefore be allowed to dwell upon it for a short 
time and to mention two other ways in which it can be expressed. 
We may say that, in the case of a moving negative electron, there 
is no energy of the ordinary form ^m^w^^ but merely the electro- 
magnetic energy T + U, which may be calculated by means of the 
formulae (61) and (62). For high velocities this energy is a rather 
complicated function of the velocity, and it is only for velocities 
very small compared with that of light, that the part of it which 
depends on the motion, can be represented by the expression ^m'w^, 
where tn has the value given by (72). This is found by expanding 
T + U in B, series similar to (70) and (71). 

We obtain another remarkable form of our result, if in the 
equation of motion (67), which for Wq «= becomes 

— mj— mj ==0, 

we attach to the two last terms their original meaning of forces 
exerted by the ether. The equation tells us that the total force 
acting on the particle is always 0. An electron, for example, which 
has an initial velocity in an external electromagnetic field, will move 
in such a manner that the force due to the external field is exactly 
counterbalanced by the force that is called forth by the electron's 
own field, or, what amounts to the same thing, that the force exerted 
by the resulting field is 0. 

After all, by our negation of the existence of material mass, the 
negative electron has lost much of its substantiality. We must make 
it preserve just so much of it, that we can speak of forces acting 
on its parts, and that we can consider it as maintaining its form and 
magnitude. This must be regarded as an inherent property, in virtue 
of which the parts of the electron cannot be torn asunder by the 
electric forces acting on them (or by their mutual repulsions, as we 
may say). 

33. In our preceding reasoning we have admitted the equality 
of the charges of all the negative electrons given oflF by the radium 
salt that has been used in Kaufmann's experiments. We shall now 
pass on to a wide generalization of this hypothesis. 
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As is well known, Faraday's law of electrolysis proves that all 
monovalent electrolytic ions haye exactly equal charges, and that, 
if this is denoted by e, the charges of bivalent, trivalent ions etc. 
are 2e, Se etc. Thus tiie conception has arisen that this e, say the 
charge of an ion of hydrogen, is the smallest quantity of electricity 
that ever occurs in physical phenomena, a^ atom of dedricity, as 
we may call it, which can only present itself in whole numbers. 
Experimental determinations by J. J. Thomson^) of the charges 
carried by the ions in conducting gases, and certain speculations about 
the electrons which are vibrating in a body traversed by a .beam of 
light, have made it highly probable that this same amount of charge e 
occurs in these cases, that it is, so to say, a real natural unit of 
electricity, and that all charged particles, all. electrons and ions carry 
one such unit or a multiple of it. The negative electrons which 
constitute the /3-rays and the cathode rays are undoubtedly the 
simplest of all these charged particles, and there are good reasons for 
supposing their charge to be equal to one unit of electricity, i. e. to 
the charge of an ion of hydrogen. *j 

Leaving aside the case of multiple charges, and ascribing to all 
electrons or ions, whether they be positive or negative, the same amount 
of electricity, we can say that the masses m of diifferent particles are 

inversely proportional to the values that have been found for — • 

Now, for the negative electrons of the cathode rays and of the 
/S-rays, this latter value is, for smaU velocities nearly^) 

1.77 . lO'cYTx. 

For an ion of hydrogen, the corresponding number can be drawn from 
the electrochemical equivalent of the gas. It is found to be 

9650.c)/43r, 

nearly 1800 times smaller than the number for the free negative 
electrons. Hence, the mass of a negative electron is about the 1800^** 
part of that of an atom of hydrogen. 

1) See J. J. Thomson, Conduction of electricity through gases, and The 
corpuscular theory of matter, London, 1IK)7, by the same author. 

2) Note le*. 

3) I write it in this form in order to show that the number is 1,77 • 10', 
if the ordinary electromagnetic units are used. It may be mentioned here that 
Simon's measurements on cathode rays [Ann. Phys. Ghem. 69 (1899), p. 689] 
lead to the value 1,878 • 10^ and that Kaufmann, calculating his results by- 
means of Abraham's formulae, finds 1,828* 10 ^ Later experiments on /^-rays 
by Bestelmeyer [Ann. Phys. 22 (1907), p. 429], howeyer, have given the number 
1,72*10^. The number given in the text is taken from Bucherer, who found 
1,763 [Ann. Phys. 28 (1909), p. 513] and Wolz, whose result was 1,767 [Ann. 
Phys. 80 (1909), p. 273]. 
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It must be noticed especially that the values of — obtained for 

different negative electrons are approximately equal. This lends a 
strong support to the view that all negative electrons are equal to 
each other. On the contrary, there are great differences between the 
positive electrons, such as we find in the canal rays and the oc-rays 

of radio-active substances. The values of — belonging to these rays 

are widely divergent. They are however all of the same order of 
magnitude as the values holding for electrolytic ions. Consequently, 
the masses of the positive electrons must be comparable with tiiose of 
chemical atoms. We can therefore imagine the free electrons to be 
the product of a disintegration of atoms, of a division into a positively 
and a negatively charged particle, the first having nearly the whole 
mass of the atom, and the second only a very small part of it. 

34. Of late the question has been much discussed, as to whether 
the idea that there is no material but only electromagnetic mass, which, 
in the case of negative electrons, is so strongly supported by Eauf- 
mann's results, may not be extended to positive electrons and to 
matter in general. On this subject of an electromagnetic theory of 
matter we might observe that, if we suppose atoms to contain negative 
electrons, of which one or more may be given off under certain 
circumstances, as they undoubtedly are, and if the part that remains 
after the loss of a negative particle is called a positive electron, then 
certainly all matter may be said to be made up of electrons. But 
this would be mere words. What we really want to know is, 
whether the mass of the positive electron can be calculated from the 
distribution of its charge in the same way as we can determine the 
mass of a negative particle. This remains, I believe, an open question, 
about which we shall do well to speak with some reserve. 

In a more general sense, I for one should be quite willing to 
adopt an electromagnetic theory of matter and of the forces between 
material particles. As regards matter, many arguments point to the 
conclusion that its ultimate particles always carry electric charges 
and that these are not merely accessory but very essential. We 
should introduce what seems to me an unnecessary dualism, if we 
considered these charges and what else there may be in the particles 
as wholly distinct from each other. 

On the other hand, I believe every physicist feels inclined to the 
view that all the forces exerted by one particle on another, all 
molecular actions and gravity itself, are transmitted in some way by . 
the ether, so that the tension of a stretched rope and the elasticity 
of an iron bar must find their explanation in what goes on in* the 
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ether between the molecules. Therefore, since we can hardly admit 
that one and the same medium is capable of transmitting two or 
more actions by wholly difTerent mechanisms, all forces may be re- 
garded as connected more or less intimately with those which we 
study in electromagnetism. 

For the present, however, the nature of this connexion is entirely 
unknown to us and we must continue to speak of many kinds of 
forces without in the least being able to account for their origin. 
We shall even be obliged to subject the negative electrons to certain 
forces, about whose mode of action we are in the dark. Such are, for 
example, the forces by which the electrons in a ponderable dielectric 
are driven back to their positions of equilibrium, and the forces that 
come into play when an electron moving in a piece of metal has 
its course changed by an impact against a metallic atom. 

35. The universal unit of electricity of which we have spoken 
can be evaluated as soon as we have formed an estimate of the 
mass of the chemical atoms. This has been done fairly well in 
diflferent ways, and we shall not be far from the truth if we take 

1,5 • 10""** gramm 

for the mass of an atom of hydrogen. Combining this with the 
electrochemical equivalent of this element, which in our units is 

— — j=^, we find for the charge of an ion of hydrogen 

1,5 . 10- '^cYii. 
This number must also represent the chaise of a negative electron. 
Therefore, the value of — (for small velocities) being 

1,77 WcYin, 
we find 

m = 7 • 10""^® gramm. 

Now, this must be the mass given by the formula (72). Substituting 
also the value of e, we get the following number for the radius 

i?-.l,5.10-i» cm. 

We may compare this with the estimates that have been formed in 
the kinetic theory of gases. The distance of neighboring molecules 
in the atmospheric air is probably about 

3. 10-^ cm 

and the diameter of a molecule of hydrogen may be taken to be 

2 • 10-^ 
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You see that, compared with these lengths, the electron is quite 
microscopical. Probably it is even much smaller than a single atom^ 
so that, if this contains a certain number of negative electrons, these 
may be likened to spheres placed at distances from each other that 
are high multiples of their diameters. 

36. Before closing our discussion on the subject of electro- 
magnetic mass^ I must call your attention to the question as to whether, 
in a system composed of a certain number of electrons, the electro- 
magnetic mass is the sum of the electromagnetic masses of the 
separate particles, or, as I shall rather put it, whether, if the system 
moves with a common velocity of translation, the electromagnetic 
energy, in so far as it depends on the motion, can be made up of parts, 
each belonging to one electron, so that, for small velocities, it can 
be represented by 

This will, of course, be the case, if the electrons are so far apart that 
their fields may be said not to overUp. If, however, two electrons 
were brought into immediate contact, the total energy could not 
be found by an addition, for the simple reason, that, being a 
quadratic function of d and h, the energy due to the superposition 
of two fields is not equal to the sum of the energies which would 
be present in each of the two, if it existed by itself. 

We have now to bethink ourselves of the extreme smallness of 
the electrons. It is clear that the larger part of the electromagnetic 
enei^ belonging to a particle will be found in a very small part of 
the field lying quite near it, within a distance from the centre that 
is a moderate multiple of the radius. Therefore, it may very well be 
that a number of electrons are so widely dispersed that the effective 
parts of their fields lie completely ou1»ide each other. In such a 
case the system may be said to have an electromagnetic mass equal 
to the sum of the masses of the individual electrons. 

Yet there are important cases in which we are not warranted in 
asserting this. In order to make this clear, I shall call F^ the part of 
the field of an electron which lies nearest to the particle, and F^ the 
more distant part, the surface of separation between the two being a 
sphere whose radius is rather large in comparison with that of the 
electron. Then, if the electron is taken by itself, the part E^ of the 
energy contained within F^ far surpasses the energy E^ which has its 
seat in F^. Now, if we have N electrons at such distances from each 
other that their fields JF\ do not overlap, we shall have to add to 
each other the amounts of energy E^. The quantities E^ on the 
contrary must not be simply added, for the remoter fields F^ will 
certain! V cover, partly at least, the same space 8. If, in this space, 
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the dielectric displacements or the mimetic forces due to the indi- 
vidual electrons have directions making rather small angles with each 
other, all the fields F^, feeble though they are, may very well pro- 
duce a resulting field of appreciable energy. We have an example of 
this in the electric field of a charged conductor, and in the magnetic 
field aroimd a wire carrying a current. The energy of this magnetic 
field may be shown to be, in very common cases, considerably larger 
than the sum of all the amounts of energy which I have called E^, 
at least in as much as these depend on the motion of the electrons. 
The possibility of this will be readily understood, if one thinks of 
the extreme case that, at a point of the space 5, all electrons produce 
a magnetic force in exactly the same direction. Then, if each of these 
forces has the magnitude {hj, the resultant magnetic foi*ce has the 
magnitude JV^|h|, so that the magnetic energy per unit of volume 
becomes ^^^h*. This is proportional to the square of the number N 
which we shall suppose to be very large. On the other hand, the 
sum of the quantities E^ may be reckoned to be proportional to the 
first power of N. 

This digression was necessary in order to point out the comiexion 
between the electromagnetic mass of electrons and the phenomena of 
self-induction. In these latter it is the magnetic energy due to the 
overlapping of the feeble fields Fj that makes itself felt. In dealing 
with effects of induction we can very well speak of the electro- 
magnetic inertia of the current, or of the electromagnetic mass of the 
electrons moving in it, but we must keep in mind that this mass is 
very much larger than the sum of those we should associate with 
the separate particles. This large value is brought about (as are all 
effects of the current) by the coopemtion of an immense number of 
electrons of the same kind moving in the same direction.^) 

37. In our treatment of the electromagnetic mass of electrons 
we have started from the expression (66) for the force to which an 
electron is subjected on account of its own field. However, this ex- 
pression is not quite exact. It is based on the assumption that the 
equation (63) may be applied to a case of non-uniform motion, and 
we obseiTed already that this may be done only if the state of motion 
changes very little during the time an electromagnetic disturbance 
would take to travel over a distance equal to the dimensions of the 
electron. This amounts to saying that, if / is one of these dimen- 
sions, and r a time during which the state of motion is sensibly 
altered, the quantity 

^ (75) 

must be very small. 

1) Note 17. 
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In reality; the force (66) is only the first term of a series in 
which; compared with the preceding one^ each term is of the order 
of magnitude (75). 

In some phenomena the next term of the series makes itself felt 
it is therefore necessary to indicate its value. By a somewhat la- 
borious calculation it is found to be 

<^V, (76) 

where the vector V is twice differentiated with respect to the time. 
I may mention by the way that this formula holds for any distri- 
bution of the electric charge e}) 

In many cases the new force represented by (76) may be termed 
a resistance to the motion. This is seen, if we calculate the work of 
the force during an interval of time extending from / » ^^ to t ^ t^. 
The result is 

Here the first term disappears if; in the case of a periodic motion, 
the integration is extended to a full period; also, if at the instants t^ 
and tj either the velocity or the acceleration is 0. We have an 
example of the latter case in those phenomena in which an electron 
strikes against a ponderable body and is thrown back by it. 

Whenever the above formula reduces to the last term, the work 
of the force is seen to be negative, so that the name of resistance is 
then justly applied. This is also confirmed by the form our formula 
takes for an electron having a simple harmonic motion. The velocity 
being given by 

V « bcosn^, 

where n is a constant, we may write V — — n*V, and, instead of (76), 

so that; in this particular case, the force is opposite to the velocity 
and proportional to it. 

The work of (77) during a full period T is 

<i + r 






n»<?« 



v"rf^--l^b»T. (78) 



nnc 



In all cases in which the work of the force (76) is nega- 
tive, the energy of the electron (if not kept at a constant value by 



1) Note 18. 
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the action of some other canse) must diminish, and that of the ether 
must increase. This means that there is a continous radiaUan from 
the particle outwards, such as cannot be said to exist when the velo- 
city is constant and the electron simply carries its field along with it. 

For the purpose of getting a clear idea of the radiation, it is 
well to consider the field at a very large distance from the particle^ 
We shall see that, if the distance is large enough, the radiation field 
gets, so to say, disentangled from the field we have formerly consi- 
dered, which is carried along by the moving particle. 

In order to determine the field at a large distance, we can avail 
ourselves of the following formulae for the scalar and the vector 
potential, which hold for all points whose distance from the electron 
is very large compared with its dimensions: 

• '- , a ?!?J (79) 

Here, the square brackets have a meaning similar to that which we 
gave them in the general equations (35) and (36). If one wishes to 
determine the potentials at a point P for the time t^ one must first 
seek the position M of the electron, which satisfies the condition 
that, if it is reached at the time t^, previous to tj 

The distance MP is denoted by r, and [v] means the velocity in the 
position Mf V^ its component in the direction MP, 

The formulae have been deduced from (35) and (36); the vector 

1 in the denominators shows, however, that the problem is not 

quite so simple as might be expected at first sight. A complication 
arises from the circumstance that we must not integrate over the 
space occupied by the electron at the particular instant which we 
have denoted^ by t^. On the contrary, according to the meaning 
of (35) and (36), we must fix our attention on the different points 
of the electron and choose for each of them, among all its succes- 
sive positions, the one M' which is determined by the condition, 
that, if it is reached at the time ti, 

M'P^c{t-ti). 

The time to is slightly different for the different points of the electron 
and therefore the space over which we have to integrate (which 
contains all the points M") cannot be said to coincide with the 
space occupied by the electron at any particular instant.^) 

1) Note 19. 
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39. Leaving aside tliese rather complicated calculations, I pro- 
ceed to the determination of the field at very large distances. The 
formulae (33) and (34) which we must use for this purpose require 
us to differentiate q> and a. In doing so I shall omit all terms in 
which the square and the higher powers of the distance r appear in 
the denominator. I shall therefore treat as a constant the factor r in 
the denominators of (79), so that only V^ has to be differentiated in the 
expression for q> and, if we also neglect terms in which a component 
of the velocity is multiplied by one of the acceleration, only [v] in 
the second formula. Performing all operations and denoting by x, y, 
the coordinates of P with respect to the point M as origin, and by j 
the acceleration of the electron in the position M, I find^) 

The three formulae for d can be interpreted as follows. If the acce- 
leration j is decomposed into j^ in the direction of MP and j^ pei^ 
pendicular to it, the dielectric displacement in P is parallel to j and 
its magnitude is given by 



4«c*r 



In order to see the meaning of the equations for h, we can introduce 
a vector k of unit length in the direction from M towards P. The 

components of this vector being — , — , — , we have 

The magnitude of h is therefore 

' i 

equal to that of the dielectric displacement. Further, the magnetic 
force is seen to be perpendicular both to the line MP and to the 
dielectric displacement. Consequently there is a flow of energy along 
MP. It is easily seen that this flow is directed away from the 
position M of the electron, and that its intensity is given by 

if ^ is the angle between MP and the acceleration j.^) 



1) Note 20. 2) Note 21. 
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The result may be applied to any point of a spherical sorbce 6 
described around the centre M with r as radius. The total outward 
flow of energy across this sphere is giren by 

;l^j»/8in»*rf*-^i«. (82) 

The reason for my former assertion that, at rery large distances 
from the electron, the radiation field predominates orer the field con- 
sidered in.§ 2% lies in the fact that, in the latter, d and h diminish 

as -^ and in the radiation field only as — 

We can sum up the preceding considerations by saying that an 
electron does not emit enei^ so long as it has a uniform rectilinear 
motion, but that it does as soon as its velocity changes either in 
mi^nitude or in direction. 

40. The theory of the production of Bontgen rays, first pro- 
posed by Wiechert and Stokes, and worked out by J. J. Thomson^), 
affords a very interesting application of our result. According to ii^ 
these rays consist of a rapid and irregular succession of sharp electro- 
magnetic impulses, each of which is due to the change of velocity 
which an electron of the cathode rays undergoes when it impinges 
against the anti-cathode. ') I cannot however dwell upon this subject, 
having too much to say about the emission of light -vibrations with 
which we shall be often concerned. 

If an electron has a simple harmonic motion, the velocity is 
continually changing, and, by what has been said, there must be a 
continous emission of energy. It will also be clear that, at each point 
of the surrounding field, the state is periodically changing, keeping 
time with the electron itself, so that we shall have a radiation of 
homogeneous light. Before going into some further details, I shall 
first consider the total amount of energy emitted during a full period. 

Let us choose the position of equilibrium as origin of coordinates 
and let the vibration take place along the axis of Xy the displacement 
at the time t being given by 

X = acos(n< +!>)• 
Then the acceleration is 

— an* cos (n< -f p). 

1) E. Wiechert, Die Theorie der Elektrodynamik und die R5iitgen*8che 
Entdeckung, Abh. d. Phys.-ftkon. Ges. zu KOnigsberg i. Pr. (1896), p. 1 ; Uber die 
Grandlagen der Elektrodynamik, Ann. PhjB. Cbem. 59 (1896), p. 288; G. G. Stokes, 
On the nature of the BOntgen rays, Manch. Memoirs 41 (1897), Mem. 16; 
J. J. Thomson, A theory of the connexion between cathode and R5ntgen rays, 
Phil. Mag. (6) 45 (1898), p. 172. 

2) Note 21*. 
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If the amplitude a is very small^ the sphere of which we have spoken 
in the preceding paragraph may be considered as having its centre, 
not in M, one of the positions of the electron, but in the origin 0, 
and we may understand by j the acceleration of the electron at the 

time t f r being the distance from 0. Therefore, on account 

of (82), the flow of energy across the sphere will be per unit of time 

^a*n* COB* {n(t-^)+p]- 

Integrating this over a foil period *T we get 



e« 



12«c« 



a^n^T. (83) 



Now, if the amplitude is to remain constant, the electron must be 
acted on by an external force equal and opposite to the resistance (77). 
The work of this force is given by (78) with the sign reversed. 
Since the amplitude of the velocity is equal to the amplitude a of 
the elongation, multiplied by n, the work of the force corresponds 
exactly to the amount of energy (83) that is emitted.^) 

41. For the sake of further examining the field produced 
by an electron having a simple harmonic motion, we shall go back 
to the formulae (79). Let us first only suppose that the motion 
of the electron is confined to a certain very small space 8, one 
point of which is chosen as origin of coordinates. Let z, y, z 
be the coordinates of the electron, z, y, z its velocities and z, y, z 
the components of its acceleration. We shall consider all these quan- 
tities as infinitely small of the first order, and neglect all terms 
containing the product of any two of them. We shall farther denote 
'^y ^; Iff ^ ^® coordinates of the point P for which we wish to 
determine the field, and by r^ its distance from the origin. Now, 
if M is the position of the electron of which we have spoken in our 
explanation of the equations (79), the distance MP « r will be in- 
finitely near the distance r^, and the time t^ infinitely near the time 

f 

t The changes in the position and the velocity of the electron 

in an infinitely small time being quantities of the second order, we 

may therefore understand by M the position at the instant t -, 

c 

and by V the velocity at that time. Further: 
1) Note 22. 
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because, as is easily seen, the change in the distance between and P, 
due to a shifting of the first point towai'ds M, is eqnal to the change 
that would take place, if remained where it was, but P were giren 
a displacement — x, — y, — a. The square brackets now serve to in- 
dicate the values at the time t -] they will have this meaning in 

all formulae that are now to be developed. 
Substituting the above value of -;, and 



C 

where Y^ may be considered as the component along OP, we find 
for the scalar potential 

^-nli-at(i)W-i(i)W-^(i)M + ^f!- 

Having got thus far, we can omit the index o, so that r now means 
the distance from the origin to a point with the coordinates x, y, g. 
As regards the last term, we can use the transformation 

/aw , a[y] ■ aw\ 

\ dx '^ dy '^ dz )' 

the last step in which will be clear, if we attend to the meaning 

of -4^ etc. The symbol [x] represents the value of z at the time t 

which we shall, for a moment, denote by t\ This time f depends in 
its turn on the distance r, which again is a function of the coordi- 
nates X, y, z of the external point. Hence 

aw _ aw 11 ar _ pii . _ 15. ^^^ 

dx dt* dr dx ^ ^ c r ' 

Finally, the scalar potential becomes 

y = ^-(i_f M_fM_f Wj. (84) 

^ 4kn { r OX r dy r dz r ] ^ ^ 

The expression for the vector potential is even more simple, viz. 

a = -;M . . (85) 

The radiation field, which predominates at large distances, and in 
which we find the flow of energy of which we have already spoken, 
is determined by the three last terms of y and by the vector potential. 
At smaller distances it is superposed on the field represented by the 
first term of tp, which is the same that would surround the electron 
if it were at rest. 
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42. By a slight change in the circumstances of the case^ we 
can do away with the electrostatic field altogether. Let us suppose 
the electron to perform its vibrations in the interior of an atom or a 
molecule of matter, to which we shall now give the name of particle 
and which occupies the small space 8. If the particle as a whole 
is not charged; it must contain , besides our movable electron , a 
charge — e, either in the form of one or more electrons, or distri- 
buted in any other manner. We shall suppose that this complementary 
charge — e remains at rest, and that, if the electron e did so likewise, 
in a determinate position, which we shall take as origin of coordinates, 
there would be no external field at all, at least not at a distance that 
is large in comparison with the dimensions of S. This being admitted, 
the immovable charge — e must produce a scalar potential equal and 
opposite to the first term in (84), so that, if we consider the field 
of the whole particle, this term will be cancelled. Our ass.umption 
amounts to this, that the charge — e is equivalent to a single electron —e 
at the point 0, so that, if the electron + e has the coordinates x, y, z, 
things will be as if we had two equal and opposite charges at a 
small distance from each other. We express this by saying that the 
particle is electrically polarized, and we define its electric moment by 
the equation 

P - er, (86) 

where r is the vector drawn from towards the position of the 
movable electron. The components of p are 

Px-«> Py = «y, Vz-ez, (87) 

and from (84) and (85) we find the following expressions for the 
potentials in the field surrounding the polarized particle 

a = -i^. (89) 

These relations also hold in the case of a polarized particle whose 
state is somewhat more complicated. Let us imagine that it contains 
a certain number of electrons, any part of which may be movable. 
We shall find the potentials by calculating (84) and (85) for the 
separate electrons and adding the results. Using the sign H for this 
last operation^ and keeping in mind that 

2:c-0, (90) 

we shall again find the formulae (88) and (89), if we define the 
moment of the particle by the formula 

p = Xex, (91) 
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or its components by 

p, = 2:ex, p, - 2?ey, p, - Le^. (92) 

It is even unnecessary tliat the charges should be concentrated in 
separate electrons. We can as well suppose them to be continuously 
distributed, but of course capable of moving or fluctuating in one 
way or another. Then the sums in the last formulae must be replaced 
by integrals. We shall have 



ff^' 



and for the components of the moment 

Px "fff^dS, p, "fifydS, p, ~-fif%d8, 



(93) 



(94) 



the integration being extended over the space 8 occupied by the 
particle. It must be noticed that on account of (90) and (93)^ the 
vectors (91) and (94) are independent of the choice of the point 0. 

43. The formulae (88) and (89) show that the particle is a 
centre of radiation whenever the moment p is changing, and that it 
emits regular vibrations if p is a periodic function of the time. 

We shall suppose for example that 

p, - 6 cos (n^ + p), P,-0, p,-0, 
hy n and p being constants. Then we have 

¥-X-('-^)+W. 

and the field is easily determined by means of (88) and (89). 

I shall not write down the general formulae but only those 
which hold for values of r that are very large compared with the 
wave-length, and which are obtained by the omission of all terms of 

the order -y They are as follows: 

n*6 r* — a* { /, r\ . v 
__cos(n(^--)+i)), 



* 4tnc^r 



y 4tnc^r 



d «- 



n«6 



4jr c'r 



^cosjn(<-J)+i)). 
rCos)n(<--^)+j»j 



xz 
r 



h — ^'^ 



z 

r 



h.- 



n»6 



ine*r 
corresponding to (80) and (81).') 

1) Note 2S. 



eoa[n(t — jj + pY 
k.cos{n{t-^)+p] 



(96) 
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I must add that our formulae for the field around a particle 
whose state of polarization is periodically changing^ agree with 
those by which Hertz represented the state of the field around his 
vibrator.^) 

44. We shall now pass on to certain equations that will 
be of use to us when we come to speak of the influence of the 
Earth^s translation on optical phenomena. They relate to the electro- 
magnetic phenomena in' a system of bodies having a common uniform 
translation; whose Telocity we shall denote by W^ and are derived 
from our original equations by a change of variables. Lideed^ it is 
very natural to refer the phenomena in a moving system^ not to a 
system of axes of coordinates that is at rest, but to one that is fixed 
to the system and shares its translation; these new coordinates will 
be represented by x'y y\ z\ They are given by 

x' ^x- ynj, y^y- v^yt, / - - w,^. (96) 

It will also be found useful to fix our attention on the velocity U 
of the charges relatively to the moving axes^ so that in our funda- 
mental equations we have to put 

V -» w + u. 

Now it has been found that in those cases in which the velocity of 

translation W is so small that its square W^^ or rather the fraction —^> 

may be neglected ^ the differential equations referred to the moving 
axes take almost the same form as the original formulae, if, instead 
of ty we introduce a new independent variable f, and if^ at the same 
time, the dielectric displacement and the magnetic force are replaced 
by certain other vectors which we shall call d^ and h^ 
The variable f is defined by the equation 

t'-t-^ (w.x' + w,y' + vi,/), (97) 

and the vectors d' and h' by 

d'-d + l[w.h], (98) 

h'-h-i[w.d]. (99) 

We can regard t' as the time reckoned from the instant 

-i-(w.a;' + w,y' + W,£r'), 



1) H. Hertz, Die KrSfte elektrischer Schwingungen , behandelt nach der 
Maxweirschen Theorie, Ann. Phys. Chem. 86 (1888), p. 1. 
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which changes from one point to the other. This yariable is there- 
fore properly called the heal time^ in order to distingaish it from 
the universai time t. 

As to the vectors d' and h', the difference between them and d, 

h is but small, since the fraction - — ■ is so. Even if we have to do 

' c 

with the translation of the Earth, the value of { W | is no more than 
one ten-thousandth part of the velocity of light. 

Neglecting terms with the square of - — -, as has already been 

c 

saidy one finds the following system of transformed equations: 

diTd'=.{l--^)(», (100) 

div h' = 0, (101) 

roth'--(d' + (>u), (102) 

rot d' -= - 7 il'. (103) 

The dot means a differentiation with respect to f, and the 
symbols div and rot (and, in the next paragraph, grad) serve to indicate 
differentiations with respect to x, y, z in exactly the same manner 
as they formerly indicated differentiations with respect to x, y^ 0. 
Rot h', for example, now means a vector whose components are 

dV!g dhy d\ie d^'z dhy d\ie 



dy dz' dz' dx' ' dx' dy' 

You see that the formulae have nearly, but not quite, the same form 

as (17) — (20), the difference consisting in the term ^ \ in the first 
equation.*) 

46. Starting from the new system of equations, we can now 
repeat much of what has been said in connexion with the original 
one. For a given distribution and motion of the charges, the field 
is entirely determined, and here again the problem can be considerably 
simplified by the introduction of two potentials, a scalar and a vector 
one. These are given by the equations 



and 



where however the symbols [q\ and [pu] require some explanation. 
If we want to calculate 9' and a' for a point P, for the moment at 

1) Note 24. See also Note 72*. 
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which the local time of this point has a definite value t\ we must, 
for each element dS situated at a distance r from P; take the values 
of q and ^U such as they are at the instant at which the local time 
of the element is 

c 

Finally^ we have the following formulae for the determination 
of the field by means of the potentials^): 

d' == - j a' - grad 9' + ^ grad (w • a'), (106) 

h' = rot a'. (107) 

Here again, if we compare with (33) and (34), we notice a slight 
difference. In (33) there is no term corresponding to the last one 
in (106). «) 

Notwithstanding the two differences I have pointed out, there 
is a large variety of cases, in which a state of things in a system 
at rest has its exact analogue in the same system with a translation. 
I shall give two examples that are of interest. 

In the first place, the values of d^ and h' produced by a pai-ticle 
moving with the velocity W, and having a variable electric moment, 
are given by formulae similar to those we formerly found for the 
radiation from a particle without a translation, und which I therefore 
need not even write down. 

If the moment of a particle placed at the origin of coordinates 
is represented by 

p, « 6 cos (ni + 1>), Py « 0, p, == 0, (108) 

all we have to do is to replace, in (95), d, h, a?, y, z, t by d', h', x\ y, /, t\^) 

In order to show the meaning of this result, I shall consider the 

field at a point situated on the positive axis of y. It is determined by 

all other components being 0. Since, neglecting terms of the second 
order, we may write 

instead of (98), we have 

from which it appears that the dielectric displacement takes the form 

d, = a cos|n(^' - -^-) +i?} , 
in which a is a constant. 



1) Note 26. 2) See however Note 72*. 3) Note 26. 
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By Bubstitutioii of the yalue of the local tune and of {be yalue (96) 
for y\ ibis becomes 

d.-«co8(n(l+^)(<-f)+|,). 

Tbus we see that; at a fixed point of space, i. e. for a definite value 
of %fy the frequency of the vibrations is given by 

"(• + "¥)■ 

If the radiating particle has a positive velocity W^, i. e. one that is 
directed towards the point considered, this frequency is higher than 
that of the particle itself, which, as is shown by (108), still has the 
value n. This is the well known change of frequency which, according 
toDoppler's principle, is caused by a motion of the source of light. 

46. Our second example relates to the reflexion of a beam of 
light by a perfectly reflecting mirror, for instance by one that con- 
sists of a perfectly conducting substance. We shall suppose the 
incidence to be normal, and begin with the case of a mirror having 
no translation, so that we have to use the original equations. Let 
the beam of light be represented by (7) and let the surface of the 
mirror coincide with the plane YOZ. Then, the reflected beam, 
which we shall distinguish by the suffix (r), is given by 

^y(r) - - « cos n{i +y), h,(,) - a cos »(^ + y) • 

Indeed, these values satisfy the condition that, at the mirror, there 
be no dielectric displacement along its surface. If we put 07 — 0, 
we reaUy flnd 

d, + d,(,) - 0. 

The case of reflexion by a mirror moving with the velocity w^, 
in the direction of the axis of rr, i. e. in the direction of its normal, 
can be treated by the same formulae, provided only we change Xj t, d, h 
into x'y f, d', h'.*) Therefore, if the incident beam is now represented by 

dy' = a cos ♦*(^'~~t)> '*/ — a cos nn—-—), 
we shall have for the reflected light 

^V(r) = - a cos n(t'+ ^), h',(^) - a cos n (t' + ^) . 

Let u^ now examine the values of d^, h„ d^^^^ and h^^^j in this case. 
The only component of W being W^, we find 

1) Note 27. 
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«•» - «•'» + T^.**'.' '»' - ^'' + T^-*"'*' 

SO that the incident rays are given by 

d,-a(l + ^)co.n(<'-4), 

h.-o(l + ^) cos n (<--!), 
and the reflected rays by 

In these formulae we shall now express t' and x' in terms of t and x. 
The yalue of the local time is 



c* ' 



and 

X ^ X — VlfJ. 

Hence 

^+t-('-^)('+t)- 

The formulae are simplified if we put 

Continuing to neglect the square of — ^, we infer from this 

so that the final formulae for the incident rays are 

dy = a cos n(^ ), h^ =» a cos aU j, 

and those for the reflected light 

■',<.--(i-^)"»»(i-^).(' + t). 

h,„-.(l-i^)«»n(l-^)(,+^). 

These equations show that both the frequency and the amplitude 
of the reflected beam are changed by the motion of the mirror. The 
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frequency is now n(l ~\ smaller than n, if the mirror recedes 

from the source. These changes might have been predicted on the 
ground of Doppler's principle. As to the amplitude, it is changed 
in exactly the same ratio as the frequency, so that the reflected in- 
tensity is diminished by a motion in one direction and increased by 
a motion in the other direction. 

It is interesting to verify these results by considering the energy 
of the system. This may easily be done, if we fix our attention^ 
not on the fluctuations of the electromagnetic energy, but on its 
mean value, so that, at every point of the beam, w^ and w^ (§ 16) 
are considered as constants. Let the rays occupy a cylinder whose 
generating lines are parallel to OX and whose normal section is 27. 
Let P be a plane perpendicular to OX at some distance before the 
mirror and having a fixed position in the ether. If W^ is positive, 
so that the mirror recedes, the space between the mirror and the 
plane P increases by W^27 per unit of time, so that the energy 
contained in that space increases by 

Again, if p is the pressure on the mirror, the work done by the 
field will be 

Consequently, if S is the current of energy towards the mirror per 
unit of area of the plane P, we mu^t have 

S2:^{w,+ wJvi,Z + pyM,E. (109) 

We can easily calculate the quantities occurring in this equation. 
In the incident beam there is a flow of energy (§17) 

ia>c 

towards the mirror, and in the reflected light a flow 

away from it, so that 

S = 2a«w,. (110) 

As to w^, w^ and p, we may take for them the values that would 
hold if the mirror where at rest, because these quantities have to be 
multiplied by W^. ThereforCj since the value of w^ + w^^ consists of 
two equal parts, one belonging to the incident and the other to the 
reflected light ^), 
M;.+ u;„ = a». (HI) 

1) Note 28. 
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Finally^ by what has been said in § 25, 

p - al (112) 

The values (110), (111) and (112) really satisfy the condition (109). 

47. I shall dose this chapter by a short account of the appli- 
cation of the theory of electrons to the motion of electricity in 
metallic bodies. In my introductory remarks, I have already alluded 
to the researches of Riecke, Drude and J. J. Thomson. I now 
wish especially to call your attention to the views that have been 
put forward by the second of these physicists. 

In his theory, every metal is supposed to contain a large number 
of free electrons, which are conceived to partake of the heat^motion 
of the ordinary atoms and molecules. Further, a well known theorem 
of the kinetic theory of matter, according to which, at a given tem- 
perature, the mean kinetic energy is the same for all kinds of par- 
ticles, leads to the assumption that the mean kinetic energy of an 
electron is equal to that of a molecule of a gas taken at the same 
temperature. Though the velocity required for this is very conside- 
rable, yet the electrons are not free to move away in a short time 
to a large distance from their original positions. They are prevented 
from doing so by their impacts against the atoms of the metal 
itself. 

For the sake of simplicity we shall assume only one kind of 
free electrons, the opposite kind being supposed to be fixed to the 
ponderable matter. Now, if the metal is not subjected to an electric 
force, the particles are moving indiscriminately towards all sides; 
there is no transfer of electricity in a definite direction. This changes 
however as soon as an electric force is applied. The velocities of the 
electrons towards one side are increased, those towards the other side 
diminished, so that an electric current is set up, the intensity of 
which can be calculated by theoretical considerations. The formula 
to which one is led, of course contains the electric force, the number 
N of electrons per unit of volume, the charge e and the mass m of 
each of them. In the first place, the force acting on an electron is 
found if we multiply by e the electric force. Next dividing by m, we 
shall find the velocity given to the electron per unit of time. The 
velocity acquired by the electrons will further depend on the time 
during which they are exposed to the undisturbed action of the 
electric force, a time for which we may take the interval that elapses 
between two successive impacts against a metallic atom. During this 

interval, the length of which is given by — , if ? is the path between 

the two encounters, and u the velocity of the electron, the electric 
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force produces a certain yelocitj which we can take to be lost again 
at the next collision. 

These considerations will suffice for the explanation of the 
formula 

which Drude has established for the electric conductirity of the 
metal, and in which we must understand by u the mean velocity of 
the electrons in their irregular heat- motion ^ and by I their mean 
length of free path. Now^ as I said already, the mean kinetic energy 
of an electron, for which we may write ^mu^, is supposed to be 
equal to the mean kinetic energy of a gaseous molecule. The latter 
is proportional to the absolute temperature T, and may therefore be 
represented by 

where a is a universal constant. If we use this notation, (113) takes 
the form 

* =- T^- (114) 

43. In order to show you all the beauty of Drude^s theory, 
I must also say a few words about the conductivity for heat. This 
can be calculated in a manner much resembling that in which it is 
determined in the kinetic theory of gases. Indeed, a bar of metal 
whose ends are maintained at different temperatures, may be likened 
to a colum of a gas, placed, for example, in a vertical position, and 
having a higher temperature at its top than at its base. The process 
by which the gas conducts heat consists, as you know, in a kind of 
diffusion between the upper pai-t of the column, in which we find 
larger, and the lower one in which there are smaller molecular velo- 
cities; the amount of this diffusion, and the intensity of the flow of 
heat that results from it, depend on the mean distance over which a 
molecule travels between two successive encounters. In Drude's 
theory of metals, the conduction of heat goes on in a way that is 
exactly similar. Only, the carriers by which the heat is transferred 
from the hotter towards the colder parts of the body, now are the 
free electrons, and the length of their free paths is limited, not, as 
in the case of a gas, by the mutual encounters, but by the impacts 
against the metallic atoms, which we may suppose to remain at rest 
on account of their large masses. 

Working out these ideas, Drude finds for the coefficient of con- 
ductivity for heat 

Jc^iaNlu. (115) 
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48. It is higlilj interesting to compare the two conductivities^ 
that for heat and that for electricity. Dividing (115) by (114), 
we get 

T = i(^P> (116) 

which shows that the ratio must be equal for all metals. As a rough 
approximation this is actually the case. 

We see therefore that Drude has been able to account for the 
important fact that, as a general rule, the metals which present the 
greatest conductivity for heat are also the best conductors of elec- 
tricity. 

Ooing somewhat deeper into details, I can point out to you two 
important verifications of the equation (116). 

In the first place, measurements by Jaeger and Diessel- 

k 
horst^) have shown that the ratio — between the two conductivities 

yaries approximately as the absolute temperature, the ratio between 

the values of — for 100^ and 18^ ranging, for the different metals, 

between 1,25 and 1;12, whereas the ratio between the absolute 
temperatures is 1,28. 

In the second place, the right-hand member of (116) can be 
calculated by means of data taken from other phenomena.^ In order 
to see this, we shall consider an amount of hydrogen, equal to an 
electrochemical equivalent of this substance, and we shall suppose 
this quantity to occupy, at the temperature T, a volume of one cubic 
centimetre. It will then exert a pressure that can easily be calculated, 
and which I shall denote by p. 

We have already seen that the charge e which occurs in the 
formula (116), may be reckoned to be equal to the charge of an 
atom of hydrogen in an electrolytic solution. Therefore, the number 

of atoms in one electrochemical equivalent of hydrogen is — The gas 

being diatomic, the number of molecules is ^-, and the total kinetic 
energy of their progressive motion is 

aT 
2e 
per cubic centimetre. 

By the fundamental formula of the kinetic theory of gases the 



1) W. Jaeger nnd H. Diesselhorst, Wllrmeleitung, Elektrizit&tsleitnng, 
W&rmekapazit&t tmd Thermokraft einiger Metalle, Sitzungsber. Berlin 1899, p. 719. 

2) See M. Reinganum, Theoretische Beerf;imiiiung des YerliSltiiisseB von 
Wtane- imd Elektrizit&tsleitung der Metalle aus der Drudeschen Elektronen- 
theorie, Ann. Phys. 2 (1900), p. 898. 

Ii or en is, Theozy of eleotroufl. ind £d. 6 
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pressure per unit area is numerieallj equal to two thirds of this, 

so that 

uT 

^ = -37- 
The equation (116) therefore takes the form 

or 



This relation between the conductivities of a metal and other 
quantities derived from phenomena which^ at first sight^ have no con- 
nexion at all, neither with the conduction of heat^ nor with that of 
electricity, has been verified in a very satisfactory way. 

The electrochemical equivalent of hydrogen being 

0,000104 

in our units, and the mass of a cubic centimetre of the gas at 0^ 
and imder a pressure of 76 cm of mercury being 0,0000896 gramra, 
one finds for the temperature of 18® (T = 273 + 18), 

12,6x10* 

^ = -^yl^ • (118) 

On the other hand, expressing 6 in the ordinary electromagnetic units, 
Jaeger and Diesselhorst have found for silver at 18** 

-^ « 686 X W, 
(t 

In our units this becomes 

k^ _ 686 X 108 
c 45rc* ' 

by which we find for the quantity on the right hand side of (117) 

12,9 xlO'^ 

showing a very close agreement with the value we have just cal- 
culated for p, 

60. I must add^ however, that the numerical agreement becomes 
somewhat less satisfactory, if, instead of Drude's formulae for the con- 
ductivities, one takes the equations to which I have been led by cal- 
culations that seem to me somewhat more rigorous than his. Taking 
into account that the electrons in a piece of metal have unequal velo- 
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cities, and assuming MaxwelPs law for the distribution of these 
among the particles, I find, instead of (114) and (115)^), 

and 

.Z^^M. (120) 



-H^« 



In these equations, u is a velocity of such a magnitude that its square 
is equal to the mean square of the velocities which the electrons 
have in their heat-motion, and I represents a certain mean length of 
free path. 

The ratio of the two conductivities now becomes 



r-i{r)'^' 



it is still proportional to the absolute temperature, but it is only 
two thirds of the value given by Drude. On account of this we 
must replace (117) by the equation 



whose right-hand side, in the example chosen in § 49, has the value 

16,8 xlC^ 

This is rather diflferent from (118). 

If we prefer the formulae (119) and (120) to (114) and (116), 
as I think we are entitled to do, the agreement found in the prece- 
ding paragraph must be considered as produced by a fortuitous coin- 
cidence. Nevertheless, even the agreement we have now found, cer- 
tainly warrants the conclusion that, in Drude's theory, a fair start 
has been made towards the understanding of the electric and thermal 
properties of metals.') It is especially important to notice that our 
calculations rest on the assumption that the free electrons in a metal 
have charges equal to those of the ions of hydrogen. 

1) Note 29. 

2) No more than a ^stari^* hoivever. The theory will have to be much 
fnither deyeloped before we can explain the changes in the electric conductivity 
at low temperatures which Kamerlingh Onnes especially has shown to exist. 
Another important question is that of the part contributed by the free electrons 
to the specific heat of metals. [1915.] 
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CHAPTEE 11. 

EMISSION AND ABSORPTION OF HEAT. 

51. The subject of this and my next lecture will be the radia- 
tion and absorption of heat^ especially the radiation by what is called 
a perfectly black body^ considered with regpurd to the way in which 
these phenomena depend on the temperature and the ware-length. 
I shall first recall to your minds the important theoretical laws which 
Eirchhoff, Boltzmann and Wien hare found by an application 
of thermodynamic principles. After that, we shall hare to examine 
how &r the theory of electrons can give us a clue to the mechanism 
of the phenomena. 

We must begin by clearly defining what is meant by the absorb- 
ing power and the emissivity of a body. Let cd and cd' be two in- 
finitely small planes perpendicular to the line r joining their centres, 
and let Jf be a body of the temperature T, placed so that it can 
receire a beam of rays going through m and cd. We shall suppose 
this beam to consist of homogeneous rays whose wave-length is il, 
and to be plane- polarized, the electrical vibrations having a certain 
direction &, perpendicular to the line r. Part of the incident rays 
will be reflected at the front surface of the body, part of them will 
penetrate into its interior, and of these some will again leave the 
body, either directly or after one or more internal reflexions. How- 
ever this may be, the body Jf, if it be not perfectly transparent, 
will retain a certain amount of energy, an amoimt that is converted 
into heat, because we shall exclude from our considerations all other 
changes that might be produced. 

The co^fidewt of absorption A is defined as the fraction indi- 
cating what part of the incident energy is spent in heating the body M. 

On the other hand, of the whole radiation emitted by JfcT, a 
certain portion will travel outwards through the two elements io and c/. 
We shall decompose this radiation into rays of different wave-lengths, 
and we shall fix our attention on those whose wave-length lies be- 
tween two limits infinitely near each other, X and X -f- dL We shall 
also decompose the electrical vibrations of these rays into a com- 
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ponent along the line h of which I have just spokein, and a second 
component perpendicular both to it and to the direction of the beam 
itself. It can easily be shown that the amount of energy emitted 
by the body per unit of time through the two elements of surface, 
so far as it belongs to rays of the wave -lengths that have been 
specified, and to vibrations of the direction h, is proportional to 
(Oy G), dly and inversely proportional to the square of r. It can there- 
fore be represented by 

— p K^^^J 

The coefficient E is called the emissivitiy of the body M, It is a 
quantity depending on the nature of M, its position with respect to 
the line r, the wave-length l, the temperature T and the direction h 
which we have chosen for the vibrations. 

Starting from the thermodynamic principle that in a system of 
bodies having all the same temperature, the equilibrium is not dis- 
turbed by their mutual radiation, and using a train of reasoning 
which I shall not repeat, Eirchhoff^) finds that the ratio 

E 
A 

between the emissivity and the absorbing power is independent, both 
of the direction we have chosen for h, and of the position and the 
peculiar properties of the body Jf. It will not be altered if we 
change the position of Jf, or replace it by an altogether different 
body of the same temperature. The ratio between the emissivity and 
the coefficient of absorption is a function of the temperature and the 
wave-length alone. 



I shall now point out to you two other meanings that may 
be attached to this function. In the first place, following the example 
of Eirchhoff, we can conceive a perfectly black body, or, as we shall 
simply say, a bUtdk body, i. e. One that has the power of retaining 
for itself the total radiating energy which falls upon it. Its coeffi- 
cient of absorption is therefore 1, and if we denote its emissivity 
by J?^, the symbols A and E relating to any other body, we shall 
ha?e 

f - E,. (122) 

We may notice in passing that Eirchhoff s law requires all black 
bodies, whatever be their nature, to have exactly the same emissivity. 

1) 6. Eirchhoff, Cbei das YerhUtnis zwischen dem EmissionsvermOgen 
und dem AbsoiptionBvermCgen der KOrper ftir Waarme und Licht, Ann. Phya. 
Ghem. 109 (1860), p. 27&. 
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The equation (122) expresses one of the two meanings of -r 

to which I have alluded. The other will become apparent, if we fix 
our attention on the state existing in the ether in the neighborhood 
of radiating bodies. 

We shall consider a space void of all ponderable matter and 
surrounded on all sides by a perfectly black envelop, which is kept 
at a fixed temperature T, The ether within this space is traversed 
in all directions by rays of heat. Let co be an element of a plane 
situated at any point F of the space, and having any direction we 
like. We shall consider the quantity of energy by which this ele- 
ment is traversed per unit of time in the direction of its normal n, 
or rather in directions lying within an infinitely narrow cone, whose 
solid angle we shall denote by s, and whose axis coincides with 
the normal w, always confining ourselves to wave-lengths between I 
and X + dlf and to a particular direction h of the electrical vibrations. 
By this I mean that all vibrations of the rays within the cone are 
decomposed along lines h and k that are perpendicular as well to 
each other as to the axis of the cone, and that we shall only con- 
sider the components having the first named direction. 

Let P' be a point on the normal n, at a distance r from the 
point P, and let us place at P an element of surface perpendicular 
to r,. and whose magnitude is given by 

(o'^rh, (123) 

It is clear that, instead of speaking of the rays whose direction lies 
within the cone a, we may as well speak of those that are propagated 
through the elements ca and ca\ 

The quantity we wish to determine is therefore the flow of 
energy through the two small planes, issuing from the part of 
the enclosing wall behind cj. In virtue of the formula (121), it is. 
given by 

for which, on account of (123), we may write 

E,cj€dX. (154) 

Having got thus far, we need no longer consider the element ai'; 
we have only to think of the element oj and the cone s. 

Now, what is most remarkable in our result, is the fact that it 
is wholly independent of the position of the point P, the direction 
of the element (o and the directions h and k, in which we have de- 
composed the vibrations. The radiation field within the ether is a 



ENERGY OF RADIATION PER UNIT OF VOLUME. 71 

truly isotropic one, i. e. the propagation takes place in exactly the 
same manner in all directions, and electrical vibrations of all different 
directions occur with the same intensity. 

We shall now calculate the amount of energy in this radiation 
field per unit of volume. In the case of a beam of rays of a definite 
direction the quantity of energy that is carried per unit of time 
through a plane o perpendicular to the rays, is equal to the amount 
existing at one and the same moment in a cylinder whose generating 
lines are parallel to the rays, and which has co for its base and a 
height equal to the velocity of light c; it is coj times the energy 
existing per unit of volume. Hence, the energy per unit of volume, 
belonging to the rays to which the expression (124) relates, is found 
if we divide that expression by cca; its value is 

c 

We must now keep in mind that we have all along considered only 
the rays whose direction lies within the cone £, and only those com- 
ponents of their vibrations which have the direction h. If we wish 
to include all rays, whatever be their direction and that of their 
vibrations, we must make two changes. In the first place we must 
multiply by 2, because the vibrations of the direction Jc have the 
same intensity as those we have till now considered, and in the se- 
cond place we must replace s by 4^, because equal quantities of 
energy belong to rays whose directions lie within different cones of 
equal solid angles. The final result for the amount of energy present 
in unit volume of our radiation field, the ^density" of the energy, 
80 far as it is due to rays whose wave-lengths lie between the 
limits X and I -{- dX, is 

c ^ 
We shall write for this energy 

F{X, T)dX, 
so that, if we also take into account the relation (122), we have 

j'(A,r)=-^i?, = ^f. (125) 

This equation, which expresses the relation between -j and the 
density of energy, shows us the other meaning that may be given 
to ^-. 

53. One word more may be said about the state of radiation 
characterized by the function F{X, T), For the existence of this 
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state it is not at all necessary that the walls of the enclosure should 
be perfectly black. We may just as well suppose that they are per- 
fectly reflecting on the inside^ and that tiie rays are produced by a 
body placed somewhere between them. Nor need this body be per- 
fecily black. Whatever be its nature^ if it is maintained at the tem- 
perature T we hare chosen once for all, it can always be in equili- 
brium with a state of radiation in which each element of volume 
contains the energy we have been considering. We may add that 
not only will it be in equilibrium with this state, but that it will 
actually produce it, provided only the body have some emitting 
power, however small it may be, for all wave-lengths occurring in 
the radiation of a black body of the same temperature. If this con- 
dition is fulfilled, the radiation in the ether will be independent of 
the nature of the matter in which it originates; it will be determined 
by the temperature alone. 

B4. Eirchhoff has already laid stress on the importance of the 
function F{Xj T), which must be independent of the peculiar pro- 
perties of any body, and indeed the problem of determining this 
function is of paramount interest in modem theoretical physics. 
Boltzmann^) and Wien') have gone as far towards the solution as 
can be done by thermodynamic principles, combined with general 
results of electromagnetic theory, if one leaves aside all speculations 
concerning the constitution of the radiating and absorbing matter. 

Boltzmann's law shows us in what way the total energy 
existing per unit of volume in the radiation field we have spoken of, 
I mean the energy for the rays of all wave-lengths taken together, 
depends on the temperature. It is proportional to the fourth power 
of the absolute temperature, a result that had already been established 
as an empirical rule by Stefan. 

In his demonstration, Boltzmann introduces the fact that there 
is a radiation pressure of the amount which we have formerly cal- 
culated. 

Let us consider a closed envelop, perfectly reflecting on the in- 
side, and containing a body M to which heat may be given or from 
which heat may be taken, in one way or another. The remaining 
part of the space contains only ether, and the walls are supposed to 
be movable, so that the enclosed volume can be altered; 



1) L. Boltzmann, Ableitong des Stefan'schen Gesetzes, betreffend die 
Abh9jigigkeit der WSxmestrahlung von der Temperatnr ans der elektromagne- 
tifichen Lichttheorie, Ann. Phys. Ghem. 22 (1884), p. 291. 

8) W. Wien, Eine neue Beziehnng der Strahlung schwarzer EOrper zmn 
zweiten HaaptsatB der WSfmetheoiie, Berlin. Sitznngsber. 1893, p. 66. 
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The Bystem we have obtained in this manner is similar in many 
respects to a gas contained in a vessel of variable capacity. It is 
the seat of a certain energy, and like a gas it exerts a pressure on 
the bounding walls; only, we hare now to do, not with the collisions 
of moving molecules, but with the pressure of radiation. If the walls 
move outwards, the system does a certain amount of work on them. 
Hence, a supply of heat is required, if we wish to maintain a con- 
stant temperature, and the temperature is lowered by the expansion, 
if the process is adiabatic. Tou wiU easily see that the system may 
be made to undergo a cycle of operations, two of which are isother- 
mic and two adiabatic changes, and to which we may apply the well 
known law of Garnot. 

Instead of imagining a cycle of this kind, I shall use a small 
calculation that will lead us to the same result. In all cases in 
which the state of a system is determined by the temperature T and 
the volume t?, and in which the only force exerted by the system is 
a normal pressure p uniformly distributed over the surface, there is 
a simple thermodynamic relation by which we can learn something 
about the internal eneigy £. If we choose v and T as independent 
variables, the equation has the form 

This may be applied to our envelop filled with rays, as well as to 
a gas; in a certain sense the case of the radiation is even the more 
simple of the two. The reason for this is, that the density of the 
energy depends solely on the temperature, so that, in an isothermic 
expansion, the new part that is added to the volume is immediately 
filled with an amount of energy proportional to its extent. The 
energy contained in the space that was already occupied by the radia- 
tion, remains unchanged, and the same may be said of the energy 
contained within the body M. In order to see this, we must keep 
in mind that, by what has been found in § 21, the pressure is equal 
to one third of the electromagnetic energy per unit of volume, so 
that the body remains exposed to the same pressure and, the tem- 
perature being likewise constant, will undergo no change at all. 

Let us denote by K the electromagnetic energy per unit of 
volume, which, as we must take together all wave-lengths, may be 
represented by 



K^fF(X,T)dX, 



Then we shall have 



p-^s: 
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and 

dv 



^'=jsr, 



because, if the yolume is increased by dv, the energy augments by 
Kdv. Substituting in the formula (126), we find 

dK .dT 
K * T ' 

from which we deduce by integration 

where is a constant. The total energy per unit of volume, or as, 
in virtue of (125), we may also say, the total emissivity of a black 
body must be proportional to the fourth power of the temperature. 



Passing on now to Wien's law, I shall first state the form 
in which it may be put if we avail ourselves of that of Boltzmann. 
Wien has not succeeded in determining the form of the function, 
which indeed cannot be done by thermodynamic reasoning and 
electromagnetic principles alone; he has however shown us how, as 
soon as the form of the function is known for one temperature, it 
may be found from this for any other temperature. 

This may be expressed as follows. If T and T are two diiBFe- 
rent temperatures, X and X' two wave-lengths, such that 

XiX'^TiT, (127) 

we shall have 

F{X, T) : F{X\ T) = X'^ : X\ (128) 

If we put this in the form 

F{X',r)^^F{^X',T), 

we see that really F(}!j T") can be determined for all values of X\ 
if we know F{Xy T) for all values of X, 

We can also infer from (127) and (128) that if, while varying 
X and Tj we keep the product XT constant, the function X*2^(A, T) 
must also remain unchanged. Therefore, this last expression must 
be some frmction f(XT) of the product of wave-length and tempera- 
ture, so that our original function must be of the form 

F{k,T)~^y{XT). (129) 
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The relation between the forms of the function F{X, T) for 
different temperatures comes out yery beantifdllj. If, for a definite 
temperature T, we plot the yalues of -F(X, T), taking X as abscissae 
and F as ordinates, we shall obtain a certain curre, which may be 
said to represent the distribution of energy in the spectrum of a 
black body of the temperature T From this we can get the corre- 
sponding curve for the temperature T' by changing all abscissae in 
the ratio of T to T, and all ordinates in the ratio of T* to T'^ 

The form of the curve has been determined with considerable 
accuracy by the measurements of Lummer and Pringsheim.^) The 
accompanying figure will give an idea 
of it. It shows that, as could have 
been expected, the intensity is small 
for very short and very long waves, 
reaching a maximum for a definite 
wave-length which is represented by 
OAy and which I shall call Z^. Now, 
if the curve undergoes the change of 
shape of which I have just spoken, 
this maximum will be shifted towards 
the right if T' is lower than T, and 
towards the left in the opposite case, the value of X^ being in fact 
inversely proportional to the temperature. It is for this reason that 
Wien's law is often called the displacement- law (Verschiebungsgesetz). 

The diagram may also be used for showing that Boltzmann's 
law is included in the formulae (127) and (128). The value of K 
is given by the total area included between the curve and the axis 
of abscissae, and this area changes in the ratio of T* to T'\ when 
the abscissae and ordinates are changed as has been stated. 




Fig. 2 



66. It would take too much of our time, if I were to give you 
a complete account of the theoretical deductions by which Wien found 
his law. Just as in Boltzmann's reasoning, we can distinguish 
two parts in it, one that is based on the equations of the electro- 
magnetic field, and a second that is ptirely thermodynamic. 

We have already seen that, for every temperature T, there is a 
perfectly definite state of radiation in the ether, which has the pro- 
perty that it can be in equilibrium with ponderable bodies of the 
temperature T, For the sake of brevity I shall call this the naiwrdl 



1) 0. Lummer u. E. Piingsheim, Die Strahlting eines scliwarzen EOipers 
zwischen 100 und 1300'' C, Ami. Phys. Chem. 68 (1897), p. 395; Die Yerteilung 
der Energie im Spektram des schwarzen Kdrpers, Yerh. d. deutschen phys. Ges. 
I (1899), p. 28. 
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state of radiation for the temperature T, It is characterized by 
a definite amount K of energy per unit of Yolume^ proportional 
to l^j and which may therefore be used, instead of T itself, for 
defining the state of the ether. If we speak of a natural state of 
radiation with the energy -density JT, we shall know perfectly what 
we mean. 

In this natural state the total energy is distributed in a definite 
manner oyer the various waye-lengths, a distribution that is expressed 
by the function F{Xy T). Now, we can of course imagine other 
states haying the same density of energy JT, but differing from the 
natural one by the way in which the energy is distributed oyer the 
wave-lengths; it might be, for example, that the energy of the long 
waves were somewhat smaller, and that of the short ones somewhat 
greater than it is in the natural state. 

Wien takes the case of a closed envelop perfectly reflecting on 
the inside, and containing only ether. He supposes this ether to be 
the seat of a natural state of radiation A with the energy- density K] 
this may have been produced by a body of the temperature T that 
has been temporarily lodged in the enclosure, and has been removed 
by some artifice. Of course, this operation would require a super- 
human experimental skill and especially great quickness, but we can 
suppose it to be succesfully performed. If then we leave the vessel 
to itself, the radiations that are imprisoned within it, will continue 
to exist for ever, the rays being over and over again reflected by the 
walls, without any change in their wave-lengths and their intensity. 

At this point, Wien introduces an imaginary experiment by 
which the state of things can be altered. It consists in giving to 
the walls a slow motion by which the interior volume is increased or 
diminished. We have already seen (§ 4G) that, if a mirror struck 
normally by a beam of rays is made to recede, this will have a twofold 
influence on the reflected rays; their frequency is lowered, so that 
the wave-length becomes larger, and their amplitude is diminished. 
The same will be true, though in a less degree, if the incidence of 
the rays is not normal but oblique, and ia this case also the effect 
can be easily calculated. 

In order to fix our ideas we shall suppose the walls of our 
vessel to expand. Then, every time a ray is reflected by them, it 
has its amplitude diminished and its wave-length increased, so tiiat^ 
after a certain time, we shall have got a new state of radiation B, 
differing from the original one by its energy per unit of volume and 
by the distribution of the energy over the wave-lengths. The den- 
sity of energy will have a certain value K', smaller than the original 
value K, and the distribution over the wave-lengths will have been 
somewhat altered in favour of the larger wa?e-lengths. 
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Of conree^ K' can have different values^ because the expansion by 
which the new state is produced may be a Isurge or a small one. 
Since^ howeyer, thd changes in the amplitudes and those in the wave- 
lengths are closely connected, it is clear that the distribution of the 
energy oyer the waye-lengths must be quite determinate if we know 
K', so that it was possible for Wien to calculate it. EUs result may 
be expressed as follows.^) If 

ip(X)dX (130) 

is the part of the original energy per unit of volume that is due to 
the rays with wave-lengths between X and X + dX, the amount of en- 
ergy corresponding to the same interval in the new state B is given by 

f(^.,(l^.i).i. (m) 

57. I hope I have given you a sufficiently clear idea of one 
part of Wien's demonstration. As to the second part, the thermo- 
dynamic one, its object is to show that the new state B, in which 
there is a density of energy E', cannot be different from a natural 
state of radiation having the same E^y that it must therefore itself 
be a natural state. If it were not, we could place our vessel con- 
taining the state B against a second vessel containing a natural state 
A' with the same value K*, the two states being at first separated 
by the walls of the two vessels. Then we could make an opening 
in these walls, and close it immediately by means of a very thin plate 
of some transparent substance. Such a plate wiU transmit part of 
the rays by which it is struck, and, on account of the well-known 
phenomena of interference, the coefficient of transmission will not be 
the same for different kinds of rays. Let us suppose it to be some- 
what greater for the long waves than for the short ones, and let us 
also assume that the state B contains more of the long waves than 
the state A', and less of the short waves. Then, it is easily seen that, 
in the first instants after communication has been established between 
the two vessels, more enei^ wiU pass from B towards A' than in 
the inverse direction, so that the energy of the two states will not 
remain equal. This can be shown to be in contradiction with the 
second law of thermodynamics. 

Our conclusion must therefore be that, by means of the ex- 
pression (131), we can calculate the distribution of energy in a natiural 
state characterized by £^, as soon as we know the distribution, re- 
presented by (130), for a natural state characterized by K, Now, 
both states being natural ones, we shall have, if we write T and T' 



1) Note 80. 
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for the temperatures to which they correspond, 

Therefore, (131) becomes 

by which we are led to Wien's law in the form in which I have 
stated it. 

58. Though Boltzmann and Wien have gone far towards 
determining the function F{X, T\ the precise form of the curve in 
Fig. 2 remains to be found, and since the means of thermodynamics 
are exhausted, we can only hope to attain this object, if we succeed 
in forming some adequate mental picture of the processes which mani- 
fest themselves in the phenomena of radiation and absorption. 

The importance of the problem will be understood, if one takes 
into account that the curve in Fig. 2 requires for its determination 
at least two constants. Calling X^ the abscissa OA for which the 
ordinate is a maximum, we have by Wien's law 

and if, as before, the total area included between the curve and the 
axis of abscissae is denoted bv K, we shall have 

Of the two constants a and 6, the first determines, for a given tem- 
perature T, the position of the point A, and the second relates to 
the values of the ordinates, because the larger these are, the greater 
will be the area K, Now, if the state of radiation is produced by a 
ponderable body, the values of the two constants must be determined 
by something in the constitution of this body, and these values can 
only have the universal meaning of which we have spoken, if all 
ponderable bodies have something in common. If we wish comple- 
tely to account for the form and dimensions of the curve, we shall 
have to discover these common features in the constitution of all 
ponderable matter. 

59. I shall speak of three theories by which the problem has 
been at least partially solved, beginning with the one that goes farthest 
of all. This has been developed by Planck^), and leads to a definite 
formula for the function f{XT) in (129), viz. to 

1) M. Planck, Uber irreversible Strahlungsvorgange, Ann. Phys. 1 (1900), 
p. 69 ; Gber das Gesetz tier Energieverteilung im Normalspektrum, Ann. Phys. 4 
(1901), p. 663; tJhei die Elementarquanta der Materia und der Elektrizitat, 
ibid., p. 564; see also his book: Vorlesungen iiber die Theorie der Warme- 
strahlung, Leipzig, 1906. 
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F{X, T) - «^ . -^, (132) 

kXT 
S — 1 

in which € is the basis of natural logarithms^ whereas h and k are 
two universal physical constants. 

Planck's theory is based on the assumption that every ponde- 
rable body contains an immense number of electromagnetic vibrators, 
or ^p-esonators'^ as he calls them, each of which has its own period. 
If a body is enclosed within the perfectly reflecting walls we have 
so often mentioned, there will be a state of equilibrium, on the one 
hand between the resonators and the radiation in the ether, and on 
the other hand between the resonators and the ordinary heat motion 
of the molecules and atoms constituting the ponderable matter. The 
first of these equilibria can be examined by means of the electro- 
magnetic equations, and, in order to imderstand the second, one 
could try to trace the interchange of energy between the resonators 
and the ordinary particles. Planck, however, has not followed this 
course, which would lead us into very serious difficulties, but has 
found his formula by reasonings of a different kind. 

In one of his papers he deduces it by examining what partition 

of the energy between the two sets of particles, the molecules and 

the resonators, is to be considered as the most probable one. Of 

course this is an expression, the precise meaning of which has to be 

fixed before we can make it the basis of the theory. I must abstain 

from explaining the sense in which it is understood by Planck. 

There is one point, however, in his theory to which I must refer for 

a moment. He is obliged to assume that the resonators can gain 

or lose energy, not quite gradually by infinitely small amounts, but 

only by certain portions of a definite finite magnitnde. These por- 

tions are taken to be different for resonators of different frequencies. 

The portions of energy which we have to imagine when we speak 

of a resonator of th^ frequency n, have an amount that is given 

by the expression 

hn 

It is in this way that the constant h is introduced into the equations. 

As to the constant 7c, it has a very simple physical meaning. 
According to the kinetic theory of gases, the mean kinetic energy of 
the progressive motion of a molecule is equal for aU gases, when 
compared at the same temperature. This mean energy is proportional 
to T, and if we represent it by ^kT, the quantity h will be the 
constant appearing in the formula (132). 

Planck's law shows a most remarkable agreement with the 
experimental results of Lummer and Pringsheim, and it is of 
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high value because it enables us to deduce from measuremeuts on 
radiation the mean kinetic energy of a molecule^ which, in its turn, 
leads us to the masses of the atoms in absolute measure. As the 
numbers obtained in this way^) are of the same order of magnitude 
as those that have been found by other means, there is undoubtedly 
much truth in the theoiy. Yet, we cannot say that the mechanism 
of the phenomena has been unyeiled by it, and it must be admitted 
that it is difficult to see a reason for this partition of energy by 
finite portions, which are not even equal to each other, but yary 
from one resonator to the other.') 

60. I shall dwell somewhat longer on the second theory^), be- 
cause it is an application of the theory of electrons, and therefore 
properly belongs to my subject. In a certain sense, it may, I think, be 
considered as rather satisfactory, but it has the great defect of being 
confined to long waves. I may be permitted perhaps, by way of in- 
troduction, to teU you by what considerations I have been led to 
this theory. It is well known that, in general, the optical properties 
of ponderable bodies cannot be deduced quantitatively with any 
degree of accuracy from the electrical properties. For example, though 
Maxwell's theoretical inference, published long ago in his treatise, 
that good conductors for electricity must be but little transparent 
for light, is corroborated by the fact that metals are very opaque, 
yet, if we compare the optical constants of a metal, one of which is 
its coefficient of absorption, with the formulae of the electromagnetic 
theory of light, taking for the conductivity the ordinary value that 
is found by measurements on electric currents, there is a very wide 
disagreement. This shows, and so does the discrepancy between the 
refiractive indices of dielectrics and tihe square root of their dielectric 
constants, that, in the case of the very rapid vibrations of light, ciiv 
cumstances come into play with which we are not concerned in our 
experiments on steady or slowly alternating electric currents. 

If this idea be right, we may hope to find a better agreement, 
if we examine the „opticaF properties as we may continue to call 
them, not for rays of light, but for infra-red rays of the largest 
wave-lengths that are known to exist. 

Now, in the case of the metals, this expectation has been verified 

in a splendid way by the measurements of the absorption that were 

- 

1) Note 81. 

2) Since this was written Planck's theory of ,, quanta'* has been largely 
developed. It now occupies a . prominent place in several parts of theoretical 
physics. [1916.] 

8) Lorentz, On the emission and absorption by metals of rays of heat 
of great wave-lengths, Amsterdam Proc, 1902—03, p. 666. 
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made some years ago by Hagen and Rubens.^) These physicists have 
shown that rays whose wave-length is between 8 and 25 microns, are 
absorbed to a degree that may be calculated with considerable accuracy 
from the known conductivity.*) We can conclude from this that, ia 
order to obtain a theory of absorption in the case of these long waves 
we only have to understand the nature of a common current of con- 
duction. Moreover, if in this line of thought, we can form for ourselves 
a picture of the absorption, it must also be possible to get an insight 
into the way in which rays are emitted by a metal. Indeed, the uni- 
versal validity of Kirchhoff*s law clearly proves that the causes which 
produce the absorption by a body, and those which call forth its radia- 
tion, must be very closely related. Therefore, as soon as we have an 
adequate idea about a common current of conduction, we may hope to 
be able to explain the absorption and the emissivity of a metal, and to 
calculate the ratio between the two, i. e. our universal function F(k, T), 
However, we can only hope to succeed in this, if we confine ourselves 
to long waves. 

Now, as we have already seen, a very satisfactory conception of the 
nature of a current of conduction has been worked out by Drude. We 
must therefore try to obtain a theory of the radiation and emission of 
metals that is based on his general principles, and in which we simply 
assume that the metal contains a large number of free electrons, moving 
with such speeds that their mean kinetic energy is equal to aT, 

61. In doing so, we shall simplify as much as possible the circum- 
stances of the case. We shall consider a metal plate, whose thickness ^^ 
is so small that the absorption may be considered as proportional to it, 
and that, in examining the emission, we need not consider the absorp- 
tion which the rays emitted by the back half of the plate undergo, while 
traversing the layers lying in front of it. We shall also confine ourselves 
to rays whose direction is perpendicular to the plate or makes an infini- 
tely small angle with the normal. These assumptions will greatly faci- 
litate our calculations without detracting from the generality of the 
final result. If we trust to Kirchhoff's law, the value which we shall 
find for the ratio between the emissivity and the coefficient of absorption 
may be expected to hold for all bodies and for all directions of the rays. 

The calculation of the absorption is very easy. By the ordinary 
formulae of the electromagnetic field we find for the coefficient of 
absorption*) 



c 






c 



1) E. Hagen u. Q. Rubens, Ober Beziehungen des Reflexions- und 
EmiBsion8yerm5gens der Metalle zu ihrem elektrischen Leitverm5gen, Ann. Phys. 
11 1903), p. 873. 

2) Note 32. 3) Note 38 

L or entK, Theory of electrons. 2nd £d. 6 
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and here we have only to subsidtuie the value of 6^ given by Drude's 
theory. Using the formula (119), we find 



-yi'^r^- ("») 



The question now arises, in what manner a piece of metal 
in which free electrons are moving in aU directions can be the source 
of a radiation. The answer is contained in what we have seen in a 
former lecture. We know that an electron can be the centre of an 
emission of energy only when its velocity changes. The cause of 
the emission must therefore be looked for in the impacts agsjpst the 
metallic atoms, by which the eleictron is made to rebound in a new 
direction, so that the radiation of heat, in the case we are now con- 
sidering, very much resembles the production of Rontgen rays, as 
it is explained in Wiechert's and J. J. Thomson's theory. 

The mathematical operations required for the determination of 
the effects of the impacts are rather complicated, the more so because 
we must decompose the total radiation into the parts corresponding 
to different wave-lengths. I shall therefore give only a general outline 
of the calculations. 

I must mention in advance that the decomposition of which 
I have spoken just now will be performed by means of Fourier's 
theorem, and that the duration of an impact will be taken to be ex- 
tremely small in comparison with the time of vibration of the rays 
considered. We shall even make the same assumption vrith regard 
to the time between two successive impacts of an electron. This is 
justified by the experiments of Hagen and Rubens. It is easily 
seen that the conductivity of a metal can be given by the formula 
(119), only if the electric force acts on the body either continually 
or at least for a time during which a large number of encounters of 
an electron take place. Therefore, the result found by Hagen and 
Rubens, viz. that the absorption corresponds to the coefficient of 
conductivity, proves that the time during which the electric force 
acts in one and tbe same direction, i. e. half a period, contains very 
many times the interval between two successive encounters. 

63. In § 51 we have considered the radiation from the body M 
through two infinitely small planes co and (o. We shall now suppose 
the first of these to be situated in the front surface of the thin 
metallic plate, and we shall fix our attention on the radiation issuing 
from the corresponding part md oi the plate, and directed towards 
the element (o\ parallel to cd, and situated at a point P of the line 
drawn normally to the plate from the centre of the element cd. 
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We shall begin by taking into account only the component of the 
electric yibrations in a certain direction h perpendicular to OP, 

Let us choose the point as origin of coordinates, drawing the 
axis of z along OP, that of x in the direction h, and denoting the 
distance OP by r. According to what has been found in § 39, 
a single electron, moving with the velocity Y in the part of the plate 
considered, will produce at P a dielectric displacement whose first 
component is given by 



if we take the value of the differential coefficient for the proper 
instant. 

On account of our assumption as to the thickness of the plate, 
this instant may be represented for all the electrons in the portion (o^ 

by ^ , if Ms the time for which we wish to determine the state 

of things at the point P. We may therefore write for the first 
component of the dielectric displacement at P 

''»=--I^^(^«^)*-^ (134) 

C 

The flow of energy through cd' per unit of time will be 

X 

Since the motion of the electrons between the metallic atoms is 
highly irregular, we shall have, at rapidly succeeding instants, a large 
number of impacts in which the changes of the velocity are widely 
different. The state at P, which is due to all these impacts, will 
show the same irregularity. Nevertheless, we must try to deduce 
from the formulae relating to it, results concerning those quantities 
that can make themselves felt in actual experiments. 

Results of this kind are obtained by considering the mea/n values 
of the variable quantities calculated for a sufficiently long lapse of 
time. We shall suppose this time to extend from ^ «= to ^ « -d*. 

K the mean value of d| is denoted by d|, we shall have for the flow 
of energy through (o that is accessible to our means of observation 

cdlci' = c(o . ^f^ldt. (135) 



64. The introduction of this long time ^ is also very useful 
for the application of Fourier^s theorem. Whatever be the way in 
which d^ changes from one instant to the next, we can always expand 
it in a series by the formula 
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• =00 



d.-2«.''i"'-F, (136) 

where 5 is a positire whole number^ each coefficient a, being deter- 
mined by 

a.^^fsinfAJt (137) 



It appears from (136) that the frequency of one of the terms is 
SO that the corresponding ware-length is given by 



n 8 



(138) 



The interval d' being very large ^ the values of I belonging to small 
values of s will be so too; we shall not, however, have to speak of 
these very long waves, because they may be expected to represent 
no appreciable part of the total radiation. The rays with which we 
are concerned, will have wave-lengths below a certain upper limit X^; 
therefore, provided the time d" (which we are free to choose as long 
as we like) be long enough, they will correspond to very high values 
of the number $. Now, if A, and A,^^ are two successive wave- 
lengths, we shall have 



1- 



X, 8+1 » + !' 

which is a very small number. The wave-lengths corresponding to 
the successive terms in our series are thus seen to diminish by ex- 
ceedingly small steps. This means that, if we were to decompose 
the radiation represented by (136) into a spectrum, we should find a 
very large number of lines lying closely together. Their mutual 
distances may be indefinitely diminished by increasing the length of 
the time d and the values of s corresponding to the part of the 
spectrum we wish to consider. This is the way in which we can 
deduce from our formulae the existence of a continuous spectrum 
and the laws relating to it. 

Let I and k + dX be two wave-lengths, which, from a physical 
point of view, may be said to lie infijiitely near each other. If d' 
is duly lengthened, the part of the spectrum corresponding to dk 
contains a large number of spectral lines, for which we find 
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This is clear^ if, after haying written (138) in the form 

we observe that the number of lines is the same as the number of 
integers lying between the limits 

and 



X + dl X ' 

for which we may take the difference 

2c» 



i» 



dX, 



because^ in virtue of our supposition , this difference is much larger 
than 1. 

We have now to substitute the value (136) in the equation (135). 
It is easily seen that the product of two terms of the series for d^ 
will give 0; if integrated with respect to time between the limits 
and d'. Moreover 



and (135) becomes 






cdjo'^icoi'^aj. (139) 



«=::! 



This is the total flow of energy through m. In order to find the 
part of it, corresponding to wave-lengths between I and k + dX, we 

have only to observe that the -jj-dX spectral Lnes lying within that 

interval, may be considered to have equal intensities.^) 

In other terms, the value of a^ may be regarded as equal for 
each of them, so that they contribute to the sum in (139) an amount 

-^ a]dX 

Consequently, the part of the flow of energy, belonging to the inter- 
val of wave-lengths dXj is given by 

?!*» ajrfi, (140) 

and our problem will be solved, if we succeed in calculating a], 

6S. The following mathematical developments are somewhat 
more rigorous than those which I gave in my paper on the subject. 

1) Note 84. 
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In fact^ I shall now introduce Maxwell's law for the distribution 
of the relocities among the electrons, and take into account that the 
free paths are not all of the same length. At the same time I shall 
introduce a simplification for which I am indebted to Langevin^), and 
by which it will be possible to give in a small space the essential 
part of the calculation. 

By (134) and (137) we see that 



a 



V 



(«/"»^%i'«l. a") 





where the square brackets serve to indicate the value of Y^ at the 

time t 

c 

The meaning of this equation is, that we must first; for one 

definite electron, calculate the integral, taking into account all the 

values of the acceleration occurring during the interval of time 

between and d' This having been done, we have to take 

the sum of the values that are found in this way for all the free 
electrons contained in the part ad oi the plate. 

Integrating by parts we find, because sin —^ vanishes at the 
limits, 



for which, understanding by Y^ the value at the time tj we may also 
write 



By this artifice of partial integration, the problem is reduced to a 
much simpler one. If we had directly to calculate the integral 
in (141), we should have to attend to the intervals of time during 
which an electron is subjected to the force which makes it rebound 
from an atom against which it strikes; indeed, it is only during these 
intervals that there is an acceleration. On the other hand, the inte- 
gral in (142) is made up of parts, due, not only to the times of 



1) See his translation of my paper in H. Abraham at P. Langevin, Les 
quantit^s ^l^mentaires d'^lectricit^, ions, Electrons, corpuscules, Paris (1905), 1, 
p. 607. 



EMISSION BY A THIN PLATE. 87 

impact; but also to all interyening interyals. K we suppose the du- 
ration of an encounter to be very much smaller than the lapse of 
time between two successiye collisions of an electron, we may even 
confine ourselres to the part that corresponds to the free paths be- 
tween these collisions. 

While an electron travels oyer one of these free paths, its yelo- 
city V^ is constant. We may also neglect the change in the factor 

cos ^[t + — ), because the time between two encounters is supposed 

to be yery much smaller than the time of yibration corresponding 
to s. The part of a, which corresponds to one electron, and to 
the time during which it describes one of its free paths, is therefore 
given by 



if we understand by r the time during which the path is travelled 
over. In the last factor we may take for t the value corresponding 
to the middle of the time r. 

We shall now fix our attention on all the paths described by 
all the electrons during the time d', 1£ we use the symbol S for 
denoting a sum relating to all these free paths, we shall have 

66. We have to determine the square of the sum S. This may 
be done rather easily, because the products of two terms 



8n 

rv, cos -^ 



('+f). 



whether they correspond to two different free paths of one and the 
same electron, or to two paths described by different electrons will 
give 0, if all taken together. Indeed, the velocities of two electrons 
are wholly independent of each other, and the same may be said of 
the velocities of one definite electron at two instants between which it 
has undergone one or more impacts.^). Therefore, positive and negative 
values of Y^ being distributed quite indiscriminately between the terms 
of (143), positive and negative signs will be equally probable for the 
products of two terms. 

It is seen in this way that we have only to calculate the sum 
of the squares of the several terms, so that we find 



«?-I^sjxMcos»:^(< + f)) 



1) Note 85. 
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NoW; since the irregular motion of the electrons takes place with the 
same intensity in all directions^ we may replace vS by -J-V'. Therefore^ 
writing I for the length r { V | of the free path, we find 

In the immense number of terms included in the sum, the length I 
is very different, and in order to effect the summation we may 
begin by considering only those terms for which it has a ciertain 
particular value. In these terms, which are still very numerous, the 

angle ^ (t + ^] has values that are distributed at random over an 

interval ranging from to sx. The square of the cosine may there- 
fore be replaced by its mean value ^, so that 

«?-^I^S(P). (144) 

67. The metallic atoms being considered as immovable, the 
velocity of an electron is not altered by a collision. We can there- 
fore fix oxir attention on a certain group of electrons which move 
along their zigzag-lines with a definite velocity u. During the time ^, 
one of these particles describes a large number. of free paths, this 
number being given by 



'm 



if l^ is the mean length of the paths. It can be shown ^) that the 
number of paths whose length lies between I and I + dl, is 

SO that 

P€ hn dl 



m 



is the part of the sum S(2') contributed by these paths. Integrating 
with respect to I from to oo, we find 

2%ul^ (145) 

for the value of S(Z^) in so far as it is due to one electron. 

The total number of electrons in the part of the metallic plate 
under consideration is Ncd^ and, by Maxwell's law, among these 



4:7CN(0J 



"|/|^e-^«Vrfw (146) 



1) Note 86. 
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have velocities between u and u + du, the constant q being related 

to the Telocity u^ whose square is equal to the mean yalue of u\ 

by the formula 

8 

"TO 

In order to find the total value of &{P) we must multiply (145) by 
(146); and integrate the product between the limits w»0 and ti » cx). 
Supposing l^ to be ihe same for all values of u^)y we find 

Finally^ the equation (144) becomes 

3« *' 6^»c*r' 







and the expression (140) for the radiation through the element m' 
takes the form 

or, in virtue of (138), if, instead of Z^, w„^, we simply write I, u, 



V 3« 



2 2 e'^j^M / ^j- 
— • rri — (0(0 ^dA* 



This is the energy radiated per unit of time, in so far as it belongs 
to wave-lengths between X and k + dX, and to the components of 
the vibrations in one direction h. Thus, the quantity we have cal- 
culated is exactly what was represented by (121), and on comparing 
the two expressions we find 



for the emissivity of the plate. 

68. We have now to combine this with the value (133), which 
we have found for the coefficient of absorption. If Kirchhoff's 

law is to hold, the ratio -^ must be independent of those quantities 

by which one metallic plate differs from the other. This is really 
seen to be the case, since the number N of electrons per unit of 
volume, the mean length { of their free paths and the thickness 2/ 

of the plate all disappear from the ratio. We really get for ^ and 

for F{k^ T) values that are independent of the peculiar properties of 

1) Note 87. 
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any ponderable body. I must repeat howeyer that all our considerationB 
only hold for large ware-lengths. 

Using the formulae (125), (133) and (147), we find') 

m,T)^^^^. (148) 

It is yery remarkable that this result is of the form (129) and that 
it agrees exactly with that of Planck. This may be seen, if in (132) 
we suppose the product XjP to have a yery large yalue, so that the 
exponent is yery small. Then, we may put 



ch 



t^T ch 

£ =1 + 



and (132) becomes 



F(k, T) 



klT 
SnkT 



This is equal to (148), because our coefficient a corresponds to ^k 
in Planck's notation. As has been stated, the mean kinetic energy 
of a molecule of a gas is ^IcT, and we haye represented it by ccTJ) 

68. A widely different theory of the radiation of a black body has 
been developed by Rayleigh and Jeans.') It is based on the theorem 
of the so called equipartition of energy, which plays an important part 
in the kinetic theory of gases and in molecular theories in general. In 
its most simple form it was discovered by Maxwell in 1860; afterwards 
it was largely extended by Boltzmann, and Jeans has given an 
ample discussion of it in his book on the kinetic theory of gases. 

Maxwell was led to the theorem by his theoretical investigations 
concerning the motion of systems consisting of a large number of 
molecules. If, from a mass of gas, we could select single molecules, 
we should find them to move with very different velocities, and to 
have very different kinetic energies. The mean kinetic energy of the 
progressive motion, taken for a sufficiently large number of molecules 
will however be the same in adjacent parts of the gas, if the tem- 
perature is the same everywhere, so that these parts can be said to 
be in equilibrium. This will even be true if the gas is subjected to 
external forces, such as the force of gravity, which make the density 
change from point to point. Also, if we have a mixture of two 
gases, the mean kinetic energy of a molecule can be shown to be 
equal for the two constituents, and we can safely assume that for 

1) This formula is due to Lord Rayleigh [Phil. Mag. 4» (1900\ p. 639} 
See § 69. 2) Note 88. 

2) J. H. Jeans, On the partition of energy between matter and aether, 
Phil. Mag. (6) 10 (1906), p. 91. 
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two gases that are not mixed ^ but kept apart ^ this equality of the 
mean kinetic energy of a molecule is the condition for the existence 
of equilibrium of temperature. We can express this by saying that 
the kinetic energy of a gas, in so far as it is due to the progressive 
motion of the molecules^ can be calculated by attributing to each 
molecule an amount of energy having the same definite value; 
whatever be the nature of the gas. * 

This amount of energy is proportional to the absolute tempera- 
ture T, and may therefore be represented; as 1 have done already 
several timeS; hj aT, a being a universal constant. 

We can express the result in a somewhat different way. If the 
molecules of the gas are supposed to be perfectly elastic and rigid 
smooth spheres; the only motion with which we are concerned in 
these questions is their translation; the position of the particles can 
therefore be determined by the coordinates x^ y^ z of their centres. 
If 'S is the number of molecules ; the configuration of the whole 
system requires for its determination 3^ coordinates; or; as is often 
said; the system has 3^ degrees of freedom. To each degree of 
freedom; or to each coordinate Xj y or z^ corresponds a certain velo- 
city i", y or i, and also a certain kinetic energy ^mi^y i^y^ \mi^. 
The total energy of the gas can be calculated by taking \aT for 
the kinetic energy corresponding to each degree of freedom. The 
factor \ is here introduced because the total kmetic enei^ of a 
molecule; whose mean value is a T; is the sum of the quantities 
^mx^, ^my^j ^mz^f corresponding to its three degrees of freedom. 

70. These remarks will suffice for the understanding of what 
is meant by the equipartition of energy in less simple cases. The 
configuration of a body of any kind; i. e. the position of the ultimate 
particles of which it is conceived to be made up; can always be de- 
termined; whatever be the connexions between these particleS; by a 
certain number of coordinates p in the general sense in which the 
term has been used by Lagrange, and these coordinates can often 
be chosen in such a manner that the kinetic energy is equal to a 
sum of termS; each of which is proportional to the square of one of 
the velocities p, so that it may be said to consist of a number of 
parts corresponding to the different degrees of freedom of the system 
The theorem of equipartition tells us that; if the temperature is T, 
the kinetic energy of a system having a very large number of degrees 
of freedom; as all bodies actually have, can be found by atti*ibuting 
to each degree of freedom a kinetic energy equal to jiCcT. 

It should be noticed that it is only the kinetic energy that can 
be calculated in this way. If we wish to determine the whole energy, 
we must add the potential part of it. Now, there is one case, and 
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it is the very one that is most relerant to oar purpose^ in which 
the value of the potential energy is likewise determined by a Tery 
simple rule. 

Let us consider a system capable of small vibrations about a 
position of stable equilibrium, and let the coordinates p^ p%j . . ., p^ 
be in this position, so that they measure the displacement of the 
system from it. These coordinates can be chosen in such a way that 
not only, as we have abeady required, the kinetic energy is the sum 
of a number of terms each containing the square of a velocity p^ but 
that, besides this, the potential energy is expressed as a similar sum 
of terms of the form op^, where a is a constant. 

The most general motion of the system is made up of what we 
may call fundamental or principal modes of vibration. These are 
characterized by the peculiarity that in the first mode only the co- 
ordinate p^ is variable, in the second only p^, and so on, the variable 
coordinate being in every case a simple harmonic function of the 
time t, with a frequency that is in general different for the different 
modes. It is a fundamental property of these principal vibrations, 
that, in each of them, the mean value of the potential energy for a 
fuU period, or for a lapse of time that is very long in comparison 
with the period, is equal to the mean value of the kinetic energy. 
Moreover, if the system vibrates in several fundamental modes at the 
same time, the total energy is found by adding together the values 
which the energy would have in each of these modes separately.^) 

71. We shall now suppose a system of this kind, having a very 
large number of degrees of freedom, to be connected with an ordinary 
system of molecules, with a gas for example, so that it can be put 
in motion by the forces which it experiences from the molecules, and 
can in its turn give off to these a part of its vibratory energy. Then, 
there can be a state of equilibrium between the heat motion of the 
molecules and the vibratory motion of the system. We may even 
speak of the vibrations of the system as of its heat motion, and say 
that the system has a definite temperature, the same as that of the 
system of molecules with which it is in equilibrium. 

The theorem of the equipartition of energy requires that, whatever 
be the exact way in which the vibrating system loses or gains energy, 
it shall have for each of its coordinates a kinetic energy given by 
^aT. The sum of the potential and kinetic energies must be -j-ocT 
for each of its fundamental modes of vibration, and the problem of 
determining the total energy is, affcer all, a very simple matter. We 
need not even specify the coordinates by which the configuration of 



1) Note 39. 
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the system can be determined. All we want to know is the number 
of the fiindamental modes of vibration; multiplying by this the quan- 
tity ^aT, we shall have the energy of the system coiresponding to 
the temperature T. 

72. It was a most happy thought to apply this method to the 
problem of radiation. It enables us to calculate the energy of radia- 
tion in the ether for a certain temperature T without haying to 
trouble ourselyes about the mechanism of emission and absorption^ 
without even considering a ponderable body. The only question is, 
what is the number of degrees of freedom for a certain volume of 
ether. For the sake of convenience we shall enclose this volume by 
totally reflecting walls, and to begin with, we shall imagine two 
such walls, unlimited parallel planes at a distance q from each other. 
The ether between them can be the seat of standing waves, which 
we can compare to those existing in an organ-pipe, and which may 
be conceived to arise from the superposition of systems of progres- 
sive waves. 

The condition at a perfectly reflecting surface is that Poynting's 
flow of energy be tangential to it. It will be so if, for example, the 
surface is a perfect conductor, the tangential components of the 
electric force being in this case. Let us suppose the two boundary 
planes to be of this kind. If they are perpendicular to the axis of Xy 
their equations being x ^ 0, and x ^ q, the condition for the electric 
force can be fulfilled by the superposition of two sets of progressive 
waves, such as are represented by the equations (7) and by those 
given in § 46. The total dielectric displacement 

dy = a cos n\t j — a cos n U + — j 



M 4* 

= 2a sinnf sin — 



ng 



will be for a; =» 0, and also for a; = g, if — - is a multiple of %, 



c 



or, what amounts to the same thing, if the distance g is a multiple 
of half the wave-length. The possible modes of motion will therefore 
have wave-lengths equal to 2g, g, -j-g, etc. 

78. We shall next examine the vibrations that can take place 
in the ether contained within a box, whose walls are perfectly reflecting 
on the inside, and which has the form of a rectangular parallelepiped. 
Let the axes of coordinates be parallel to the edges, and let the lengths 
of these be q^^ q^j q^. 

We can imagine eight lines such that their direction constants 
have equal absolute values, but all possible algebraic signs; indeed, 
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denoting hj [1^, (i^, {x^ the absolute yalnes of the constants^ we shall 
haye the eight combinations 

(f*i;ft^f*8); (—P'vf^vf^i)^ Oi>-ft;f^8X Q^u i^iy —fh)A 

(fhf—lhf — lh)y (-(^i7lh>-'N)f (-f*i;— ft;f*8); (149) 

(— ^; — f*2;-f*8)- ^ 

If a beam of parallel rays within the rectangular box has one of these 
lines for its direction of propagation, the reflexion at the walls will 
produce bundles parallel to the other seyen lines , and if the yalues 
of ft^; ftj 7 f^s ^^^ ^^^ waye-length I are properly chosen, the boundary 
conditions at the walls can be satisfied by the superposition of eight 
systems of progressiye wayes trayelling in the eight directions. In 
order to express the condition to which jli^, [i^, fi^y X must be sub- 
jected, we shall imagine three lines PiQi, P^Qi, and P^Q^ parallel 
to the sides of the box and joining points of two opposite faces, 
so that 

PiQi-^iy P^Qi-ii, PzQz-ai- 

In a system of progressiye wayes trayelling in the direction determined 
by ft|, ft|, ftj( the difference of phase between P^ and Q^ is measured 
by a distance (iiqi, that between Pj and Q^ by n^q^y and that be- 
tween P3 and Q, by ^i^q^. The condition for fi^, fi^y fi,, X amounts to 
this^) that each of these three lengths must be a multiple of ^X. 
Therefore, if we put 

— I 1' — I ^' — I ^' \^^^). 

\y k^y Jc^ must be whole positiye numbers. 
On account of the relation 

f*f + f*l + f*J=l; 
we haye 

4 + j^ + 4«j_, (151) 

and so we now see that for any three whole numbers A;^, k^j h^ there is 
a corresponding set of standing wayes. The waye-length is giyen 
by (151) and the direction constants of the normals to the progres- 
siye wayes which we haye to combine, by (149) and (150). As these 
progressiye wayes can haye two different states of polarization'), each 
set of numbers k^y k^, k^ will lead us to ttvo fundamental modes of 
yibration of the ether in the rectangular box, and the energy corre- 
sponding to each set (Af^, k^, k^) will be not iuT, but -^ccT. 

1) Note 40. 2) Note 41. 
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Now, the object of our enquiry is the amount of energy of the 
ether in so far as it belongs to yibrations whose ware -length lies 
between given limits X and X + dk. This amount is 

if V is the number of sets of positive integers hj^, l\, k^ for which 
the value of X given by (151) lies between X and X + dX, 

74. The number v can easily be calculated if we confine our- 
selveS; as we obviously may dO; to wave-lengths that are very smaU 
in comparison with the dimensions q^, q^, q^ of the box. 

Let us consider k^^ Jc^^ k^ as the rectangular coordinates of a 
point. Then (151) is the equation of an ellipsoid having for its 
semi-axes 

~r> ~T^ T~' C152) 

Changing X into X + dX we get a second ellipsoid, and v will be the 
number of points (k^, k^, k^) lying between these two surfaces, whose 
corresponding semi-axes differ by 

2g, dX 2g, dX 2g, dX .. . 

—x-'-T' T'lr^ -T-'IT' C153) 

On accoimt of our assumption concerning the wave-lengths, the 
expressions (152) are very high number^, and we may even suppose 
that, notwithstanding the smallness of dX, the numbers (153) are 
also very large. This means that all dimensions, the thickness in- 
cluded, of the ellipsoidal shell are very lai^e in comparison with 
the unit of length. 

The number of points with coordinates represented by whole 
numbers, which lie in a part of space whose dimensions are much 
larger than the unit of length, may be taken to be equal to the 
number representing the volume of that part. Remembering that we 
are only concerned with positive values of A;^, k^, Ar^, we find that v 
is equal to the eighth part of the numerical value of the volume of 
the ellipsoidal shell. We have therefore 

.^ V — ^^> 

and for the energy which we were to calculate 

^"s"^ sv ^^' 

This is the energy contained in the volume of our rectangular box. 
Dividing by qiq^q^, one finds for the energy of radiation in the ether, 
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per unit of yolume, so far as it is due to vibrations whose ware- 
length lies between k and X + dk, 

a result agreeing exactly with (148). 

75. The theory of radiation that was given in §§ 60 — 68 is 
restricted to systems containing free electrons and to the case of very 
long waves. It therefore requires a farther development with regard 
to bodies^ such as a piece of glass, in which we can hardly admit 
the existence of freely moving electrons, and with regard to the 
shorter waves. If we admit the laws of Boltzmann and Wien, and 
if we take for granted that a curve like that of Fig. 2 represents a 
state of radiation that can be in equilibrium with a ponderable body 
of a given temperature, we must try to account for the form of the 
curve and to discover the ground for the constancy of the product 
it^jT. If we succeed iu this, we may hope to find in what manner 
the value of this constant is determined by some numerical quantity 
that is the same for all ponderable bodies. 

The theory of these phenomena takes a very different aspect if 
we regard the law of the equipartition of energy as a rule to which 
there is no exception, considering at the same time the ether as a 
continuous medium without molecular structure. Just like any other 
continuous distribution of matter, like a homogeneous string for 
example, a finite part of the ether must then be said to have an in- 
finite number of degrees of freedom; there will be no upper limit to 
the frequency of the modes of vibration that can exist in the ether 
enclosed in the rectangular box of which we have spoken. 

On the contrary, the number of degrees of freedom of a pon- 
derable body is certainly finite if the ultimate particles of which it 
consists are considered as rigid. Consequently, as Jeans has ob- 
served, the theorem of equipartition requires that in a system com- 
posed of a ponderable body and ether, however large be the part of 
space that is occupied by the body, no appreciable part of the total 
energy shall be found in the latter when the equilibrium is reached. 
Indeed, according to Jeans' s theory, the formula (148) must be true 
for aU wave-lengths, so that, for a given temperature, we shall find 
an infinite value if, for the calculation of the total amount of energy, 
the expression is integrated as far down as A »> 0. This means that, 
if the ether receives any finite amount of energy, such as that which 
is stored up in a body of finite size, the temperature of the ether 
cannot perceptibly rise, the energy being wasted, so to say, for the 
production of exb*emfely short electromagnetic ripples. 
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In order to reconcile these results with observed facts , Jeans 
points out that the emission of rays whose wave-lengths are below a 
certain limit may be a very slow process, so slow that a true equi- 
librium is never realized in our experiments. Under these circum- 
stances it is conceivable that, though in length of time all energy of 
a body wiU be frittered away, yet a certain state may be reached in 
which there are no observable changes, and in which therefore there 
is a kind of spurious equilibrium. 

76. Jeans's conclusions are certainly very important and deserve 
carefal consideration. One can imagine three ways in which one 
might escape from them. In the first place, one could suppose the 
number of degrees of freedom of a ponderable body to be itself in- 
finite, either on account of the deformability of the ultimate particles 
or on account of the ether the body contains; this, however, would 
lead us to a contradiction with experiments, because it would require 
a value of the specific heat, far surpassing that to which we are led 
if we attend only to the progressive motion of the molecules. In 
the second place, we could imagine a structure of the ether which 
would make a finite portion of it have only a finite number of de- 
gress of freedom. Lastly, we could altogether abandon the theorem 
of equipartition as a general law. Then, however, we shall be obliged 
to explain why it holds for the case of sufficiently long waves. 

Questions of equal importance and no less difficulty arise when 
we adhere to Jeans's views. It is difficult to believe • that, in 
establishing the laws of Boltzmann and Wien, which have been 
so beautifuUy confirmed by experiment, physicists have been on a 
wholly wrong track. It will therefore be necessary to show for what 
reason those spurious states of equilibrium of which I have spoken 
are subjected to the laws of thennodynamics, and we shaU again 
have to find the physical meaning of the constant value of A^7.^) 

I shall conclude by observing that the law of equipartition which, 
for systems of molecules, can be deduced from the principles of sta- 
tistical mechanics, cannot as yet be considered to have been proved 
for systems containing ether. ^) 

1) Note 42. 2) Note 42*, 
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CHAPTER III. 

THEORY OF THE ZEEMAN-EPPECT. 

77. The phenomenon of the magnetic rotation of the plane of 
polarization^ discovered by Faraday in 1845^ was the first proof of 
the intimate connexion between optical and electromagnetic pheno- 
mena. For a long time it remained the only instance of an optical 
eflfect brought about by a magnetic field. In 1877, however, Kerr 
showed that the state of polarization of the rays reflected by an iron 
mirror is altered by a magnetization of the metal, and in 1896 
Zeeman^) detected an influence of a magnetic field on the emission 
of light. If a source of light, giving one or more sharp lines in the 
spectrum, is placed between the poles of a powerful electromagnet, 
each line is spHt into a certain number of components, whose distances 
are determined by the intensity of the external magnetic force. 

In my discussion of these magneto-optical phenomena (in which, 
however, I shall not speak of the theory of the Kerr-effect), I shall 
first take the simplest of them all. This is the Ze em an- effect, as 
it showed itself in the first experiments, a division of the original 
spectral line into three or two components, the number depending 
on the direction in which the rays are emitted. 

78. I shall first present to you the elementary explanation 
which this decomposition of the lines finds in the theory of electrons, 
and by which it has even been possible to predict certain peculiarities 
of the phenomenon. 

We know already that, according to modem views, the emission 
of light is due to vibratory motions of electric charges contained in 
the atoms of ponderable bodies, of a sodium flame, for example, or 
the luminescent gas in a vacuum tube. The distribution of these 



1) P. Zeeman, Over den invloed eener magnetisatie op den aard van het 
door een stof uitgezonden licht, Zittingsversl. Amsterdam 5 (1896), p. 181, 242 
[translated in Phil. Mag (5) 43 (1897), p. 226]; Doublets and triplets in the 
spectmm produced by external magnetic forces, Phil. Mag. (5) 44 (1897)^ p. 56, 
265; Measurements concerning radiation phenomena in the magnetic field, ibid. 46 
(1898), p. 197. See also: Zeeman, Researches in magneto- optics, London, 1913. 
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charges and their vibrations may be very complicated, but^ if we wish 
only to explain the production of a single spectral line^ we can con- 
tent ourselyes with a very simple hypothesis. Let each atom (or 
molecule) contain one single electron^ having a definite position of 
equilibrium^ towards which it is drawn back by an '^elastic'' force, 
as we shall call it, as soon as it has been displaced by one cause 
or another. Let us farther suppose this elastic force, which must 
be considered to be exerted by the other particles in the atom, but 
about whose nature we are very much in the dark, to be pro- 
portional to the displacement. According to this hypothesis, which 
is necessary in order to get simple harmonic vibrations, the compo- 
nents of the elastic force which is called into play by a displacement 
from the position of equilibrium, whose components are S, rj, g, may 
be represented by 

-n, -fv> -n^ 

where /* is a positive constant, determined by the properties of 
the atom. 

If m is the mass of the movable electron, we shall have the 
equations of motion 

^at^--n^ ^di^--fn, ^■S?--ny 

whose general solution is 

S=-acos(no^-f-|>), iy =« a'cos(»o^+i>'); 

g«a'cos(wo^-|-l)"), (154) 

a, a', a", p, p\ p^ being arbitrary constants, and the frequency n^ 
of the vibrations being determined by 



«,-]/-^. (155) 



Let us next consider the influence of an external magnetic field H. 
This introduces a force given by 

-i[v.H], (156) 

in which expression e denotes the charge of the electron and V its 
velocity. If the magnetic force H is parallel to the axis of z^ the 
components of (156) are 

~V dt^ c dt' ^' 

Hence the equations of motion become 

mg-'-n + '-^P,, (157) 
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"si? — /■•«-'-? if. (W8) 

m^ ft- (169) 

. 79. The last equation shows that the yibrations in the direction 
of OZ are not affected by the magnetic field^ a result that was to 
be expected^ because the force (156) is 0^ if the direction of V coin- 
cides with that of H. The particular solution (154) therefore still 
holds^ As to the pair of equations (157) and (158), these admit of 
two particular solutions^ represented by the formulae 

S =» «! oos(nit + p^)y 1^ = — a^ Bm(f^t+pj) (160) 

and 

5 = a^ cos (n^t +Pi), 1? = a, sin (n^t +ft), (161) 

in which the frequencies n^ and n^ are determined by 

V-*^«i = V (162) 

and 

<+^»^-«o'' (163) 

whereas a^, a^, p^ and p^ are arbitrary constants. 

Combination of (154), (160) and (161) gives a solution that 
contains six constants and is therefore the general solution. 

The two solutions (160) and (161) represent circular yibrations 
in a plane perpendicular to the ma^etic field, and taking place in 
opposite directions. The frequency w^ of one is higher (if eH^ is 
positive) and that of the other lower than the original frequency 9?^. 
The possibility of these circular motions can also be understood by 
a very simple reasoning. If the electron describes a circle with 
radius r in a plane perpendicular to H^^ and in a direction opposite 
to that which corresponds to this force, there will be, in addition 
to the elastic force /*r, an electromagnetic force 

6|V|H. 



directed towards the centre. Both forces being constant, the circular 
orbit can really be described, and we have, by the well known law 
of centripetal force, 

or, since |v| = nr, 

from which (162) immediately follows. The equation (163) can be 
found in exactly the same way. 
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In all real cases the change in the £reqnem;y id &Tind ifS l>e 
Tery small in comparison with the frequency itself. : This shcwp that, 

even in the most powerful fields, — ^ is very' small in comparison 

with Wq. Consequently, (162) and (163) may be replaced by 

The points in the spectrom corresponding to ihese frequencies lie at 
equal small distances to the right and to the left of the original 
spectral line n^. 

80. We have next to consider the nature of the light emitted 
by the vibrating electron. The total radiation is made up of several 
parts, corresponding to the particular solutions we have obtained, and 
which we shall examine separately. 

Our former discussion (§§ 39 — 41) of the radiation by an electron 
shows that, if such a particle has a vibration about a point 0, along 
a straight line X, the dielectric displacement at a distant point P 
has a direction perpendicular to OP, in the plane LOP, and that, 
for a given distance OP, its amplitude is proportional to the siiie 
of the angle LOP, The radiation will be zero along the line of vibra- 
tion X, and of greatest inteusity in lines perpendicular to it; mo- 
reover, along each line drawn from 0, the light wiU be plane 
polarized. 

As to a circular vibration, such as is represented by the for- 
mulae (160), its effect is the resultant of those which are produced 
by the two rectilinear vibrations along OX and OF, into which it 
can be decomposed. We need only consider the state produced 
either in the plane of this motion, or along a line passing through 
the centre, at right angles to the plane. At a distant point P of the 
plane, the light received from the revolving electron is plane pola- 
rized, the electric vibrations beii^ perpendicular to OP, in the plane 
of the circle; if, for example, P is situated on OY, the vibration 
along this line will have no effect, and we shall only have the field 
produced by the motion along OX. 

Both components of (160) are, however, effective in produciog 
a field at a point on the axis of the circle, i. e. on OZ, the first 
component giving rise to an electric vibration parallel to OX, and 
the second to one in the direction of OF. It is immediately seen 
that between these vibrations there is exactiy the same difference 
of phase as between the two components of (160) themselves, i. e. 
a difference of a quarter period, and that their amplitudes are equal 
The light emitted along OZ is therefore circularly polarized, the 
direction of the dielectric displacement rotating in the sense corre- 



102 ni. THEORY OP THE ZEEMAN-EFFECT. 

spojidHig to^tbe-^tiDmlar motion of the electron. The formulae (160) 
4slu>w.- thfit>-*f9C an .'observer placed on the positive axis of js, the 
.'ifobi(tib]l*H7J^'tte* elec&oit takes place in the same direction as that of 
the hands of a clock. From this it may be inferred that the rays 
emitted along the positive axis by the motion (160) have a right- 
handed circular polarization. 

Similar considerations apply to the motion represented by (161). 
The radiation issuing from it in the direction jnst stated has a left- 
handed circular polarization. If it is farther taken into account that 
the frequency of the rays is in every case equal to that of the motion 
originating them^ one can draw the following conclusions, which have 
been fully verified by Zeeman's experiments.^) 

Let the source of light be placed in a magnetic field whose 
lines of force are horizontal, and let the li^ht emitted in a horizontal 
direction at right angles to the lines of force be examined by means 
of a spectroscope or a grating. Then we shall see a triplet of lines, 
whose middle component occupies the place of the original line. 
Each component is produced by plane polarized light, the electric 
vibrations being horizontal for the middle line, and vertical for the 
two outer ones. 

K, however, by using an electromagnet, one core of which has 
a suitable axial hole, we examine the li^ht that is radiated along the 
lines of force, we shall observe only a doublet, corresponding in po- 
sition to the outer lines of the triplet. Its components are both 
produced by circularly polarized li^ht, the polarization being right- 
handed for one, and left-handed for the other. 

81. After having verified aU this, Zeeman was able to obtain 
two very remarkable results. In the first place, it was found that, 
for light emitted in a direction coinciding with that of the magnetic 
force, i. e., if H, is positive, in that of OZ, the polarization of the 
component of the doublet for which the frequency is lowest, is right- 
handed This proves that, for a positive value of H,, the first of 
the two frequencies given by (164) is the smaller. Therefore, the 
charge e of the electron to whose motion the radiation has been 
ascribed must be negative. This agrees with the general result of 
other lines of research, that the negative charges have a greater mo- 
bility than the positive ones. 

The other result relates to the ratio between the numerical values 
of the electric charge and the mass of the movable electrons. This 
ratio can be calculated by means of the formulae (164), as soon as 
the distance between the components, from which we can deduce 

1) Note 48. 
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n^—nQ, and the strength of the magnetic field haye been measured. 
The number deduced by Zeeman from the distance between the 
components of the 2) - lines ^ or rather from the broadening of these 
lines ; whose components partly overlapped each other ; was one of 

the first values of — that have been published. In order of magni- 
tude it agrees with the numbers that have been found for the nega- 
tive electrons of the cathode-rays and the /S-rays. 

Unfortunately, the satisfaction caused by this success of the 
theory of electrons in explaining the new phenomenon, could not last 
long. It was soon found that many spectral lines are decomposed 
into more than three components, four, six or even more^), and till 
the present day, these more complicated forms of the Zeeman-effect 
cannot be isaid to have been satisfactorily accounted for. 

All I can do, will therefore be to make some suggestions as to 
the direction in which an explanation may perhaps be looked for. 

82. Before proceeding to do so, I may be permitted briefly to 
mention some of the important results that have been found in the 
examination of the distribution of spectral lines, such as they are in 
the absence of a magnetic field. In the spectra of many elements 
the lines arrange themselves in series, in such a manner that, for 
each series, the frequencies of all the lines belonging to it can be 
represented by a single mathematical formula. The first formula of 
this kind was giv^n by Balmer^) for the spectrum of hydrogen. After 
him, equations for other spectra have been established by many 
physicists, especially by Rydberg') and by Eayser and Runge.^) 

For our purpose it will be sufficient to mention some examples. 

In the spectrum of sodium three series of double lines have 
been found, which are distinguished by the names of principal series, 
first subordinate or nebulous series, and second subordinate or sharp 
series. We may also say that each of the three is icomposed of two 
series of .single lines, one containing the less refrangible, and the 
other the more refrangible lines of the doublets. 



1) In later researches a decomposition into no less than 17 components 
has been obseryed. 

2) J. J. B aimer, Notiz uber die Spektrallinien des Wasserstoffs, Ann. Phys. 
Ghem. 25 (1885), p. 80. 

8) J. K Rydberg, Becherches sur la constitution des spectres d*^mission 
des ^^ments chimiques, Svenska Yetensk. Akad. Handl. 28 (1889), No. 11; La 
distribution des raies spectrales, Rapports pr^s. au Gongr^s de physique, 1900, 
2, p. 200. 

4) H. Kayser u. G. Bunge, O^ber die Spektren ier Alkalien, Ann. Phys. 
Ghem. 41 (1890), p. 302; tTber die Spektra der Elemente der zweiten Mende- 
lejeff*8chen Gruppe, ibid. 48 (1891), p. 386. 
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Thie frequency in these six series , measured by the number n 
of wave-lengths in a centimetre^ has been represented by Rydberg 
by means of the formulae contained in the following table. 

Principal series I ^^ « ^j-1^ _ ^-^ , (165) 

Al. 1 1 

First subordinate (nebulous) series I -^ = jr-j- — r^ — . ^ , , (167) 



n 



n V V 



Second subordinate (sharp) series I -^^ -= tt-. — ri — 7 — -. — r^ , (169) 

In these equations , ^^^ fi^, ftj; ' ^^^ ^ ^^^ constants haying the 
values 

JVo - 109675 

f*! - 1,1 1 7 1 , f*2 - 1,1 163 , * - 0,9884, 6 « 0,6498 

and we shall find the frequencies of the successive lines in each 
series by substituting for m successive positive whole numbers. If, 
in doing so, we get for n a negative value — n\ this is to mean 
that there is a line of the frequency n, 

88. I particularly wish to draw your attention to the following 
remarkable facts that are embodied in the above formulae. 

1. If the value of m is made continually to increase, that of n 
increases at the same time, converging however towards a finite 
limit, corresponding to m » 00, and given for the different series by 

^0 ^0 etc. 



The lines of a series are not placed at equal distances from each 
other; as we proceed towards the side of the ultra-violet, the lines 
become crowded together, the series being unable, so to say, to 
pass the limiting position of the line given by one of the above 
numbers. 

As to the number of lines that have been observed, this varies 
from one series to the other. If the above formulae (or equations 
of a similar kind) are the expression of the real state of things, the 
number of lines is to. be considered as infinitely great. 

2. The frequencies of a doublet of the first subordinate series (1, 11) 
are obtained, if in (167) and (168) we substitute for m the same 
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ntunber. These frequencies differ by 



JVo N, 



(1 + ft,)* (1 + f4)* ' 

whatever be the value of m. The same difference is found; if we 
calculate the frequencies of a doublet of the second subordinate 
series (I^ II). Therefore^ if the distance between two lines is measured 
by the difference of their frequencies , the interval between the two 
components is the same for all the doublets of the first and of the 
second subordinate series. 

It is otherwise with the doublets of the principal series (I, U). 
The distance between the two components is given by 

No No 



{m + ft,)" (ot + ii^y ' 

a quantity; which diminishes when m increases ; and approaches the 
limit for w = cx>. 

In connexion with thiS; it must be noticed that the convergence 

N 
frequency has the same value Tj-tt-tj for the members I and 11 of 

the principal series. 

3. This is not the only connexion between different series. 

The formulae show that the convei^ence frequencies are . , ^ ., and 

. . ^ ., ; both for the first and the second subordinate series (I, 11). 

Finally; it is important to remark that; if in (165) and (166) we 
put m» 1; we get the same frequencies as from (169) and (170) 
for the same value of m. The doublet with these frequencies can 
therefore be considered to be at the same time the first of the prin- 
cipal; and the first of the second subordinate series. 

We may farther say that the entire principal series I and the 
entire sharp series I correspond to each other; being both charac- 
terized by the constants fi^ and (f, and that there is a similar relation 
between the principal series 11 and the sharp series 11. In this 
connexion it is proper to remark that the more refrangible lines of 
the principal doublets correspond to the less refrangible ones of the 
sharp doublets; and conversely. If; for example, fi^ is greater than fi^, 
the first constant will give the larger frequency in the principal 
serieS; and the lesser frequency in the second subordinate one. 

4. Similar results have been obtained for the other alkali metalS; 
which also show series of doublets in their spectrum, and for magne- 
sium, calcium; strontium ; zinC; cadmium and mercury. Only; in the 
spectra of these latter metals, one finds serieS; not of doublets but of 
triplets. To the scheme given in the formulae (165) — (170), we have 
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therefore to add in this case: 

Principal series HI ^r^ = jr—. — r^ — -, — ; — r^ , 
First subordinate series UI -?=- 



N, (1 + ft,)' (m + S) 



1 ♦ 



Second „ „ HI -^ 



^0 (^ + N)' {fn+6)' 

Howeyer^ even thus the scheme is not yet complete. In the spectrum 
of mercury, for example, there is a certain number of additional 
lines, which closely accompany those of which we have just spoken^ 
and which are therefore often called satellites. 

These again show certain remarkable regularities. They occur 
in the first subordinate series (I, II, III), but not in the second sub- 
ordinate one. In each triplet of the first series, there are three satellites 
accompanying the first line of the triplet, two belonging to the 
second, and one for the third, so that the triplet is really a group 
of nine lines. 

As to the principal series of the last named elements, I have 
added them only for the sake of analogy. Principal series of triplets 
have not yet been observed. 

84. It is only for a comparatively small number of chemical 
elements, that one has been able to resolve the system of their 
spectral lines, or at least the larger part of them, into series of the 
kind we have been considering. In the spectra of such elements as 
gold, copper and iron, some isolated series have been discovered, but 
the majority of their lines have not yet been disentangled. Never- 
theless, it cannot be denied that we have made a fair start towards 
th€ understanding of line spectra, which at first sight present a 
bewildering confusion. There can be no doubt that the lines of a 
series really belong together, originating in some common cause, and 
that even different series must be produced by motions between which 
there is a great resemblance. 

The similarity of structure in the spectra of elements that re- 
semble each other in their chemical properties, is also very striking. 
The metals in whose spectra the lines are combined in pairs are aU 
monovalent, whereas the above series of triplets belong to divalent 
elements. Perhaps the most remarkable of all is the fact, that By d berg 
was able to represent all series, whatever be the element to which 
they belong, by means of formulae containing the same number N^, 
This equality, rigorous or approximate, of a constant occurring in 
the formulae of the different elements, must of course be due to 
some corresponding equality in the properties of the ultimate par- 
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tides of which these elements consist , but at present we are wholly 
unable to form an idea of the nature of this similarity/) or of the 

physical meaning of the length of time corresponding to ^ ^* 

86. The investigation of the Ze em an- effect for a large number 
of spectral lines , to which many physicists haye devoted themselves 
of late years, has fully confirmed the hypothesis of an intimate con- 
nexion between the different spectral lines of a substance; it has 
furnished rich material for future research, but which, in the present 
state of theory, we can understand only very imperfectly. 

Before saying a few words of the results that have been obtained, 
I must revert once more to the elementary theory of the triplets and 
to the formulae (164) we deduced from it. These show that, if all 
spectral lines were split according to the elementary theory, and if, 

in all cases, the i*atio — had the same value, we should always ob- 

serve triplets with the same difference of frequency between their 
components. This is what, for the sake of brevity, I shall call an 
equal splitting of the lines. 

Now, the measurements of Runge and Paschen') and other 
physicists have led to a very remarkable result. Though there are 
a large number of spectral lines which 
are split into more than three components, 
and though even the triplets that have 
been observed, are not equal to each 
other in the above sense, yet all lines 
forming a series, i. e. all lines that can 
be represented by one and the same 
formula, are divided in exactly the same 
way, and to exactly the same extent. 
There seems to be no doubt as to the 
validity of this general law. 

In those series which consist of triplets or doublets, the mode 
of division of the lines is in general different for the lines of one 
and the same triplet or pair, but, according to the law just mentioned, 
the same mode of division repeats itself in every triplet or every 
doublet. Thus, in each triplet belonging to the second subordinate 

1) Several aathors have tried to establish formulae by which the distribu- 
tion of the lines of a series can be represented still more accurately than by 
those of Eydberg. See, for instance, W. Ritz, Ann. Phys. 12 (1903), p. 264, 
and E. E. Mogendorff, Amsterdam Proc. 9 (1906), p. 434. 

2) Sec however: N. Bohr, Phil. Mag. 26 (1913), p. 1. [1916.] 

3) C. Runge, Cber den Zeeman-Effekt der Serienlinien, Phys. Zeitschr. 8 
(1902), p. 441; C, Runge u. F. Paschen, tTber die Strahlung des Quecksilbers 
im magnetischen Felde, Anhang z. d. Abhandl. Akad. Berlin, 1902, p. 1. 
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series of mercury^ the less refrangible line is split into nine com- 
ponents^ the middle line into six; and the most re&angible line into 
three components. These divisions are shown in Fig. 3, in which the 
letters p and n mean that the electric yibrations of the line are 
parallel or perpendicular to the lines of force. 

Equal modes of division are found not only in the different 
lines of one and the same series^ but also in the corresponding series 

of different elements. For example^ the 
lines D^ and D^ of sodium^ which form 
the first member of the principal series^ 
are changed into a quartet (Gornu's 
quartet) and a sextet (Fig. 4), and the 
first terms in the principal series of 
copper and silver present exactly the 
rig. 4. same division. 



Ik 



ZL IL 
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86. You see from all this that the phenomena are highly com- 
plicated^ and that there would be a bewildering intricacy^ were it not 
for the law which I have just pointed out to you^ which repeals 
itself in the decomposition of the lines of the same series ^ or of 
corresponding series. Nor is this the only case in which a connexion 
has been found between the Zeeman-effect for different lines. Fig. 3 
shows another most remarkable regularity. The distances represented 
in it can all be considered as multiples of one number^ and the 
same can be said of many of the displacements that have been observed 
by Bunge and Paschen in the spectrum of mercury. A similar 
remark applies to the case of Fig. 4.^) 

I should also mention that the interesting connexion between 
the principal series and the second subordinate series of which we 
have already spoken^ is beautifully corroborated by the observations 
of the Zeeman-effect. The more refrangible components of the doublets 
of one of these series are split in the same way as the less refrangible 
components of the doublets of the other. 

Finally^ it must not be foi^otten that^ although a very large 
number of lines show a rather complicated Zeeman-effect; especially 
those which belong to the series of which we have spoken^ yet there 
are also many lines which are changed into triplets by the action of 
a magnetic field. In the recent work of Purvis^ for example, no 
less than fifty cases of this kind have been found in the spectrum of 
palladium. I must add that many more lines of this element are 
decomposed in a different way. 

1) See on this question of the commensurability of the magnetic separations 
in different oases, G. Bunge, tber die Zerlegung von Spektrallinien im mag- 
netischen Felde, Phys. Zeitschr. 8 (1907), p. 282. 
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87. It hB8 already been mentioned that Zeeman's first deter- 
mination of the ratio — led to a value of the same order of magni- 
tude as that which has been found for the electrons of the cathode 
rays and the /3-rays of radium. Later measurements have shown, 
however ; that the distance between the components is not the same 

in different triplets; and that therefore different values of — are found, 

if the formulae (164) are applied in all cases. Though some triplets give 

a value of — equal to the number found for free negative electrons, 

the result is different in the majority of cases. This can be attributed, 

either to real differences between the values of — , or to the imper- 

fectness of the elementary theory. I believe that there is much to be 
said in favour of the latter alternative. After all that has been said, 
we cannot have much confidence in the formulae (164), but there are 
strong reasons for believing in the identity of all negative electrons. 

88. If time permitted it, it would be highly interesting to con- 
sider some of the hypotheses that have been put forward in order 
to explain the structure of spectra and the more complicated forms 
of the Zeeman-effect. There can be no difference of opinion as to 
the importance of the problem, nor, I believe, as to the direction 
in which we have to look for a solution. The liability of spectral 
lines to be changed by magnetic influences undoubtedly shows, what 
we had already assumed on other grounds, that the radiation of light 
is an electromagnetic phenomenon due to a motion of electricity in 
the luminous particles, and our aim must be to explain the observed 
phenomena by suitable assumptions concerning the distribution of the 
charges and the forces by which their vibrations are determined. 

Unfortunately, though many ingenious hypotheses about the struc- 
ture of radiating particles have been proposed, we are still Very far 
from a satisfactory solution. I must therefore confine myself to some 
general considerations on the theory of the Zeeman-effect, and to 
the working out of a single example which may serve to illustrate 
them. 

89. In the first place, we can leave our original hypothesis of 
a single movable electron for a more general assumption concerning 
the structure and properties of the radiating particles. Let each of 
these be a material system capable of very small vibrations about a 
position of stable equilibrium, and let its configuration be determined 
by a certain number of generalized coordinates Pi^ p^f - "> P^i- We 
shall suppose these to be chosen in such a manner, that they are 
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in the position of equilibrinm^ and that the potential energy and 
the kinetic energy are represented by expressions of the form 

i {^hPi + '^tP^^ H + W/J>A?) • 

Then^ Lagrange's equations of motion become 

'^<Pi--fiPi> Kp% Aft; •••; ^/P^ f^P^' (171) 

Since each of these formulae contains but one coordinate^ the changes 
of one coordinate are whoUy independent of those of the other, so 
that each equation determines one of the fundamental modes of 
vibration of the system. The frequencies of these modes, and the 
positions of the corresponding spectral lines are given by 

-^-Vh ^^-Vk^ -- ^^-Vt/ (172) 

We shall now introduce an external magnetic force H, which of 
course may be considered to be the same in all parts of our small 
material system? In order to make this force have an influence on 
the vibrations, we shall suppose the parts of the system to carry 
electric charges, which are rigidly attached to them, so that the 
position of the charges is determined by the coordinates p. 

As soon as the system is vibrating, the chaises are subjected 
to forces due to the external magnetic field. These actions can be 
mathematically described by the introduction into the equations of 
motion of certain forces in the generalized sense of the word. Deno- 
ting these forces by P^, P^, . . ., P^, we shall have, instead of (171), 

^iPi fiPi + Pu etc. 

Without a knowledge of the structure of the vibrating system, 
and of the distribution of its charges, it is of course impossible, 
completely to determine P^, Pj, .... One can show, however, that 
the expressions for these quantities must be of the form 

Pi - (^iPi + Cizh + - ' + Ci^P^> I 

A - (^iPi + CnPz + • • • + %P^., (173) 

etc., j 

where the constants c are proportional to the intensity of the magnetic 
field.^) Between these coefficients there are the following relations 

Cij =■ ^12; ^2 ^ ^299 ®^* (1 7^) 

The proof of all this is very easy, if we remember the funda- 
mental expression — [v * h] for the action of a field on a moving 

1) Note 44. 
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charge. The components of this action along the axes of coordinates 
are linear and homogeneous functions of the components of the velo- 
city V. Consequently^ all the rectangular components of the forces 
acting on the vibrating particle must be functions of this kind of 
Pif P%f - • '7 Pfi} because the velocity of any point of the system is a 
linear and homogeneous function of these quantities. The same must 
be true of the Lagrangian forces -Pi; A? • • •; -^^^ because these are 
linear and homogeneous functions of the rectangular components of 
tiie forces. 

In order to find the relations between the coefficients c, we have 
only to observe that the work of the additional forces P^, P^, etc. 
is 0, because the force exerted by the magnetic field on a moving 
charge is always perpendicular to the line of motion. The condition 

PiPi + PjA + • • • + P>^ = 0, 

to which we are led in this way, is the ground for the relations (174) 
and for the absence of a term with p^ in the first of the equations 
(173), of one with p^ in the second, etc. 

90. The equations of motion 

Wi Pi + fiPi = c^2pi + ^isft + • • • + %P^, 

Wfft + fiPi - c^iPi + c^zPz + • • • + C^^Pf^j 

etc. 

can be treated by well known methods. Putting 

i>i-(?i£''", ft-ftfi*% ..., P^-q^e'^'y (175) 

where n, g^, q^, . . ., q^ are constants, we find the ft equations 

(/i - ^w^n^) ?! - inc^^q^ — inc^^q^ — i^<hf,qf, = 0. 

- inc^iqi + (f$ — ^2^^qi - *wc,3gj inc^^q^, == 0; (176) 

etc. 

If, from these, the quantities 9i; 93? • • *^ 9^ are eliminated, the result 
is an equation which determines the coefficient n. On account of the 
relations (174), and the smallness of the terms with c^^, ^3, etc., it 
may be shown that the equation contains only n^, and that it gives (i 
real positive values for this latter quantity. Hence, there are /tt 
positive numbers n/, n^', . . . such that the resulting equation is 
satisfied by 

For each of these values of n, the ratios between q^, q^, ..., q^ 
can be deduced from (176). Finally, if we take the real parts of 
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the expressions (175), we find ft fiindamental modes of vibration, 
whose frequencies are 






11' 



It is easily seen from this that, if we do not assume any special 
relations between the constants involved in our problem, tiiere will 
be no trace at all of the Zeeman-effect. In the absence of the 
magnetic field we had ft spectral lines, corresponding to the frequen- 
cies n^j n^, . . ., n^. The effect of the field is, to replace these by 
the slightly different values n^', n^y . . . , n^', so that the lines are 
shifted a little towards one side or another, without being split into 
three or more components.^) 

91. The assumption that is required for the explanation of the 
Zeeman-effect can be found without any calculation. Let us imagine, 
for this purpose, a source of light placed in a magnetic field, and 
giving in the spectrum a triplet instead of an original spectral line. 
The components of this triplet are undoubtedly due to three modes 
of motion going on in the interior of the radiating particles, and these 
modes must be different from each other, because otherwise their fre- 
quencies ought to be the same. Let us now diminish the strength of 
the field. By this the components are made to approach each other, 
perhaps so much, that we can no longer distinguish them, but the 
three modes of motion will certainly not cease to be there. Only, their 
frequencies are less different from each other than they were in the 
strong field. By continually weakening the field, we can finally obtain 
the case in which there is no field at all, but even then the three 
modes of motion must exist. They still differ from each other, but 
their frequencies have become equal 

The necessary condition for the appearance of a magnetic ti'iplet 
is thus seen to be that, in the absence of a magnetic field, three of 
the frequencies ^; ^^^^ •••9 ^^> corresponding to three different degrees 
of freedom, are equal to each other, or, as I shall say for the sake 
of brevity, that there are three ef^vDolevd degrees of freedom. Then, 
the magnetic field, by which all the frequencies are changed a little, 
produces a slight inequality between the three that were originally 
equal. We can express the same thing by saying that only a spectral 
line which consists of three coinciding lines can be changed into a 
triplet, the magnetic field producing no new lines, but only altering 
the positions of already existing ones. 

1) Note 45. 
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92. These conclusions, which one can easily extend to quartets, 
quintets etc., ja.re fully corroborated by the mathematical theory. If 
originally 

Wi = Wg = n^, 

we shall have, under the influence of a magnetic field^ the three 
frequencies 

n and n ± ^ V ^*' 4- ^" + ^" (111) 

indicating the existence of a symmetrical triplet, the middle line of 
which has the position of the original spectral line. In a similar 
manner it can be shown that we shall observe a quartet, a quintet, 
etc., whenever the system has four, five or more equivalent degrees 
of freedom. All these more complicated forms of division of a 
spectral line are found to be symmetrical to the right and to the 
left of the original position, so that, if the number of components is 
odd, the middle one always occupies the place of the primitive line.^) 



The existence of a certain number of equivalent degrees of 
freedom is not the only condition to which we must subject the 
radiating particles. The fact that the magnetic components of the 
spectral lines have the same degree of sharpness as the original lines 
themselves requires a further hypothesis. We can understand this 
by reverting for a moment to the expression (177). In it, the coef- 
ficients Cg3, C31, c^ are linear and homogeneous functions of the com- 
ponents H^, Hy, Hg of the external magnetic force. Therefore, the 
distance between the outer components of the triplet and the middle 
one is given by an expression of the form 

ViixK* + &H/+ g„H.» + 23„H.H,+ 23„H,H.+ 2g„H.H,, (178) 

in which Sn; ^as; • • '^ ffis? - * * ^^^ constants depending on the nature 
of the vibrating particle. If, without changing the direction of the 
field, its intensity is doubled, the distance between the lines will in- 
crease in the same ratio. So far our formula agrees with experi- 
mental results.^) 

Let us now consider the influence of a change in the direction 
of the magnetic field, the intensity |H| being kept constant. By 
turning the field we shall give other values to H,, H^, H,, and also 
to the expression (178). It is clear that the same change will be 
brought about if, leaving the field as it is, we turn the radiating 
particle itself. Hence, if the source of light contains a large number 
of particles having all possible orientations, the distance (178) will 



1) Note 46. 2) Note 47. 

Lorents, Theoiy of electxoni. 2"«i Ed. 8 
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vary between certain limits ^ so that the outer lines of the observed 
triplet, which is due to the radiation of aU the particles together, 
must be more or less diffuse. 

Since it is difficult to admit that the particles of a luminous 
gas, when subjected to a magnetic field, are kept in one definite 
position, the only way of explaining the triplet with sharp outer com- 
ponents seems to be^) the assumption that the coefficients in (178) 
are such that the quadratic function takes the form 

In this case, the influence of a magnetic field on the frequencies is 
independent of the direction of the force relatively to the particle. 
As regards this influence, the particle can then be termed isotropic. 

The simple mechanism which we imagined in the elementary 
theory of the Zeeman-effect obviously fulfils the conditions to which 
we have been led in what precedes. Indeed, a single electron which 
can be displaced in all directions from it3 position of equilibrium, 
and which is pulled back towards this position by a force indepen- 
dent of the direction of the displacement, has the kind of isotropy 
we spoke of just now. It has also three degrees of freedom, corre- 
sponding to the displacements in three directions perpendicular to 
each other. 

94. The question now arises, whether we can imagine other, 
more complicated systems fulfilling the conditions necessary for the 
production of magnetic quartets, quintets etc. In order to give an 
example of a system of this kind, I may mention the way in which 
A. A. Bob b^) has explained a quintet. For this purpose he supposes 
that a radiating particle contains two movable electrons, whose posi- 
tions of equilibrium coincide, and which are puUed towards this 
position by elastic forces proportional to the displacements, and deter- 
mined by a coefficient that is the same for both electrons. The 
charges and the masses are also supposed to be equal. Bobb does 
not speak of the mutual electric iaction of the electrons, but he in- 
troduces certain connexions between their positions and their motions. 
If r^ and r, are vectors drawn from the position of equilibrium 
towards the two electrons, and r^^ ^^^ vector drawn from the first 
electron towards the second, these connexions are expressed by the 
equations 



1) See, however, Note 64* 

2) A. A. Bobb, Beitr&ge zur Theorie des Zeeman-Effektes, Ann. Phjs. 15 
(1904;, p. 107. 
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r.,»=*(r,''+r,*), 
?«*=*(?!*+?,»), 

where X: is a constant. It is immediately seen that in all these 
assumptions there is nothing that relates to a particular direction in 
space. On account of thiS; the five different frequencies which are 
found to exist under the influence of a magnetic force^ are independ- 
ent of the direction of this force, and a large number of systems 
of the kind described would give rise to a quintet of sharp lines. 

Bobb has worked out his theory at a much greater length than 
appears from the few words I have said about it; and it certainly is 
very ingenious. Yet; his hypothesis about the connexions between 
the two electrons seems to me so artificial, that I fear he has given 
us but a poor picture of the real state of things. 

95. The same must be said of an hypothesis which I tried many 
years ago. After haying made clear to myself that the vibrating par- 
ticles must be isotropic, I examined the motions of systems surely 
possessing this property, namely of uniformly charged spherical shells, 
having an elasticity of one kind or another, and vibrating in a mag- 
netic field. By means of the theory of spherical harmonics, the dif- 
ferent modes of motion corresponding to what we may call the dif- 
ferent tones of the shell, can easily be determined, and it was found 
that each of the tones can originate in several modes of motion, so 
that we can truly say that each spectral line (if the vibrations can 
produce light) consists of a certain number of coinciding lines, this 
number increasing as we pass on to the higher tones of the shell. The 
calculation of the influence of an external magnetic force confirmed 
the inference drawn from the general theory; if a certain frequency 
can be produced in 3, 5 Or 7 independent ways, the spectral line 
corresponding to it is split into 3, 5 or 7 components. 

For more than one reason, however, this theory of vibrating 
spherical shells can hardly be considered as anything more than an 
illustration of the general dynamical theorem; it cannot be said to 
furnish us with a satisfactory conception of the process of radiation. 
In the first place, if the series of tones of the shell gave rise to the 
successive members of a series of spectral lines, the number of com- 
ponents into which these are divided in a magnetic field ought to 
increase as we proceed in the series towards the more refrangible 
side. This is in contradiction with the results of later experience, 
which has shown, as I already mentioned, that all the lines of k series 
are split in exactly the same way. 

8* 
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In the second place, I pointed out that the spherical shells^ when 
vibrating in their higher modes , are very poor radiators. In these 
modes the surface of the shell is divided by nodal lines into parts, 
vibrating in different phases, so that the phases are opposite on both 
sides of a nodal line. The vibrations issuing from these several parts 
must necessarily destroy each other for the larger part by inter- 
ference. 



In the light of our present knowledge, a third objection, 
which is a very serious one, may be raised. Though in the Zeeman- 
effect the separation of the components is not exactly what it would 

be, if in the formulae (164) the ratio — had the value that has been 

deduced from experiments on cathode-rays, yet it is at least of the 
same order of magnitude as the value which we should find in this 

case. Hence, if we write ( — j for the ratio deduced from the obser- 
vations on cathode-rays, and if we use the symbol (») to indicate 
that two quantities are of the same order of magnitude, we have for 
the distance between two m^netic components the general formula 

On the other hand, the theory of the vibrating shells leads to 
an equation of the form 

*«(-)^.T^' (180) 

in which e^ is the charge and m, the mass of the shell. 
We may infer from (179) and (180) that 



c 



t(-)(i),' 



an equation which shows that the properties of the charged sphere 
cannot be wholly different from those of a free electron. Therefore, 
as we know that the mass m^ of such an electron is purely electro- 
magnetic, we are led to suppose that the mass m, of the shell is of 
the same nature. This, however, leads us into a difficulty, when we 
come to consider the frequencies of the vibrations. The relative 
motions of the parts of the shell are in part determined by the electric 
interactions of these parts, and even if they were wholly so, L e. if 
there were no „elasticity'' of aAi other kind, the wave-lengths cor- 
responding to the different tones as I have called them, would, on 
the above assumption ^concerniag the mass, be extremely small; they 
would be of the same order of magnitude as the radius jR^. They 
would be still smaller if there were an additional elasticity. There- 
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fore^ as the radius 22, must certainly be yery mucli smaller than the 
wave-length of light, we can never hope to explain the radiation of 
light by the distortional vibrations of spheres whose charge and 
radius are such as is required by the magnitude of the Zeeman-efifect. 

97. It is clear in what way we can escape from the di£Giculty 
I just now pointed out. We must Ascribe the radiation, not to the 
distortional vibrations of electrons, but to vibrations in which they 
move as a whole over certain small distances. Motions of this kind 
can exist in an atom which ^contains a certain number of negative 
electrons, arranged in such a manner that they are in stable equili- 
brium under the influence of their mutual forces, and of those that 
are exerted by the positive charges in the atom. This conception is 
very like an assumption that has been developed to a considerable 
extent by J. J. Thomson^), and according to which an atom consists 
of a positive charge uniformly distributed over a spherical space, 
a certain number of negative electrons being embedded in this sphere, 
and arranging themselves in a definite geometrical configuration. 

In what foUows, it will be found convenient to restrict the name 
of electrons to these negative particles or, as Thomson calls them, 
„corpuscles". 

If the atom as a whole is uncharged, the total positive charge 
of the sphere must be equal to the sum of th^ charges of the nega- 
tive electrons; we can, however, also conceive cases in which this 
equality does not exist. 

It is interesting to examine the dimensions that must be ascribed 
to a structure of the above kind. Let the mutual distances of the 
electrons be of the same order of magnitude as a certain line I, and 

let e be the charge of each electron. Then, the repulsion between 

e* 
two electrons is of the same order as j — y^, and the change which 

this force undergoes by a very small displacement S of one of the 
corpuscles, is of the order 

This change may be considered as an additional force that is called 
into play by the displacement d. Hence, if we exclude those cases 
in which a very large number of electrons produce additional forces 
of the same direction, and also those in which the additional force 
which is due to the negative electrons is compensated or far surpassed 
by that which is caused by the positive charge, the total force by 



1) J. J. Thomson, The coipuBCular theory of matter, London, 1907. 
chap. 6 and 7. 
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which an electron is pulled back towards its position of equilibrium 
is giyeu, as to order of magnitude, by the above expression. I shall 
suppose the electrons to have the same radius R, charge e and mass m 
as the free negative electrons, and I shall write X for the wave-length 
corresponding to their vibrations. Now, by what precedes, we have 
for the frequency 



e 



I 
t 



or, on account of (72), 



But 



so that 






2ne 
n = -7— 
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(-)f=^- 



Putting A = 0,5 • 10~*cm, and introducing the value of ,jB (§ 35), one 
finds by this equation 

I (-) 2,4 . 10-« cm (=) 1,6 . lO*^!?. 

This means that the electrons must be placed at distances from each 
other that are very much larger than their dimensions, so that^ com- 
pared with the sepantte electrons, the atom is of a very lai^e size. 
Nevertheless, it is very small compared with the wave-lengthy for 
according to the above data we have 

i(=)5.10-*;i. 

One consequence of the high value which we have fouiid for l-i R is 
that the electromagnetic fields of the electrons do not appreciably 
overlap. This is an important circumstance, because, on account of 
it, we may ascribe to each electron the electromagnetic mass m which 
it would have rf it were wholly free. 

The value we have found for I is of about the same order of 
magnitude as the estimates that have been formed of molecular 
dimensions. We may therefore hope not to be on a wrong track if, 
in the above manner, we try to explain the production of light by 
the vibrations of electrons under the influence of decttric forces. 

98. It is easily seen that a number of negative electrons can 
never form a permanent system, if not held together by some ex- 
ternal action. This action is provided for in J. J. Thomson's model 
by the positive sphere, which attracts all the electrons towards its 
centre 0, and which must be supposed to extend beyond the electrons, 
because otherwise there could be no true static equilibrium. As 
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already stated, I shall use the same assumption, but I shall so far 
depart from Thomson's ideas as to consider the density Qy not as 
constant throughout the sphere, but as some unknown fanction of 
the distance r from its centre. The greater generality that is obtained 
in this way will be seen to be of some interest With a slight modi- 
fication, our formulae might even be adapted to the case of electrons 
attracted toward^ the point by some force f{r) of unknown origin, 
for any field of force that is symmetrical around a centre 0, can be 
imitated by the electric field within a sphere in which the density^ 
is a suitable fanction of r. 

However, I shall suppose q to be positive in all layers of the 
sphere, and to decrease from the centre outward. 

As is well known, the general outcome of the researches on^ the 
a-rays of radio-active bodies and on the canal rays . has been that 
the positive electricity is always attached to the mass of an atom.^) 
In accordance with this result, we shall consider the positive sphere 
as having nearly the whole mass of the atom, a mass that is so 
large ia comparison with that of the negative electrons, that tiie 
sphere can be regarded as immovable, while the electrons can be dis- 
placed within it. The question as to whether the mass of the posi- 
tive sphere as material or electromagnetic, can be left aside. Of course 
the latter alternative must be discarded, if we apply to the positive 
electricity a formula similar to the one we have formerly given for 
the electromagnetic mass of an electron; on account of the large 
radius of the sphere, the mass calculated by the formula would be 
an insignificant fraction of the mass of the negative electrons. It 
might however be that part of the charge is concentrated in a large 
number of small particles whose mutual distances are invariable; in 
this case the total electromagnetic mass of the positive chaise could 
have a considerable value, 

99. Before passing on to a special case, some other remarks may 
be introduced. 

In the first place, an atom which contains N movable negative 
electrons, will have 3^ degrees of freedom. Consequently, if its 
vibrations are to be made accountable for the production of one or 
more series of spectral lines, the number of electrons must be rather 
large. It ought even to be infinite, if a series really consisted of au 
infinite number of lines, as it would according to Rydberg's equa- 
tions. Since, however, these formulae are only approximations, and 
since the lines that can actually be observed are in finite number, 
I believe this consideration need not withhold us from ascribing the 



1) See, however, Note 64. 
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radiation of light to atoms containing a finite^ thoogli perhaps a rather 
large number of negative electrons. 

In the second place we shall introduce the condition that the 
yibrating system must be isotropic. True iflotropy^ L e. perfect 
equality of properties in all directions^ can neyer be attained by 
a finite number of separated particles. It is only when we are con- 
tent with the explanation of triplets^ that no difficulty arises from 
this circumstance^ because in this case equality of properties with 
respect to three directions at right angles to each other wiU suffice 
for our purpose. Arrangements possessing this limited kind of iso- 
tropy, can easily be imagined for different numbers of corpuscfes, pro- 
vided there be at least four of them. The electrons may be placed 
at the angles of one of the regular polyhedra^ or of a certain number 
of such polyhedra whose centres coincide with thai of the positive 
sphere^ and whose relative position presents a sufficient regularity. 

Our final remark relates to the radiation emitted by the atouL 
When we examined the radiation from a single electron we found 
that it is determined by the acceleration. One can infer from this 
that the radiation produced at distant points by an atom which 
contains a number of equal vibrating electrons^ and whose dimensions 
are very small in comparison with the wave-length, is equal to that 
which would take place if there were but one electron, moving with 
an acceleration that is found by compounding all the individual 
accelerations. In some cases, especially likely to occur m systems 
presenting a geometrical configuration of high regularity, this resultant 
acceleration is zero, so that there is no perceptible radiation at all, or 
at least only a very small residual one, due to the fact that the 
different electrons are not at exactly the same distance from the 
outer point considered, and that therefore we have to compound the 
accelerations, such as they are, not at one and the same instant, but 
at slightly different times. Vibrations presenting the peculiarity in 
question may properly be designated as ineffective ones. 

100. We shall now occupy ourselves with a special case, the 
simplest imaginable, namely that of four equal electrons A, B, C, 2), 
which, of course, are in equilibrium at the comers of a regular 
tetrahedron whose centre coincides with the centre of the positive 
sphere.*) 

The fundamental modes of motion of this system can easily be 
determined.*) In order to obtain simple formulae for the frequencies, 

1) The Zeeman- effect in a system of this kind has already been examined 
by J. J. Thomson, who, however, supposed the positive sphere to have a uni- 
form volume-density. 

2) Note 48. 
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I shall imagme a spherical surhce to pass through A^ B, Cy D] 
I shall denote by. q the value which the density of the positive 
charge presents at this surface^ and by Qq the mean density in its interior. 
I shall further introduce a certain coefficient (o, which^ in those 
cases in which there is a Zeeman-efifect^ can be r^arded as a 
measure of it. We shall be concerned only with triplets^ and the 
meaning of o is^ that the actual separation of the components is 
found, if the separation required by the elementary theory^ for the 

same value of — , is multiplied by (o. 

In the first fundamental mode, the four electrons perform equal 
vibrations along the lines OA, OB, OC, OD, in such a way that, 
at every instant, they are at equal distances from the centre 0. The 
frequency of this motion, which is inefficient, and not affected by a 
magnetic field, is determined by 

m ' 

a formula which gives a real value for n, because q is positive and 
e negative. 

Other modes of motion are best described by choosing as axes 
of coordinates the lines joining the middle points of opposite edges 
of the tetrahedron, and by fixing our attention on two such edges, 
for example on those which are perpendicular to OX. Let these 
edges be AB and CD, x being positiye for the first, and negative 
for the second. 

The corpuscles can vibrate in such a manner that, at every 
instant, the displacement of any one of them from its position of 
equilibrium can be considered as made up of a component p parallel 
to OX and a transverse component, which for A and B is along 
ABj and for C and D along CD, Galling the component p positive 
or negative according to its direction, which may be that oi OX or 
the reverse, and giving to the transverse displacement the positive 
sign if it is away from OX, and the negative sign if it is directed 
towards this line, we have for all the electrons 

2? =» a cos ntj 

for the transverse displacement of A and B 

ff^-spy 
and for that of C and D 

-g=--sp, 
the constant s being determined by the equation 

5 = v 1/2 ± l/r+2^ , (181) 
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where 

The double sign in (181) shows that there are tf4;o modes of the 
kind considered. These haye unequal frequencies ^ for which I find 
the formula 

«* lf« { 69 - Po ± 4 (9 - P,)y2(rT2^}, (183) 

and are both efifective for radiation, on account of the accelerations 
of the electrons in the direction OX, The system will therefore 
produce two lines L^ and L^ in the spectrum. 

Now, it is immediately seen that, in addition to these two modes 
of vibrating, which are related, as we may say, to the direction OX, 
there are similar ones related in the same way to F and OZ, so 
that L^ and L^ are triple lines, which can be split into three com- 
ponents by a magnetic field. For L^, the separation between the 
outer components and the middle one is determined by 

CO - ^fl - -~JZ=='\, (184) 

* L 1/2(1 + 2ir")J' "^ ^ 

and for L^ by 

a, = -iri+-_i^=1. (185) 

MoreoTcr, it can be shown that the state of polarization of the light 
producing the components of these triplets is the same which we 
have deduced from the elementary theory, the radiation along the 
lines of force again consisting of two circularly polarized beams of 
different frequencies, the one right-handed and the other left-handed. 
The modes of motion to which I have next to call your attention 
may be described as a twisting of the system around one of the 
axes OX, OF, OZ. The first of these modes is characterized by- 
small rotations of the lines AB and CD around tiie axis OX^ the 
direction of the rotation changing periodically for each line and being 
at eyery instant opposite for the two lines. Since a twisting of this 
kind around OZ can be decomposed into a twisting around OX and 
one around OY, these motions constitute only two fundamental 
modes. They are ineffective, and their frequency, which is given by 
the formula 

»'--iV> (186) 

is not altered by a magnetic field. 

We have now found nine fundamental modes of motion in aU. 
The remaining ones are rotations around one of the axes OX, 
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Ty OZ', these are not controlled by the internal forces we have 
assumed^ and cannot be called vibrations about the position of 
equilibrium. 

101. It is worthy of notice, that (186) always gives a real value 
for 91; and that the two frequencies determined by (183) are real too, 

provided the value of q be greater than yp^. When this condition 

is fulfilled, the original state of the system is one of stable equilibrium. 
If we adopt J. J. Thomson's hypothesis of a uniformly charged 
sphere, we have q = Qq, In this case we can write instead of (183), 
(184) and (185)*) 

9 I 9o^ 1 9o^ 

M* = ---r--^^ or — -^^^, 

2 911 8m' 

(o == — — or 1 . 

102. Other cases in which a certain number of electrons have 
a regular geometrical arrangement within the positive sphere, can be 
treated in a Bimilar way, ihough for a larger number of particles 
the calculations become rather laborious. So far as I can see, the 
line of thought which we are now following promises no chance of 
finding the explanation of a quartet or a quintet, so that, after all, 
the progress we have made is not very important. The main interest 
of the preceding, theory lies in the fact, that it shows the possibility 
of the explanation of magnetic triplets in which the separation of 
the components is different from that of the triplets of the elementary 
theory, as is shown by the value of g) differing from 1. According 
to our formulae, (o can even have a negative value. In the above 
example this means that, in the radiation along the lines of force, 
the circular polarization of the outer components of the doublet can 
be the inverse of what it would be according to the elementary 
theory.*) 

It is remarkable that negative electrons may in this way produce 
a Zeeman-effect which the elementary theory would ascribe to the 
existence of movable positive particles. 

103. Shortly after Zeeman's discovery some physicists observed 
that, just like the magnetic rotation of the plane of polarization, the 
new phenomenon makes one think of some rotation around the lines 
of force, going on in the magnetic field. There is certainly much to 
be said in favour of this view. Only, if one means the hidden ro- 



1) Note 49. 2) Note 50. 
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tations whicli some theories suppose to exist in the ether occupying 
a magnetic field (and to which those theories must ascribe every 
action of the field) a development of the idea lies outside the scope 
of the theory of electrons as I am now expounding it, because, in 
this theory, we take as our basis, without farther discussion, the 
properties of the ether which are expressed in our fandamental 
equations. There is, however, a rotation of a different kind to which 
pierhaps we may have recourse in our attempts to explain Zeeman's 
phenomenon. 

Let us consider the interval of time during which a miaignetic 
field is set up in a certain part of the ether. While the mi^netic 
force H is changing, there are electric forces d, whose distribution 
and magnitude are determined by our fundamental equations (2) and (5). 
These are the forces which cause the induction current produced in 
a metallic wire, and they may be said to be identical, though 
presented in a modem form, with the forces by which W. Weber 
explained the phenomena of diamagnetism, an explanation that can 
readily be reproduced in the language of the theory of electrons. 
I shall now consider the rotation they impart to a system of negative 
electrons such as we have been examining in the preceding paragraphs. 
In doing so, I shall suppose the positively charged sphere to have 
so large a mass that it may be regarded as unmovable, and I shall 
apply to the system of negative electrons the laws that hold for a 
rigid body; this will lead to no appreciable error, if the time during 
which the magnetic field is started, is very long in comparison with 
the periods of the vibrations of the electrons. 

104. I shall again confine myself to arrangements of the electrons 
that are isotropic with respect to three directions at right angles to 
each other. Then, if the axes of coordinates are drawn through the 
centre G in auy directions we like, and if the sums are extended to 
aU the negative electrons of the system, we shall have 

^a;=^y = ^^ = 0. 

Also, the moment of inertia will be the same with respect to any 
axis through 0. We may write for it 

Q = 2mK, 
if 

and we have \ (187) 

The force acting on one of the electrons is given by 

««•«> ««•,> ««'.> 



^^^ 
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and we find therefore for the components of the resultant couple 
with reference to the point 

«-^(y«l.-«d,), e2(gi,-x6,), «^(«d; - yd,). (188) 

By d we shall understand the electric force due to causes out- 
side the system. On account of the small dimensions of the latter, 
this force will be nearly constant throughout its extent, so that, 
denoting by d^ the electric force at the centre, we may write 

d.-do. + .^+yf'+.^', 

Substituting these values in the expressions (188), and bearing in 
mind the equations (187), one finds 

.W^_^\ eK(^^^) eK(^-^-M 
or, in virtue of the fundamental equation (5), 

c * c y c ' 

In order to find the components of the angular acceleration, we must 
divide these expressions by Q » 2mK, The result is 

«_ L «_ L «_ L 

from which it at once appears that, after the establishment of a 
field H, a system that was initially at rest, has acquired a velocity 
of rotation 

k--^— H. (189) 

The axis of rotation has the direction of the magnetic field, and, if 
e is negative, the direction of the rotation corresponds to that of the 
field. It is interesting that the velocity of the rotation is independent 
of the particular arrangement of the electrons, and that its frequency, 
i. e. the number of revolutions in a time 2^, is equal to the change 
of frequency we have calculated in the elementary theory of the 
Zeeman- effect. 

The same rotation would be produced if, after the setting up of 
the field, the system were, by a motion of translation, carried into 
it from an outside point. Once started, the rotation will go on for 
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ever, as long as (he field is kept constant, unless its velocity be 
slowly diminished by the radiation to which it gives rise.^) 

105. We shall now turn our attention to the small vibrations 
that can take place in the system while it rotates. For this pui*pose; 
we shall introduce axes of coordinates having a fixed position in the 
system, and distinguish between the motion with respect to these 
axes, the relative motion, and the motion with respect to axes fixed 
in space, which we may call the absolute one. 

Let, for any one of the electrons, V be the absolute velocity, 
q the absolute acceleration, q^ the part of it that is due to the 
internal forces of the system, and q^ ^^^ P^ ^^^ ^^ ^^^ magnetic 
field. Then, we shall have for the acceleration q' of the relative 
motion, if we neglect terms depending on the square of the imgular 
velocity k, and therefore on the square of the magnetic force H, 

q' = q-2[k.v] = q, + q,-2[k V], 

i. e. on account of (189), 



Since 



^'^"h + ^, + £ll»■n 



q.-;f,[vH], 



we find*) 

This shows that the relative motion is determined solely by the 
internal forces of the system j it is identical with the motion that 
could take place in a system without rotation and free from the 
influence of a magnetic field. I shall express this by saying that in 
the system rotating with the velocity which we calculated, there is 
no internal Zeeman-effect, the word „intemal'' being introduced, 
because, as we shall presently show, there remains a Zeeman-effect 
in the external radiation. This effect is brought about by the same 
cause that has made the internal effect disappear, namely by the 
rotation of the particles. 

106. We have already observed (§ 99) that a particle which 
contains a certain number of equal vibrating electrons, and whose 
size is very small compared with the wave-length, will radiate in the 
same way as a single electron of the same kind, moving with the 

accelerations ^i', ^y, 2js\ the sums extending to all the separate 
electrons, and x, y, z being their coordinates with respect to axes 

1) Note 51. 2) Note 52. 
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fixed in space. The accelerations will have these values if the co- 
ordinates of the equivalent electron, as it may properly be called, 

are given at every instant by ^x, ^Vy 2^* 

In order to apply this theorem to tiie problem before us, I shall 
again choose the centre of the positive sphere as origin of coordinates, 
drawing the axis of e in the direction of the external mf^netic 
force H. Let OX and OF be fixed in space, and let OX', OF' be 
axes rotating with the system; then, if Tc is the positive or negative 
velocity of rotation around OZ, we may put 

x^ x' cos Tci — y sin i^, 

y = x[ sin ki + y cos "ki^ 

since we may take ki for the angle between OX and OX'. Now, 
if x^j y^y s^ are the coordinates of one of the negative electrons in 
its position of equilibrium, and a cos {nt + f)^ fi cob (nt + g\ 
ycoB(nt + h) the displacements from that position, due to the 
internal vibrations, and referred to the moving axes, we shall have 
for this particle 

af^x^'+acoQ(nt + f), y'^^yo + P <^{nt + g). (191) 

Whereas the constants a, fi, f, g (and y,.%) have different values for the 
several electrons, the frequency n will have for all these corpuscles 
a common value, equal to tiie frequency of the radiation in the 
absence of a magnetic field. 

Introducing the values (191) into the expressions (190) and 
taking the sum for all the corpuscles, we shall find the coordinates 

X, y of the equivalent electron. Since 2^^ *" 2y^ == 0, the result 
may be put in the form 

X - Xi + X,, y « yi + y,, 
where 

Xj =» J. cos { (n + A;)^ + 9 } , y^ -= J. sin { (n + A;)^ + y } , 

Xj == 5cos [{n — k)t + ^}, y2=» — JBsin {(n — lc)t + ^}, 

A^Bjip and ^ being constants. These formulae show that, leaving aside 
the vibration in the direction of OZ, which is entirely unaffected by 
the field and the rotation, we can decompose the motion of the 
equivalent electron into two circular motions in opposite directions, 
performed with the frequencies n + k and n — k. Therefore, since 
in virtue of (189) k is given by the equation 

the Zeeman-effect in the radiation issuing from the rotating particle 
exactiy corresponds to that which we formerly derived from the 
elementary theory for a particle without rotation. 
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107. There are one or two points in this last form of the 
theory that are partictilarly to be noticed. 

In the first place, we can suppose the system of electrons within 
the positive sphere to be capable of vibratiDg in different modes, 
thereby producing a series of spectral lines. In consequence of the 
rotation set up by the field, all these lines will be changed into 
equal triplets, so that we hare now found a case, in which all the 
lines of a series are divided, as they really are, in the same way. 
I may add that, according to the view of the phenomenon we are 
now discussing, the Ze em an -effect is due to a combina^Hon of the 
internal yibrations whose frequency is n, with the rotation of the 
frequency k. 

This calls forth a more general remark. It is well known that 
in acoustic phenomena two tones with the frequencies n^ and ti, 
are offcen accompanied by the so called combination-tones whose 
frequencies are n^ H~ ^ ^^^ n^ — n^ respectirely. Something of the 
same kind occurs in other cases in which a motion or any other 
phenomenon shows two different kinds of periodicity at the same 
time; indeed, on account of these, terms such as cos n^t and cos n^t 
will occur in the mathematical expressions, and as soon as the product 
of two quantities haying the two periods shows itself in the formulae, 
the simple trigonometric formula 

cos n^t cos n^t — y cos (n^ + n^i + y cos (n^ — n^)t 

leads us to recognize two new frequencies n^ + Mj and n^ — - >4. 
Indeed, it is precisely in this way that, in the preceding paragraph, 
the frequencies n + Jc and n — k hare made their appearance. 

Many years ago, Y. A. Julius observed that certain regularities 
in the spectra of elements may be understood, if we suppose the 
lines to be caused by combination -tones, the word being taken in 
the wide sense we can give it on the ground of what has just been 
said. If, for example, there are two fundamental modes of vibration 
with the frequencies n^ and n, or, as we may say more concisely, 
two ,,tones^ n^ and n^, and if each of these combines with a series 
of tones, so that secondary tones with frequencies equal to the diffe- 
rences between those of their primaries are produced, we shall obtain 
a series of pairs, in which the components of each pair are at the 
distance n^ — n^ from each other. 

In connection with this, it should also be noticed that, in 
Rydberg's formulae, every frequency is presented as the difference 
between two fundamental ones. 

Of course it would be premature to attach much value to 
speculations of this kind. Yet, in view of the fact that all lines of 
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a series imdergo the same magnetic splitting, one can hardly help 
thinking that all the fundamental modes of motion belonging to the 
series are somehow combined with one or more periodic phenomena 
going on in the magnetic field, as^ in the example we have worked 
out, they were combined with the rotation of the particles. 

I may add that the form of Rydberg's equations, in which each 
frequency is represented as the difference of two terms, naturally 
suggests the idea that under the influence of a magnetic field one 
or both of these terms haye their value changed, or rather, are replaced 
by a number of slightly different terms, to each of which corresponds 
a magnetic component. It is clear that if, for all lines of a series, 

the part of -=^ which they have in common, for instance the part ij-j^ — r^ 

in the second subordinate series I (§ 82), is altered in the same way, 

the other part L — , .^ remaining unchanged, the equality of the 

Zee man -effect for all the members of the series will be accounted for. 

108. In the second place, it is important to remark that, for 
the entire prevention of an internal Zeeman- effect, the rotation of 
a particle as a whole must have exactly the velocity we have found 
for it in § 104. 

For other values of k, such as might occur if the rotating par- 
ticle had a moment of inertia different from that which we formerly 
took into account, q' would come out different from q^, so that the 
relative motion of the electrons with respect to the rotating axes 
would still be affected by the magnetic force. In such a case, in 
order to find the Zeeman-effect as it becomes manifest in the 
radiation, we should have to combine the internal motions with the 
rotation, after the manner shown in § 106; the result would obviously 
be a decomposition of the original spectral lines into more than 
three components. 

This seems rather promising at first sight, but it must be 
admitted that one can hardly assign a reason for the existence of a 
moment of inertia, different from the value used in § 104, and that 
it would be very difficult to reconcile the results with Runge's law 
for the multiple divisions of the lines. 

109. The preceding theory of rotating radiating particles is 
open to some objections. Besides the two cases mentioned in § 104, 
a third must perhaps be considered as possible. In a Geissler 
tube or a flame combinations and decompositions of minute particles 
are no doubt continually goii^ on; a radiating atom cannot there- 
fore be supposed to have been in a free state ever since the magnetic 
field was set up. Now, in atoms combined with other particles, the 

Lorentz, Theory of electrons. 2n'i £d. 9 
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mobility of the electrons might perhaps be so much diminished^ that 
the production of the field cannot make them rotate; since there is 
no reason why they should begin to do so the moment the atoms 
are set tree, we can imagine in this way the existence in the mag- 
netic field of free atoms without a rotation. 

Another difficulty^ which one also encounters in some questions 
belonging to the theory of magnetism^ arises from the fact that a 
rotating particle whose charge is not quite uniformly distributed, 
must necessarily^ in the course of time, lose its enei^ by the 
radiation that is due to the rotation itself. It is probable that 
the time required for an appreciable diminution of the rotation 
would be yery long. An exact determination of it would^ howeyer, 
require rather complicated calculations. 

110. After aU^ you see by these considerations that we are 
rather at a loss as to the explanation of the complicated forms of 
the Zeeman-effect. In this state of things^ it is interesting that 
some conclusions concerning the polarization of the radiation can be 
drawn from general principles, independently of any particular theory. 
For this purpose we shall ayail ourselyes of the consideration of 
what we may term the reflected image of an electromagnetic system. 

Let iS be a system composed of moying electrons and material 
particles, the motion of the former being accompanied by an electro- 
magnetic field in the interyening ether. Then, a second system S', 
which may be called the image of S with respect to a plane F, may 
be defined as follows. To each particle or electron, and eyen to 
each charged element of yolume in S^ corresponds an equal particle, 
electron or element of yolume in 8\ moying in such a way that the 
positions of the two are at eyery instant symmetrical with respect 
to the plane F; further, if P and P' are correspondii^ points, the 
yector representing the dielectric displacement at P' is the image of 
the corresponding one at P, whereas the magnetic forces in S and 
S' are represented by yectors, one of which is the inverted image of 
the other. On certain assumptions concerning the forces between the 
electrons and other particles, which seem general enough not to 
exclude any real case, the system S' can be shown to be a possible 
one, as soon as 8 has an objectiye existence. 

We shall apply this to the ordinary experiment for the 
exhibition of the Zeeman-effect, fixing our attention on the rays that 
are emitted along the lines of force, and placing the plane F parallel 
to these lines. There are many positions of the plane fulfilling the 
latter condition, but it is clear that, whicheyer of them we choose, 
the image of the electromagnet will always haye the same properties. 
The same may be said, so far as the properties are accessible to our 
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obseryations, of the source of light itself; therefore^ the radiation 
too must be exactly £he same in all systems that can be got by 
taking the image of the experiment with respect to planes that are 
parallel to the lines of force. From this we can immediately infer 
that the light radiated along the lines of force can never show a 
trace of rectilinear or elliptic polarization; it must either be un- 
polarized, or haye a circular polarization ^ partial or complete. This 
conclusion also holds for the part of the radiation that is charac- 
terized by a definite frequency^ and is therefore found at a definite 
point of the spectrum. 

By a similar mode of reasoning we can predict that, in the 
emission at right augles to the lines of force^ there can never be 
any other polarization^ either partial or complete^ but a rectilinear 
one with the plane of polarization parallel or perpendicular to the 
lines of force. 

Finally^ since the image of a magnetic field with respect to the 
plane of which we have spoken, is a field of the opposite direction, 
the stat6 of radiation must be changed into its image by an inversion 
of the magnetic force. At every point of the spectrum the direction 
of the circular polarization will be inverted at the same time. 



9» 



CHAPTER IV. 

PROPAGATION OP LIGHT IN A BODY COMPOSED OF 

MOLECULES. 

THEORY OP THE INVERSE ZEEMAN-EPPECT. 

m. In the preceding discussion we had in view the influence 
of a magnetic field on tiie light emitted by a source of light. There 
is a corresponding influence on the absorption^ as was already shown 
by one ofZeeman's first experiments. He found that the dark lines 
which appear in the spectrum of a beam of white light^ passed 
through a sodium flame, are changed in exactly the same way as 
the emission lines of the luminous vapour, when the flame is exposed 
to an external magnetic field. We can easily understand this inverse 
phenomenon if we bear in mind the intimate connexion between the 
emission and the absorption of light. According to the well known 
law of resonance, a body whose particles can execute free vibrations 
of certain definite periods, must be able to absorb light of -the same 
periods which it receives from without. Therefore, if in a sodium 
flame under the influence of a magnetic field there are three periods 
of free vibrations instead of one, we may expect that the flame can 
produce in a continuous spectrum three absorption lines corresponding 
to these periods, and in general, if we want to know what kinds of 
light are emitted by a body under certain circumstances, we have 
only to examine the absorption in a beam of light sent across it. 

A highly interesting theory based on this idea has been deve- 
loped by Yoigt.^) It has the advantage of being applicable to bodies 
whose density is so great that there is a certain mutual action 
between neighboring molecules, a case in which it is rather difficult 
directly to consider the emission of light. 

Yoigt's theory was not originally expounded in the language 
of the theory of electrons, his first method belonging to those which 

1) W. Voigt, Ann. Phys. Chem. 67 (1899), p. 346; 68 (1899), p. 862, 604; 
69 (1899), p. 290; Ann. Phya. 1 (1900), p. 876, 889; 6 (1901), p. 784; see alao 
his book: Magneto- und Elektrooptik, Leipzig, 1908. 



MEAN VALUES. 133 

I haye formerly allnded to^ in which one tries to describe the observed 
phenomena by judiciously chosen differential equations , without 
troubling oneself about the mechanism underlying them. Howeyer^ 
in order not to stray from the main subject of these lectures^ I shall 
establish Voigt's equations^ or rather a set of formulae equivalent 
to them, by applying the principles of the theory of electrons to the 
propagation of light in a ponderable body considered as a system of 
molecules. 

These formulae ate also interesting because by means of them 
we can treat a number of other questions, relating to the velocity 
of pronagation and the absorption oi light of different frequencies. 
It will be weU to begin with some of these, deferring for some time 
the consideration of tibe action exerted by a magnetic field. 

112. Let us imagine a body composed of iunumerable molecules 
or atoms, of ;,particles^ as I shall term them, each particle con- 
taining a certain number of electrons, all or some of which are set 
vibrating by an incident beam of light. Between the electrons and 
in their interior there will be a certain electromagnetic field, which 
we could determine by means of our fundamental equations, if the 
distribution and the motion of the charges were known; having 
calculated the field, we should also be able to find its action on the 
movable electrons, and to form the equations of motion for each of 
them. This method, in which the motion of the individual electrons 
and the field in their immediate neighborhood and even within 
them, would be the object of our investigation, is however wholly 
impracticable, when, as in gaseous bodies and liquids, the distribution 
of the particles is highly irregular. We cannot hope to follow 
in its course each electron, nor to determine in all its particulars 
the field in the intermolecular spaces. We must therefore have 
recourse to an other method. Fortunately, there is a simple way of 
treating the problem, which is sufficient for the discussion of what 
can really be observed, and is indeed suggested by the very nature 
of the phenomena. 

It is not the motion of a single electron, nor the field produced 
by it, that can make itself felt in our experiments, in which we are 
always concerned with immense numbers of particles; only the resultant 
effects produced by them are perceptible to our senses. It is to be 
expected that the irregularities of which I have spoken, will disappear 
from the total effect, and that we shall be able to account for it, 
if, from the outset, we fix our attention, not on all these irregularities, 
but only on certain mean values. I shall now proceed to define these. 

118. Let P be a point in the body, 8 a sphere described 
around it as centre, and (p one of the scalar or vector quantities 
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occuiring in our fdndamentai equations. Then the mean yalue of q> 
at the point P, which we shall denote by ^; is giyen by the equation 



9> = g-J 9><^Sf 



in which 8 means the volume of the sphere , and the integration is 
to be extended to this Yolume. The elements dS are to be taken 
infinitely small in the mathematical sense of the words, so that eyen 
an electron is diyided into many elements. As to the sphere S; it 
must be chosen neither too small nor too large. Since our purpose 
is to get rid of the irregularities in the distribution of g), the sphere 
must contain a yery large number of particles. On the other hand, 
we must be careful not to obliterate the changes from point to point 
that can really be obseryed. The radius of the sphere must there-, 
fore be so small that the state of the body^ so flEtr ste it is accessible 
to our means of obseryation^ may be considered as uniform throughout 
the sphere. In the problems we shall haye to deal with^ this means 
that the radius must be small compared with the waye-length. For- 
tunately^ the molecular distances are so much smaller than the length- 
of eyen the shortest light-wayes^ that both conditions can be satisfied 
at the same time. 

114. The mean yalue ^^ taken for a point P, is in general a 
fonction of the coordinates of this pointy and if g) itself depends 
upon the time, qp will do so too. We can easily infer from our 
definitipn the relations 

by which the transition from our fondamental equations to the 
corresponding formulae for the mean yalues is made yery easy. Of 
course; the mean yalues of the quantities on the right -and on the left- 
hand side of an equation must be equal to each other, so that all 
we haye got to do ; is to replace d, h; etc. by their mean yalues. 
The resultant formulae, yiz. 

_ 1 -^ 

rot h = — (d -t-^v) 

c 

and 

rotd = h, 

may be considered as the general electromagnetic equations for the 
ponderable body; they are comparable with those of which we spoke 
in § 4. In ord^r to bring out the similarity, I shall put 
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and _ 

h - H. 

It only remains to examine the term gy. According to onr definition 
of mean yalues^ we have for the components of this vector , if Xy 
y, are the coordinates of an element of the moying charges at the 
time t, 

W.-ifif^'JS-ifQ^dS, etc, 

or, if we suppose the surface of the sphere not to intersect any 
electrons. 

We hare formerly seen ih&i J QxdSy jQydS, jQzdS are the com- 
ponents of the electric moment of the part of the body to which 

the integration is extended. Hence, -^ I QxdS and the two corre- 
sponding expressions with y and xr are the components of the electric 
moment of the body per unit of volume.^) We shall represent this 
moment, or, as it may also be termed, the electric polarization of the 
body, by P. Thus 

PV-P, 
and 

ff+pv- t + P. 

Simplifying still further by putting 

E + P - D, (192) 

we are led to the equations 

rotH-^fi, (193) 

rotE---H, (194) 

which haye exactly the form of those of which we spoke in § 4. 
If we like, we may now call E and D the electric force and the 

dielectric displacement, D the displacement current. This exactly 
agrees with common usage; only, in our definition of these rectors, 
one clearly sees the traces of our fundamental assumption that the 
system is made up of ether and of particles with their electrons. 
Thus, E is the mean force acting on a charge that is at rest. The 
total dielectric displacement D consists of two parts^ the one E haying 
its seat in the ether, and the other P in the particles. Corresponding 

1) Note 58. 
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to these; we distinguisli two parts in tlie current D; the first^ E is 
the mean of the displacement current in the ether^ and the second 
the mean of the conyection current (»V. 

IIB. To complete our system of equations we must now 
examine the relation between D and E, or rather that between P 
and E. This is found by considering the way in which the electric 
moment in a particle is produced or changed. 

Let us suppose that each particle contains a single movable 
electron with charge e and mass m, and let us denote by i„ t/, i the 
distances over which it is displaced from its position of equilibrium 
in the directions of the axes of coordinates. The components of the 
electric moment of a single particle are 

and, writing N for the number of particles per unit volume, we have 

P, = iVc|, ?,~Neri, P. = Net, (195) 

if the particles have a regular geometrical arrangement. If, on the 
contrary, they are irregularly distributed, so that the values of the 
displacements S> ^? t change abruptly from one particle to the next, 
we may use the same equations, provided we understand by |, rj, J 
mean values taken for all the particles situated in a space that is 
infinitely small in a physical sense. A similar remark applies to 
other quantities occurring in the equations we are going to establish 
for the motion of the electrons. 

116. The values of |, rj, g, and consequently those of P^., Py, P,, 
depend oq the forces acting on the movable electrons. These are of 
four different kinds. 

In the first place we shall conceive a certain elastic force by 
which an electron is pulled back towards its position of equilibrium 
after having been displaced from it. We shall suppose this force to 
be directed towards that position, and to be proportional to the 
displacement. Denoting by /' a certain positive constant which 
depends on the structure and the properties of the particle, we write 
for the components of this elastic force 

-n, -h, -ft (196) 

The second force is a resistance against the motion of the 
electron. We must introduce some action of this kind, because 
without it it would be impossible to account for the absorption 
which it is one of our princip^ objects to examine. Following the 
example given by Helmholtz in his theory of anomalous dispersion^ 
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with which the present inyestigation has many points in common, 
I shall take the resistance proportional to the velocity of the electron, 
and opposite to it. Thus, if j|r is a new positive constant, the com- 
ponents of the second force are 

-^Tt' -9di> ^^di' (1^^) 

We shall later on return to this question. 

117. We have next to consider the force acting on the electron 
on account of the electromagnetic field in the ether. At first sight 
it may he thought that this action is to be represented by aE. On 
closer examination one finds however that a term of the form aeP 
is to be added, in which a is a constant whose value is little different 
from ^. I shall not jenter upon the somewhat lengthy calculations 
that are required for the determination of this additional force. In 
order to explain why it is introduced, I have only to remind you 
of the well known reasoning by which Kelvin long ago came to 
distinguish between the magnetic force and the magnetic induction. 
He defined these as forces exerted on a pole of unit strength, placed 
in differently shaped infinitely small cavities surrounding the point 
considered. The magnetically polarized parts of the body outside the 
cavity turn their poles more or less towards it, and thus produce on 
its walls a certain distribution of magnetism, whose action on an in- 
side pole is found to depend on the form of the cavity. 

In the problem before us we can proceed in an exactly similar 
manner. The general equations (33) — (36) show that the electro- 
magnetic field is composed of parts that are due to the individual 
particles of the system, so that, if some of these were removed, the 
motion of the electrons in the remaining ones being left unchanged, 
a part of the field would be taken away. We must further take into 
account that each component of d or h belonging to the field that 
is produced by a certain number of particles, is obtained by an 
addition of the corresponding quantities for the fields due to each of 
the particles taken separately. The sum may be replaced by an 
integral in those cases in which the discontinuity of the molecular 
structure does not make itself felt. If we want to know the field 
produced at a point ^ by a part of the body whose shortest distance 
from A is very great compared with the mutual distance of adjacent 
particles, we may replace the real state of things by one in which 
the polarized matter is homogeneously distributed. 

All this can also be said of the magnetized particles one has to 
consider in Kelvin's theory, though the cases are different, because 
the formulae (§ 42) for the field produced by a variable electric 
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moment are less simple than those which determine the action of a 
constant molecular magnet. The formulae however much resemble 
each other if the point for which the field of a particle is to be 
determined, lies at a distance from it that is small compared with 
the waye-Iength. , In this case the field can be approximately con- 
sidered as an electrostatic one, such as would exist if the electric 
moment did not change in the course of time. 

Around the particle A for* which we wish to determine the 
action exerted on the electron it contains, we lay a closed surface 6, 
whose dimensions are infinitely small in a physical sense, and we 
conceive, for a moment, all other particles lying within this surface 
to be remored. The state of things is then exactly analogous to the 
case of a magnet in which a cavity has been formed. There will be 
a distribution of electricity on the surface, due to the polarization of 
the outside portion of the body, and the force E', exerted by this 
distribution on a unit charge at A must be added to the force E 
which appears in (194). 

Now, if the particles we have just removed are restored to their 
places, their electric moments will produce a third force E^' in the 
particle A, and the total electric force to which the movable electron 
of A is exposed, will be 

E + E' + E". 

It is clear that the result cannot depend on the form of the cavity tf, 
which has only been imagined for the purpose of performing the 
calculations. These take the simplest form if <y is a sphere. Then 
the calculation of the force E' leads to the result^) 

E'-iP. 

The problem of determining the force E" is more difficult. I shaU. 
not dwell upon it here, and I shall only say that, for a system of 
particles having a r^ular cubical arrangement, one finds') 



•// 



0, 



a result that can be applied with a certain degree of approximation 
to isotropic bodies in general, such as glass, fluids and gases. It is 
not quite correct however for these, and ought to be replaced in 
general by 

E" - sP, 

where, for each body, ^ is a constant which it will be difficult 
exactly to determine. 



1) Note 54. 2) Note M. 
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Putting 

« = i + s, 

we find for the electric force acting on an electron 

E + aP. 

118. The last of the forces we are enamerating occors in 
magneto-optical phenomena; it is due to the external magnetic field, 
which we shall denote by the symbol ^, in order to distinguish it 
from the periodically changing magnetic force H that is due to the 
electric vibrations themselves ^), and occurs in our equations (193) 
and (194). 

In all that follows we shall suppose the external field $ to 
hare the direction of the axis of a. Then its action on the yibrating 
electron, which in general is represented by 

has the components 

c dt' c dV ^' 

where $ is written instead of ^.. 

Taking together all that has been said about the several forces, 
we find for the equations of motion of the moyable electron contained 
in a particle 



m 



m 






(198) 



119. Another form of these equations will be found more con- 
renient for our purpose. 

In the first place, instead of the displacements of the movable 
electron, we shall introduce the components of the electric polari- 
zation P. Taking into account the relations (195), dividing the 
formulae (198) by e, and putting 

= 9', (199) 
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1 Note &e. 
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one finds 



m 



m 






E.+«p.-rp.-i/ 



,d9, , * d9y 



t^ + aP^-rP,-9 



dt 



+ 
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cNe dt^ 



ae 



m'^^ = E. + «P,-rP. 



dt 



9 



dt 

dt 



cNe dt' 



(200) 



These equations may be farther transformed^ if, in our inyestigation 
of the propagation of simple harmonic vibrations, we use the well 
known method in which the dependent yariables in the system of 
equations are first represented by certain exponential expressions with 
imaginary exponents, the real parts of these expressions, to which 
one has ultimately to confine oneself, constitutii^ a solution of the 
system. 

Let € be the basis of natural logarithms, and let all dependent 
variables contain the time only in the factor 



Jnt 



SO that n is the frequency of the yibrations. Then, if we put 

y'eire' 



(201) 

(202) 
(203) 



all real qaantities, the formolae (200) take the form 

E.-(« + »/J)P.-«>P,/ 

E, = (a + i/J)P, + *>P,, (204) 

E. = (« + »^)P.. 

Since P » D — E, these equations may be said to express the relation 
between E and D which we have to add to the general formulae 
(193) and (194). 

120. Before coming to solutions of our system of equations, 
it will be well to go into some details concerning the cause by which 
the absorption is produced. We have provisionally admitted the 
existence of a resistance proportional to the velocity of an electron, 

which is represented by the terms — ff-^j} '^S^y ""^^f ^ (l^^)y 

and by the terms i/3P^, i/SPy, i/3P, in (204). It must be observed, 
however, that in our fundamental equations therQ is no question of 
a resistance of this kind; as we have formerly seen, an electron can 
move for ever through the ether with undiminished velocity. In our 
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considerations we have come across only one force that may be 
termed a resistance, namely the force 

which is proportional to the rate of change of the acceleration, tn 
the case of simple harmonic vibrations, its components can be re- 
presented in the form (197), with the following value of the coefficient 



ImS 



e'n 



9'i^r (206) 

§ome numerical data which I shall mention later on, show however 
that this force (205) is much too small to account for the absorption 
that is reaUy observed in many cases.^) We must therefore look for 
some other explanation. 

It has occurred to me that this may be found in the assumption 
that the vibrations in the interior of a ponderable particle that are 
excited by incident waves of light, cannot go on undisturbed for ever. 
It is conceivable that the particles of a gaseous body are so pro- 
foundly shaken by their mutual impacts, that any regular vibration 
which has been set up in them, is transformed by the blow into the 
disorderly motion which we call heat. The rise in temperature 
produced in this way must be due to a part of the energy of the 
incident rays, so that there is a real absorption of light. It is also 
clear that the accumulation of vibratory energy in a particle, which 
otherwise, in the case of an exact agreement between the period of 
the vibrating electrons and that of the incident light, would never 
come to an end, will be kept within certain limits by this disturbing 
influence of the collisions, just as well as it could be by a resistance 
in the ordinary sense of the word. 

In working out this idea, one finds that the formulae we have 
established in what precedes may still be used, provided only we 
understand by g the quantity*) 

^ = T^, (2^7) 

in which r is the mean length of time during which the vibrations 
in a particle can go on undisturbed. Since we can use the same 
formulae as if there were a real resistance, it is also convenient to 
adhere to the use of the latter term, and to speak of the resistance 
originating in the collisions, this resistance becoming greater when 
the interyal r is diminished. 

According to the above idea, the interval t ought, in gaseous 
bodies, to be equal to the mean length of time elapsing between two 

1) Note 66*. 2) Note 67. 
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Buccessire encounters of a molecule. Unfortunately^ it is found that 
the value of % deduced from experimental data is smaller than the 
interval between two encounters. We must conclude from this that 
there are causes in the interior of a molecule bj which the regularity 
•f the vibrations is disturbed sooner than it would be by the molecukj: 
impacte. We cannot pretend therefore to have satisfacterily elucidated 
the phenomenon of absorption; its true cause remains yet to be 
discovered. 

121. Leaving aside for some time the effects produced by a 
magnetic field, we shall now examine the propagation of light in the 
case $ =» 0; 7/ » 0. Let us first suppose that there is no resistance 
at all^ so that /3 is likewise 0. Then the formulae (204) may be 
written 

from which we deduce 

D = (l + i)E. (208) 

Let the propagation take place in the direction of OZ^ so that 
the components of E^ D and H are represented by expressions con- 
taining the factor 

«•»<'-«'), (209) 

where q is a constant. Then, since all differential coefiicients with 
respect to x and y vanish, we have by (193) and (194) 



and 



or 

whence 

Combining this with (208), we get 

c«g« - 1 + ^ • (210) 

Supposing 1 -] to be positive, we find a real value for q. The 

real part of (209) is 

cosw(f — g^)? 

from which it is seen that the velocity of propagation is 

1 
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It can therefore be calculated by means of the equation (210), for 
which we may write 



if 



f^'-^ + i, 



f-T 



is the index of refraction. 

It is to be noticed that our result agrees with Maxwell's well 
known law, according to which the reiPractive index of a body is 
equal to the square root of its dielectric constant. Indeed, the 
equation (208) shows that the ratio between the dielectric displace- 
ment D and the electric force E is given by 1 H 5 it is therefore 

this quantity which plays the part of the dielectric constant or the 
specific inductive capacity in Maxwell's equations. 



I. In one respect, however, the theory of electrons has enabled 
us to go further than Maxwell. You see from the equation (201) 
that, for a given system, a is not a constant, but changes with the 
frequency n. Therefore, our formulae contain an explanation of the 
dispersion of light, i. e. of the fact that different kinds of light have 
not the same refractive index. 

This explanation is very much like that which was proposed by 
several physicists who developed the undulatory theory of light in 
its original form in which the ether was considered as an elastic 
body. Sellmeyer, Ketteler, Boussinesq and Helmholtz showed 
that the velocity of light must depend on the period of the vibra- 
tions, as soon as a body contains small particles which are set 
vibrating by the forces in an incident beam of light, and which are 
subject to intramolecular forces of such a kind that they can perform 
free vibrations of a certain definite period. The amplitude of the 
forced vibrations of these particles, which is one of the quantities 
determining the velocity of propagation, will largely depend on the 
relative lengths of their own period of vibration and the period of 
the light falling on them. The theory of the propagation of light 
in a system of molecules which has been here set forth, is based on 
the same principles as those older explanations of dispersion, the 
only difference being that we have constantly expressed ourselves in 
the terms of the electromagnetic theory, and that the small particles 
imagined by Sellmeyer have now become our electrons. 

If we conceive a single particle to be detached from the body, 
80 that it is free from all external influence, and if we leave out of 
account the resistance which we have represented by means of the 
coefficient g, the equations of motion (198) simplify to 



w, 
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from whicli it appears that tlie electron can perform free vibrations 
with a frequency n^ determined by 

Introducing this quantity, and using (199), we may write instead of 
(201), if we put a = -J-? 

a - m'(V-»*) - y = ^.(V-«*) - 4 • (211) 

The index of refraction is therefore determined by 

^«_l=_ 1 _. (212) 

The value of ^ derived from this formula is greater than 1, if 
the frequency n is so far below that of the free vibrations n^ that 
the denominator is positive; if this condition is satisfied, we can 
further conclude that pu increases with the frequency. This agrees 
with the dispersion as it is observed in transparent bodies, at least 
if we suppose that in these the frequency n^ corresponds to rays in 
the ultra-violet part of the spectrum. 



As a further application of our results we can take the 
old problem of the connexion between the index of refraction ft of 
a transparent body, and its density q. As is well known, Laplace 
inferred from theoretical considerations, based on the form the 
undulatory theory had in his time, that, when the density of a body 
is changed, the expression 

^^ (213) 

should remain constant. In most cases the observed changes of the 
refractivity do not at all conform to this law, and it has been foimd 
that a better agreement is obtained if Laplace's rule is replaced by 
the empirical formula 

^!^-=^ « const. (214) 

The electromagnetic theory of light leads to a new form of the re- 
lation. Indeed, by a slight modification, (212) becomes 

For a given body and a given value of n, the expression 
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must therefore be proportional to the number of molecules per unit 
volume, and consequently to the density. 

This result had been found by Lorenz^) of Copenhagen some 
time before I deduced it from the electromagnetic theory of light, 
which is certainly a curious case of coincidence. 

124. In a certain sense the formula may be said to be much 
older. Putting in (201) n =« and, as before, a =» y, we find for the 
case of extremely slow vibrations, or of a constant field 

_^ ^ _ f 1 

The corresponding value of the ratio 1 H between D and E is 

£ = 1 J \ 

f ^ 

Ne^ 3 

This, therefore, is the value of the dielectric constant for our system 
of molecules, a result which we could also have ol^tained by a direct 
calculation. 

Now, the last formula shows that, when N is changed^ the value of 

(fi + 2)2V 

remains constant. Hence, the relation between the dielectric constant 
and the density q is expressed by 

7 — j-^rr- =« const., 

a formula corresponding to one that was given long ago by Glau- 
sius and Mossotti. Substituting in it Maxwell's value 

c-^«, (215) 

we find the relation 

ofefe" =° *°°'*- (^^^^ 

In this way, however, the formula is only proved for the case of 
very slow vibrations, to which MaxwelPs law (215) may be applied, 
whereas our former deduction shows that it holds for any value 
of w, i. e. for any particular kind of light we wish to consider. 

12B. Let us now compare our formula with experimental results. 
Of course I can only mention a few of these. I shall first consider 
the changes in the refractivity of a gas produced by pressure, and 

1) L. Loxenz, &ber die Befraktiouskonstante, Ann. Phjs. Chem. 11 (1880), 
p. 70. 

Lorents, Theory of electrons, fn^ Ed. 10 



146 IV. PROPAGATION OF LIGHT IN A SYSTEM OF MOLECULES. 



in the second place the change in the refractiyitj that is brought 
about by the passage of a liquid to the gaseous state. In both 
cases I shall compare the results of our formula with those that can 
be deduced from the empirical formula (214). As to Laplace's law^ 
we need no longer speak of it^ because in all cases it is much less 
satisfactory than either of the two other formulae. 

The refractive index of air up to high densities has recently 
been measured with considerable accuracy by Magri.^) Some of 
his results are contained in the following table^ together with the 

values of 



2 ft — 1 
8 o 



and 



(ft> + 2)p 



Temperature 


Density 


Refractive index 


8 Q 


(^'+1''' 


0» 


1 


1,0002929 


1953 


1953 


14,6 


14,84 


1,004838 • 


1949 


1947 


14,3 


42,13 


1,01241 


1964 


1959 


14,4 


69,24 


1,02044 


1968 


1961 


14,5 


96,16 


1,02842 


1970 


1961 


14,5 


428,04 


1,08638 


1969 


1956 


14,8 


149,58 


1,04421 


1971 


1956 


14,9 


176,27 


1,05218 


1972 


1953 



You see that with the formula (216) the agreement is somewhat 
better than with the empirical relation (214). 

The difiPerence between the two comes out still more markedly, 
if we compare the refractive index of a vapour with the value we 
can deduce from that of the liquid by means of (214) or of (216). 
In the following small table, which relates to sodium light, the index 
of the liquid is given for 15^, and that of the vapour for 0^ and 
760 mm. This means that the observed values of ^ have been reduced 
to the density which the vapour would have at 0^ and under atmo- 
spheric pressure, if it followed the laws of Boyle and Gay-Lussac. 
The reduction can be made either by (214) or by (216), the two 
formulae being equally applicable to the small changes in question. 





TAn 


~:j 


Yaponr 




ijlC[ui.u 


Density 


Index of refraction 




Density 


Index of 
refraction 






Obs. 


Calculated 
by (214) 


Calcnlated 
by (216) 


Water 

Bisulphide of car- 
bon 

Ethyl ether 


0,9991 

1,2709 
0,7200 


1,3387 

1,6320 
1,355JB 


0,000809 

0,00341 
0,00332 


1,000250 

1,00148 
1,00152 


1,000270 

1,00170 
1,00164 


1,000250 

1,00144 
1,00151 



1) L. Magri, Der Brechungsindex der Luffc in seiner BeziehnDg zu ihrer 
Dichte, Phys. Zeitschr. 6 (1905), p. 629. 
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Other meaBurements which can be taken as a test for the two 
formulae are those of the indices of refraction of various bodies at 
different temperatures^ or when submitted to different pressures. As 
a general rule, neither equation (214) nor (216) is found to repre- 
sent these measurements quite correctly^ the disagreement between 
the observed values and the calculated ones being of the same order 
of magnitude in the two cases^ and generally having opposite direc- 
tions. In most cases our formula leads to changes in the refractivity 
that are slightly greater than the observed ones; moreover^ the devia- 
tions increase as one passes on to higher values of n. 

As to the cause of this disagreement^ it must undoubtedly be 
looked for^ partly in the fact that the term a in equation (201) is 
not exactly equal to -J-^ partly also in changes that take place in 
the interior of the particles when a body is heated or compressed. 
These changes can cause a variation in the value of the coefficients 
f and f, 

126. A problem closely connected with the preceding one is 
that of calculating the refractivity of a mixture from the refractivities 
of its constituents. Following the same line of thought that has led 
us to equation (212) ^ but supposing the system to contain two or 
more sets of molecules mixed together^ one finds the following for- 
mula ^)^ in which r^, rj, ... are the values of 



(f*" + 2)^ 



(217) 



for dach of the mixed substances^ taken separately^ and m^y m^, . . . 
the masses of these substances contained in unit of mass of the mixture 

^*~ ^ « m^ri + Wjf, + • • • . (218) 



This equation is found to hold as a rough approximation for various 
liquid mixtures. The same may be said of a similar equation that 

is often used for calculating the value of ^"" • 

127. It is very important that these formulae for mixtures can 
also serve in many cases for the purpose of calculating the refracti- 
vity of chemical compounds from that of the constituting elements. 
Let us consider a compound consisting of the elements €^, Cg; •*-7 
and let us denote hj p^^, p^, ... their atomic weights^ by q^ q^y . . . 
the numbers of the different kinds of atoms in a molecule^ and by 

P - QiPi + &i>2 + • • 

1) Note bS. 

10* 
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the moleoular weight of the compouncL Then^ the amounts of s^y 
£,y . . . in unit of mass will be 



Ml — gi^i *« _ gift 

?»j p 9 *"! p f • • ' 9 



and (218) becomes 

Hence^ if for each element we call the product of the constant (217) 
by its atomic weight p the refraction equivalent, and if we under- 
stand by the refraction equiyalent of the compound the product of 
the yalue of (217) relating to it by the molecular weight P, we are 
led to the simple rule that^ in order to find the refraction equivalent 
of the compound^ we have only to multiply the refraction equivalent 
of each element by the number of its atoms in the molecule, and to 
add the results. A large number of physicists and chemists who 
have determined the refractivities of many compounds, especially of 
organic ones, have found the rule to be approximately correct. 

128. The general meaning of this result will be obvious. When 
we find that some quantity which determines the refractivity of a 
compound is made up of a number of parts, each of which belongs 
to one of the elements, we may conclude that, in the propagation of 
light, each element exerts an influence of its own, which is not disturb- 
ed by the influence of the other elements. In the terms of our theory, 
this amounts to saying that the electric vibrations going on in a beam 
of light, in so far as they take place in the ponderable matter, have 
their seat in the separate atoms, the motions in one atom being more 
or less independent of those in the other atoms of the same molecule. 

We may suppose, for example, that each atom contains one 
movable electron, which, after a displacem^it from its position of 
equilibrium, is pulled back towards it by an elastic force having its 
origin in the atom itself, and determined therefore by the properties 
of the atom. If we take this view, it is easy so to change the 
equations for the propagation of light that they can be applied to 
a system of polyatomic molecules. 

129. Let us distinguish the quantities relating to the separate 
atoms of a molecule by the indices 1, 2, . . ., Jc, Let «i, ^, . • . 
be the charges of the movable electrons contained in the first, the 
second atom etc., m^, rn^y . . . their masses, ^^, rj^y g,, l^, %y ^, . . . 
the components of their displacements from their positions of equili- 
brium, fi, fi, ' - ' the coefficients determining the intensities of the 
elastic forces. Then, if the resistances are left out of account, and 
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if there is no external magnetic field^ we shall have for each molecule, 
not one set of equations of motion of the form 

mg|-e(E. + oP.)-/-g, 

etc., 

(which is got from (198) if we put g ^Oj § — 0), but k sets of 
this form: 



m 



I'd?""" 



^i(E« + aP.)-Ali, etc. 



(220) 



etc. 

The total electric polarization P of the body will now be the sum 
of the electric moments due to the separate atoms; its components are 

p.- -^^C^ili + ««!. + •••), 

P,- -2^(61%+ e,i?,+ --.), (221) 

For a determinate value of the frequency n we can deduce 
from (220), (221) and (192) the relation between E and D. Combi- 
ning it with the equations (193) and (194), one finds the following 
formula, corresponding to (212), but more general than it, for the 
index of refraction jit^), 



^«+2 SCA — WH**") "*" »(/f — ««i»*) "^ 



(222) 



It is thus seen that, according to our new assumptions, the value of 

«« 1 . . 

, . - remains proportional to N, and therefore to the density of the 

body. Moreover, if we denote by ft^, f^, . . . the refractive indices 
for the cases that unit volume of our system contains ofdy N atoms 
of the group 1, or N atoms of the group 2, etc., we have 

fit* — 1 _ Ne^* f*,« — 1 Ne^* 

Consequently, (222) may be written 

which is but another form of the relation (219). 

130. I need hardly observe that the assumptions we have made 
are at best rough approximations to the true state of things. We 



1) Note 59. 
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liaye supposed the elastic force by which the movable electron of an 
atom is pulled towards its position of equilibrium^ to arise from 
actions which are confined to the atom itself. Now^ there is at aU 
events an interaction of an electric nature between neighboring 
atomS; precisely on account of the displacements of their electrons; 
there may also be other interactions about whose nature we are as 
yet entirely in the dark. On these grounds we must expect greater 
or smaUer deviations from the kw of the refraction equivalent, 
deviations from which one may one day be able to draw some con- 
clusions concerning the structure of a molecule. 

One important result in this direction was already obtained by 
Brtihl.^) He found that a double chemical binding between two atoms 
has a striking influence on the refractivity, which can be taken into 
account, if, in the formula (218), we add a term of proper magnitude 
for each double bond. 

Like many other facts, this shows that our theory of the 
propagation of light in ponderable bodies is to be considered as 
rather tentative. I must repeat however that, undoubtedly, the actions 
going on in the separate atoms must be, to a large extent, mutually 
independent. If they were not, and if, on the contrary, the elastic 
force acting oh an electron ought to be attributed, not to the atom 
to which it belongs, but to the molecule as a whole, the refractive 
index of a compound body would be principally determined by the 
connexions between the atoms, and not, at it is, by their individual 
properties. 

131. At the point which we have now reached, it is interesting, 
once more to return to the theory of the dispersion of light, and to 
ask what the general formula (222) can teach us about it. To begin 

with, it may be observed that, if $ is the value of , , , we oball 
have 

from which it is readily seen that, when s continually changes from — ^ 
to 1, fi^ increases from to oo. If ^ remains confined to this inter- 
val, as I shall for the moment suppose it to do, (i changes in the 
same direction as s, having the value 1 for $ »= 0. 

The latter case occurs for ^=0, i. e. when there are no ponderable 
particles at all, so that the propagation takes place in the ether alone. 
This state of things is altered by the presence of the electrons, to 



1) See, for instance, J. W. Brnhl, The development of spectro-chemistiy, 
Proc. Royal Institution, 18, 1 (1906), p. 122. 
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which the different terms on the right-hand side of (222) relate. 
NoW; each of these electrons has a definite period of its own, in 
which it can perform its free vibrations. If the frequencies of these 
are n^, n^, etc., we shall have 



n. 



and 



,t«-i 






n« 



A 

mm 



+ 



Ne^* 



fi" + 2 Smiin^^-^n*) ' 3m,(n,*— n*) 



+ 



(223) 








The influence of an atom is thus seen to depend on whether the fre- 
quency of the rays for which we wish to determine ft, lies below or 
above the frequency of the free vibrations. Each group of electrons 

tends to raise the value of ■ , , a ; &nd consequently that of (ly for all 

frequencies below its own^ and to lower the refractive index for all 
higher frequencies. 

As a function of n, each term of (223) can be graphically 
represented by a curve of the form shown in Pig. 5, in which OP 
corresponds to n^, 94, . . ., as the case may 
be, and we shall obtain the curve for 

^ by taking the algebraic sum of the 

ordinates in the individual curves L^y L2, etc. 

The form of the resultant line will 
be determined by the values of n^, n,; etc. 
or, as one may say, by the position in 
the spectrum of the lines that would be 
produced by the free vibrations of the 
electrons, and which we may provisionally 
call the spectral lines of the body. If, as 
we go from left to right, we pass one of 
these lines, the ordinate of the correspon- 
ding curve suddenly jumps from -}- 00 

to — 00 . Of course all these discontinuities are repeated in the re- 
sultant dispersion curve, and near each of the values n^, n^, . . . of the 
frequency there will be a portion of the curve, in which s first 
changes from +1 to + 00, and then from — 00 to — ^. It may 
be assumed that these portions, which I shall call the discontinuous 
parts of the curve, have a breadth that is very small in comparison 
with the remaining parts, of which I shall speak as the continuous ones. 

Since all the curves L^, £,, etc. rise from left to right, it is 
clear that each continuous portion of the resultant curve must pre- 
sent the same feature. This agrees with the dispersion as it exists 
in all transparent substances. 




Fig. 5. 
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The question as to whether^ for a definite yalue of the frequency, 
the index of refraction is greater or less than 1, depends on circum- 
stances. If all the spectral lines of the body lie in the ultra-yiolet, 
the refractiye index will be larger than 1 throughout the infra-red 
and the visible spectrum. It may remain so in the yisible part, even 
if there are one or more infru-red lines, provided only there be also 
lines in the ultra-violet, whose influence in raising the refractive index 
predominates over the opposite influence of the lines in the infra-red. 
At all events, the dispersion of light observed in all transparent 
bodies requires for its explanation the existence of one or more lines 
in the ultra violet. 

132. We could now enter upon a comparison of our dispersion 
formula with the measurements of the indices of refraction, but I 
shall omit this, because we must not attach too much importance to 
the particular form which we have found for the equation. By 
slightly altering the assumptions on which it is based, it would be 
possible to find an equation of a somewhat different form, though 
agreeing with (223) in its main features. There is, however, one 
consequence resulting from the preceding theory, to which I should like 
to draw your attention. If the frequency n is made to increase in- 
definitely, all the terms on the right-hand side of (223) approach the 
limit 0; hence, for very high frequencies, we shall ultimately have 
s » 0, and /i » 1, the reason being simply, that the electrons cannot 
follow electric forces alternating with a frequency far above that of their 
free vibrations. The remark is important, because it explains the fact 
that the Rontgen rays do not suffer any refraction when they enter 
a ponderable body. These rays, though not constituted by regular 
vibrations, are in all probability produced by a very rapid succession 
of electromagnetic disturbances of extremely short duration.*) 

138. Thus far we have only spoken of the continuous parts of 
the dispersion curve. In each of its discontinuous portions, as we 
have defined them, the right-hand side of (223) has values ranging 
from +1 to + oo, and from — oo to — ■}■. These values lead to 
negative values of fi*, and to imaginary values of jii itself, indicating 
thereby that waves of the corresponding frequencies cannot be pro- 
pagated by the body in the same way as those whose wave-length 
corresponds to a point in one of the continuous parts of the curve. 

We need not however any further discuss the meaning of our 
formulae in this case, because, for frequencies very near w^, nj, . . . 
the resistance to the vibrations, and the absorption due to it may no 
longer be neglected. We must therefore now take up the subject 

1) See Note 21*. 
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of ihe absorption of light. Not to complicate matters too much^ I 
sliall do so on the assumption, which we originally started £rom, that 
each particle contains a single movable electron. 

If, in the equations (204) , the resistance coefficient fi has a 
certain yalue, and if there is no external magnetic field^ we may write 

E - (« + i/J)P. 
This gives 

D = E + P»(H-;^)E. 

On the other hand, the equations deduced in § 121 from (193) and 
(194) remain unchanged, so that we find, instead of (210), 

<'V-l + ^. (224) 

The constant q in the expression (209) now becomes a complex 
quantity. It is convenient to put it in ihe form 

j = i--4, (225) 

V and k being real. Then, (209) becomes 

and if, in order to find the expressions for the vibrations, we take 
the real parts of the complex quantities by which the dependent 
variables E^ etc. have first been represented, we are led to expres- 
sions of the form 

€-*' cos w (^ — ^ + i?), (226) 

where ^ is a constant. The meaning of the first factor is, that the 
amplitude of the vibrations is continually decreasing as we proceed 
in the direction of propagation. The light is absorbed to a degree 
depending on the coefficient k, which I shall call the index of ab- 
sorption. On the other hand, the second factor in (226) shows that 

V is the velocity with which the phase of the vibrations is propagated; 

the ratio — , for which I shall write fi, is therefore properly called 

the refractive index. 

Substituting (225) in (224), and separating the real and the 
imaginary parts, one finds the following equations for the deter- 
mination of V (or fi) and k^) 



^l-'-y 1+^+5^ + 1, (227) 



1) Note 60. 
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134. The discnssion of these formulae, which in general would 
be rather complicated, can be considerably simplified by the assump- 
tion that p is much larger than 1. 

This is true in the majority of cases, because in nearly all bodies 
the absorption in a layer whose thickness is equal to one wave-length 

in air, i. e. to , is very feeble, even for those frequencies for 

which the absorption is strongest. According to (226) the amplitude 
diminishes in the ratio of 1 to 

inch 



B n f 



while the beam travels over a distance . Therefore, for the 

bodies in question, 

ck 

n 

must be a very small number. Now, if we consider the particular 
frequency for which a«0, (228) becomes 

If this is to be very smaU, fi must be a large number. 

Availing ourselves of this circumstance, we find the following 
approximate equations^) 

For a given value of /3 the fraction 

«• + /?• 
has its greatest value -g- for a=«0. For a=«±^ it has sunk to half 

this maximum value, and for a « + i/fl to . • , ^.a . If we under- 

stand by ^ a moderate number (say 3 or 6) the absorption can be 
said to be very feeble, in comparison with its maximum intensity, 
for values of a beyond the interval extending from — v/J to + vfi. 

13B. These different cases succeed each other as we pass 
through the spectrum, and even, notwithstanding the high value we 
have ascribed to /J, the transition from — v/J to + vfi can take 
place in a very narrow part of it. If we suppose this to be the 

1) Note 61. 
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case, the factor — in (230), and the factor n in (202) may be con- 
sidered as constants. Moreover , in virtue of (201), if n^' is the 
frequency for which a = 0, we may write for any other value of a 
in the interval in question 

« = ~2w'<(w — WoO- (231) 

I have written n^^ for the frequency corresponding to a «- 0, because 
its value 

differs from the frequency 

of the spectral line of a detached molecule of which we have formerly 
spoken. It is only when we may neglect the coefficient a, that the 
two may be considered as identical. 

The phenomena which the system of molecules produces in the 
spectrum of a beam of white light which is sent across it, are as 
follows. There is an absorption band in which the place of greatest 
darkness corresponds to 

n = no'. 

The distribution of light is symmetrical on both sides of this point. 
As the band has no sharp borders, we cannot ascribe to it a definite 
breadth; we can, however, say that it is seen between the places 
where a = — v/J and a — + v/J, v being a number of moderate 
magnitude. Measured by a difference of frequencies, half the width 
can therefore be represented by 

as is seen from (231). 

We may add an interesting remark about the intensity of the 
absorption. The maximum value of the index of absorption is found 
to be 



2c/? 



and the formulae (202), (199) and (207) show therefore that the maxi- 
mum is the larger, the smaller the resistance, or the longer the time r 
diiring which the vibrations of the electrons remain undisturbed. This 
result, strange at first sight, can be understood, if we take into con- 
sideration that the vibrations which are set up in a particle by optical 
resonance, so to say, with the incident light, will be sooner or later 
converted into an irregular heat motion. It may very well be, that 
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the total quantity of heat developed per unit of time is larger when 
vibratory energy is stored up during a long time, and then suddenly 
converted, than in a case in which the disturbances take place at 
shorter intervals. 

In another sense, however, the absorption may be said to be 
intensified by an increase of the resistance g, or by a shortening of 
the time r. Not only will a change of this kind enlarge the breadth 
of the absorption line; it will also heighten the total absorption, 
i. e. the amount of energy, all wave-lengths taken together, that is 
taken up from an incident beam.^) 

As a general rule, observation really shows that narrow absorp- 
tion bands are more intense in the middle than broad ones. 

136. In Pig. 6 the curve FGH represents the index of ab- 
sorption as a function of the frequency. The other curve ABODE 
relates to the index of refraction; it corresponds to the formula (229). 

The index ^, which is 1 at large distances 
on either side of the point P, rises to a 
maximum QBj and then sinks to a mini- 
mum RD. The place of the maximum 
is determined by a = /J, or 




n 



P 



^0 ""2w'n/' 



that of the minimum by a = - /}, or 



n 



Wo' + 



2i»'V 



qPR 

Pig. 6. 



the corresponding values of ^ being 
1+^ and 1-^. 



The maximum and the minimum are found at points of the spectrum 
where the index of absorption has half its maximum value. 

In the line ABODE one will have recognized already the well 
known curve for the so-called anomalous dispersion. I must add that, 
if we had supposed; as we did in § 128, the particles of the system 
to be composed of a certain number of atoms, each containing a 
movable electron, and if we had assumed a resistance for every 
electron, we should finally have found a dispersion curve in which 
a part of the form ABODE repeats itself in the neighborhood 
of each free vibration. These parts would take the place of the 
discontinuous portions that would exist in the curve for the func- 
tion (223). 



1) Note 62. 
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137. The effect of an external magnetic field on the propagation 
of light in the direction of the lines of force can be examined by 
calculations much resembling the preceding ones. We have again to 
use the equations (192), (193) and (194), but we must now combine 
them with the formulae (204). Since, in these latter, the force § 
has been supposed to have the direction of OZ, b beam of light 
travelling along the lines of force can be represented by expressions 
containing the factor (209). We are again led to the equation 

to which we must now add the corresponding formula 

which there was no occasion to consider in the preceding case. Using 
(192), we find 

P,= (cV"-l)E., P,«(cV-l)E„ 

and the first and the second of the equations (204) become 






(232) 



showing that 

P, = ± »P.. (233) 

Thus, there are two solutions, corresponding to the double sign. In 
order to find out what they mean, we must remember that, if two 
variable quantities are given by the real parts of 

aa'C^'+P) and arc*(-'+^+*^'), (234) 

i. e. if they are represented by 

a cos (nt + p) and ar cos (nt + p + 2x8), 

the number r determines the ratio between the maximum values or 
amplitudes, whereas s is the phase-difference expressed in periods. 
Since r«*^**, the ratio between the expressions (234), becomes ± ^, 
when we take 

equation (233) shows that P^ and P^ have equal amplitudes and that, 
between their variations, there is a phase-difference of a quarter period. 
The same may be said of the displacements | and ri of one of the 
movable electrons, these quantities being proportional to P^ and Py. 
We can conclude from this that each electron moves with constant 
velocity in a circle, whose plane is perpendicular to OZ, the motion 
having one direction in the solution corresponding to the upper sign, 
and the opposite direction in the other solution. 
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Similarly^ the yector P has a uniform rotation in a plane at 
right angles to OZ^ and the same is true of the yectors E and D. 
Each of our solutions therefore represents a beam of circularly pola- 
rized light, and it is easily seen that^ when the real part of q has the 
positive sign (so that the propagation takes place in the direction of 
the positive e) the upper signs in our formulae relate to light whose 
circular polarization is right-handed^ and the under signs to a left- 
handed polarization. 

Now, if we substitute the value (233) in either of the formulae 
(232), we obtain the following condition for the coefficient qi 

<^2'=-l+;^?^, (235) 

from which, if we introduce the value (225), the index of absorption 
and the velocity v, or the index of refraction ft can be calculated. 

138. It is not necessary to write down the expressions for these 
quantities. Comparing (235) with our former equation (224), we 
immediately see that the only difference between the two is, that a 
has been replaced by a ± y. Now, in a narrow part of the spectrum, 
y may be considered as a constant. Therefore, if we use right-handed 
circularly polarized light, the values of U and ft which correspond to a 
definite value of a must be the same as those which we had for the 
value a -^^ y m the absence of a magnetic field. On account of the 
relation (231), we can express the same thing by saying that, 
in the neighborhood of the frequency n^', the values of ft and k 
for a frequency n are, under the influence of the magnetic force $, 
what they would be without this influence for the frequency 



n — 



2m' tig 



/ • 



The absorption curve for a right-hand ray is therefore obtained by 
shifting the curve FOM of Fig. 6 over a distance 

^--M (236) 

the displacement being in the direction of the increasing frequencies, 
when this expression is positive, and in the opposite direction, when 
it is negative. For the lefb-hand ray we find an equal displacement 
in the opposite direction. 

It is clear that the inverse Zeemau effect is hereby explained. 
If a beam of unpolarized light, which we can decompose into a right 
and a left-handed beam, is sent through the flame, we shall get in its 
spectrum both the absorptions of which we have spoken. If the 
distance (236) is large enough in comparison with the breadth of the 
region of absorption, we shall see a division of the dark band into 
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two components. It is especially interesting that the displacement 
(236), for which by (203) and (199) we may write 

eNe • Ne* ^ 2me ' 

exactly agrees with the value we found in the elementary theory of 
the direct Zeeman effect. Our result also accords with our former 
one as to the direction of the effect. When we examined the emission 
in the direction of the magnetic lines of force, we found that the 
light of the component of highest frequency is left-handed, if e is 
negatiye. Our present inyestigation shows that for light of this kind, 
if e is again supposed to be negutive, the absorption band is shifted 
towards the side of the greater frequencies. 

188. The propagation of light in a direction perpendicular to 
the lines of force can be treated in a similar way. If the axis of x 
is laid in the direction of propagation, the axis of being, as before, 
in the direction of the field, and if we assume that the expressions 
for the components of E, D, P and H contain the factor 



— kx + in 



H) 



h will again be the index of absorption, and v the Telocity of pro- 
pagation. 

Now, it is immediately seen that these quantities are not in the 
least affected by the magnetic field, if the electric vibrations of the 
beam are parallel to the lines of force, for in this case we have only 
to combine the last of the equations (204) with the relations 

D.-E, + P., 

dx e dt ^ dx ^ e dt ' 

which are included in (192) — (194). Since none of these formulae 
contains the external force $, we may at once conclude that the 
magnetic field has no influence on. the electric vibrations along the 
lines of force. 

As to vibrations at right angles to these lines, I must point out 
a curious circumstance. The variable vectors being periodic functions 
of the time, and depending only on the one coordinate x, the con- 
dition 

div b - 0, 
which follows from (193), requires that 

D. - 0. (237) 
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We can express this by saying that the electric Tibrations have 
no longitudinal component , meaning by ^electric yibrations^' the 
periodic changes of the vector D. But our result by no means ex- 
cludes values of E^ and P, different from 0^ so that; if the denomi- 
nation of electric vibrations is applied to the fluctuations of the 
electric force E, or of the polarization P^ the vibrations cannot be 
said to be transversal. 

The formula (237) is very important for the solution of our 
problem. Writing it in the form 

E, + P.-0, 
we can deduce from (204), combined with (192), 

P."r+^n^ (238) 

"f ^ '(! + « + »•/?)(« + »^)-y« S- 

The condition 

which follows from (193) and (194), will therefore be fulfilled if 

(.1 - j 1)' ^ ^ . _J ^ +J+;f^_:-/ . • (239) 

This is the equation by which the velocity of propagation and the 
index of absorption can be calculated. At the same time, the ratio 
between P^^ and P^ may be taken from (238). If for this ratio we 
find the complex value rs^"^' (§ 137), so that 

the amplitudes of P^ and P^ are as r to 1, and there is a phase- 
difference measured by s between the periodic changes of the two 
components. The quantities r and s also determine the ratio of the 
amplitudes and the difference of phase for the vibrations along OX 
and T into which the motion of one of the movable electrons can 
be decomposed. Generally speaking, in the case now under considera- 
tion, the path described by each electron is an ellipse in a plane 
perpendicular to the lines of force. Since r and 5 vary with the 
frequency, the form and orientation of the ellipse will depend on the 
kind of light by which the flame is traversed. 

140. In order to find the position of the absorption lines in 
the spectrum, we should have to determine k by means of the equa- 
tion (239), and to seek the values of the frequency which make k 
a maximum. If the denominator of the last fraction in (239) is 
divested of imaginaries, the equation takes the form 
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and we get 

^-^■''^-'- ■ (240) 

The general discussion of this result leads to formulae of such com- 
plexity that they can hardly be handled. Fortunately^ in . the cases 
we shall haye to consider^ the frequencies for which k is a maximum, 
may be found with sufficient accuracy by making the denominator Q 
a minimum. Moreover, in doing so, we may again consider a as the 
only variable quantity, the quantities /} and y not varying perceptibly 
in the narrow part of the spectrum with which we ^e concerned. 
Now, the denominator may be written in the form*) 

Q = {«(! + «) + P'-r*}' + |S»(1 + 4A 

from which it immediately appears that the values in question are 
given by 

«(! + «) = y»-^l 
I shall suppose that 

y*-|S* + i>o, 

SO that the equation has two real roots 



a = -i±yy*-|S* + i- (241) 

Corresponding to these, one finds 

^=»4/JV, JB = i^(l+V + V4y»-4^Hi), (2 = /J«(l + 4y«), 

r £«^'' « ^- ^ *'y (242) 

141. These results take a very simple form, when, as is generally 
the case (§ 134), /3 is great in comparison with 1, and the mag- 
netic field is so strong that, for light travelling along the lines of 
force, the components of the original absorption line are separated 
to a distance greatly surpassing their breadth. This requires (§ 138) 
that y be still many times greater than /3. Instead of (241) we may 
therefore write approximately 

a - ± y, (243) 

which shows that there are two absorption lines, exactly at the points 
of the spectrum where we had lines when the light had the direction 
of the lines of force, i. e. in the positions which the elementary 
theory of the direct Ze em an -effect might lead us to expect. 

1) Note 68. 

L o r e n t E , Theory of electrons. 2"d Ed. 1 1 
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In calculating the index of absorption we may now replace B 
by 2/Jy> and Q by 4/Py*. Since 



YA^ + B'-A 



B' 



we find for both lines 

exactly one half of the index of absorption corresponding to a = 
in the absence of a magnetic field. 

Finally^ the expression (242) has the value ± i, so that we may 
conclude as follows. 

If the absorbing body is traversed^ in the direction of OX, by 
a beam of light whose electric vibrations were originally parallel 
to F, the vibrations are absorbed to an amount determined by (244), 
when the frequency has either of the values given by (243). The elec- 
trons in the molecules will describe circles in planes parallel to OX 
and OYj the direction of their motion corresponding to that of the 
magnetic force when a = + y, and not corresponding to it when 
a = — y. 

It should be noticed that, in the case treated in § 138, in 
accordance with our present result, we found the maximal absorption 
at the point a « + y^ if the circular motion had the former, and 
at the place (t=^ — y, if it had the latter of the directions just named. 

142. Yoigt hfts drawn from his equations another very re- 
markable conclusion. In general, for a beam of light travelling at 
right angles to the lines of force, and consisting of electric vibrations 
perpendicular to these lines, the two absorption bands which we get 
instead of the single original one, are neither equally distant from 
the position of the latter, nor equally strong, as the components of 
the doublet observed in the direction of the field invariably are. 
This follows immediately from the circumstance that the functions 
Ay B and Q contain not only even, but also odd powers of a, so 
that the phenomena are not symmeb*ical on both sides of the point 
in the spectrum where a = 0. 

In some experiments undertaken by Zeeman for the piirpose 
of testing these predictions, a very slight want of symmetry was in- 
deed detected. If this is really the dissymmetry to which Voigt 
was led by his calculations, the phenomenon is highly interesting, as 
we can deduce from it that the gaseous body in which it occurs 
exerts what we may caU a metaRic absorption in the middle of the 
band. Indeed, the peculiarity to .which Voigt called attention, can 
make itself felt only in case the coefficient /J is not much greater than 



ROTATION OF THE PLANE OF POLARIZATION. 163 

unity^ and this leads to an absorption which ;8 very sensible even for 
a thickness equal to a wave-length (§ 134).*) 

143. I must now call your attention to the intimate connexion 
between the Zeeman-effect and the rotation of the plane of polari- 
zation that was discovered by Faraday. Reverting to the case of 
a propagation along the lines of force^ we can start from our former 
result (§§ 137^ 138), that the simplest solutions of our system of 
equations are those which represent either a right-handed or a lefk- 
handed circularly polarized beam, and that the formulae for these 
two cases are obtained, if, in the equations holding in the absence 
of a magnetic field, we replace a either by a -f- y or by a — y. This 
is true, not only for the formulae giving the coefficient of absorption, 
but also for those which determine the velocity of propagation. 
Hence, if this velocity is denoted by t^^ for a left-handed, and by 
Vj for a right-handed ray, we shall have (cf. equation (229)), 

11^ a— 7 



1 _£_^ « + y 



V, c • 2c[(« + y)« + p»] 

For a definite frequency n, these values are unequal. So are also 
the corresponding values of the coefficient of absorption, so that, 
under the influence of a magnetic field, the system has a different 
degree of transparency for the two kinds of circularly polarized light. 
For the sake of simplicity, however, we shall now leave out of con- 
sideration this latter difference, and speak only of the phenomena 
that are caused by the difference in the velocities of propagation. 
You know that in every case in which these are unequal for the two 
kinds of circularly polarized light, a beam with a rectilinear polari- 
zation will have its plane of polarization turned as it travels onward. 
The angle of rotation per unit of length is given by 

or in our case by 

^-4^L(«-fy)«+/J« (a-y)' + /J'J' ^ ^ 

The sense of the rotation depends on the algebraical sign of 
this expression. When § is positive, i. e. when the magnetic force 
has the direction of the beam of light, a positive value of (d means a 
rotation whose direction corresponds to that of the magnetic force. 
The general features of the phenomenon, as it depends on the 
frequency, come out most clearly if we avail ourselves of a graphical 
representation. In Fig. 6 we drew a curve giving the index of re- 

1) See Note 64. 

11* 
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fraction as a function of the frequency, and showing how it changes 
as we go through the spectrum from left to right. This curre, which 
relates to the body not subjected to a magnetic force, may also be 

taken to represent the values of — • Now, if there is a magnetic 

field, the curres for — and — are obtained by simply shifting that 

of Fig* 6 towards the left or towards the right oyer an interral 

equal to ^-^ (cf. § 138). In this way we get the two curves 

A^B^D^E^ and A^B^D^E^ of Fig. 7, and these immediately give us 

an idea of the angle of rotation o, 
because, as (245) tells us^ this angle 
is proportional to the algebraic diffe- 
rence between corresponding ordinates. 
It can therefore be represented by 
the line RB. 

Two interesting results become 
apparent by this construction. The 
first is, that in the narrow part of 
the spectrum close to the original 
absorption line, the rotation of the 
plane of polarization twice changes 
its sign; the second, that, on account 

of the high values of fi or — which 

are found at some places, the angle 
of rotation can also attain a rather 
great value, 
ilacaluso and Oorbino^), who were the first to examine this 
phenomenon in the case of a sodium flame, observed rotations as 
great as 270^. The results of their experiments could immediately 
be explained by the theory which Yoigt had already developed. 
Some years later, Zeeman^) and Hallo') made a very careful ex- 
perimental study of the phenomenon, and again found a satisfactory 
agreement with Voigt's theory. 

144. The Faraday-effect had been known for a long time, and 
the only thing in the above results apt to cause astonishment, was, 
that a rotation much greater than had ever been observed in trans- 
parent bodies, should be produced in a sodium flame. An other 
magneto-optic effect that was predicted by Yoigt, is an entirely new 




1) D. MacaluBO and 0. M. Corbino, Gompies rendus 127 (189S), p. 548. 

2) P. Zeeman, Amsterdam Proc. 5 (1902), p. 41; Arch, n^erl. (2) 7 (1902), p. 465. 
8) J. J. Hallo, Arch, n^erl. (2) 10 (1905), p. 148. 
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one. It consists in a double refraction that is observed when a body such 
as we have considered in this chapter^ is traversed by a beam of 
light at right angles to the lines of force. For such a beam we 
have to distinguish between the electric vibrations perpendicular and 
parallel to the lines of force. For the former, the velocity of propa- 
gation is given by the equation (239), for the latter by (224) and 
(225), or as we may also say, by (239), if in this latter formula we 
put y = 0. The difference between the two values is what was 
meant when I spoke just now of a double refraction. It can be 
calculated by our formulae as soon as a, /3, y are known, but I shall 
not lose time in these calculations. I shall only observe that the 
effect remains the same when the field is reversed; this foUows at 
once from (239), because this equation contains only the square of y, 
and therefore the square of ^. 

Voigt and Wiechert have experimentally verified these predic- 
tions, and Geest^) has carefully measured the magnetic double refrac- 
tion in a sodium flame. 

145. Availing ourselves of the theory that has been set forth 
in this chapter, we can draw from experimental data certain interesting 
conclusions concerning the absorbing (or radiating) particles. Some 
measurements enable us to calculate the relative values of the three 
quantities a, /J, y, whereas others can serve for the determination of 
their absolute values. 

Thus, if we have measured the distance between the middle com- 
ponent of Zeeman's triplet and the outer ones, we know that for 
the frequency n belonging to one of these latter, a and y have equal 
values. Replacing y by its value 1(203), and a by (231), in which 
we shall now neglect the difference between n^ and w^ (§ 135), so that 

m «o(Wo - n) = ^^^ , (247) 

the equality leads us back to our old equation 

" 2iwc ' 

by means of which we can determine the ratio — • 

The ratio between a and j3 could be found if quantitative deter- 
minations of the absorption, in the ordinary case in which there is 
no magnetic field, were at our disposal. If, for example, we knew 
that at a certain point in an absorption band the index of absorption 
A: is X times smaller than at the middle of the band, the ratio v 
between a and j8 could be found (§ 134) by means of the formula 

X = 1 + i;». (248) 

1) J. GeeBt, Arch, n^erl. (2) 10 (1906), p. 291. 
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The distribution of intensity Has been determined by bolometric or 
similar measurements for the broad bands that are produced by such 
gases as carbonic acid, but we cannot tell what it is in the narrow 
bands observed in the case of a sodium flame for instance. All we 
can then do, is to form an estimate of the ratio v between a and /3 
for the border of the band. If we assume^ for example^ that here x 
is equal to 10 or 20, we can calculate v from the relation (248)^ 
and, substituting this yalue in the equation 

for which, on account of (247), (202) and (199), we may write 

2w(no — n)«t/5f, 

we find 

2m(no — n) 



This formula takes an interesting form if we use the relation (207). 
It then becomes 

t — 



«o — *» ' 



showing that the time during which the vibrations in a particle go 
on undisturbed may be deduced from the breadth of the band. 

In Hallo's experiments the breadth of the D-lines was about 
one Angstrom unit, from which I infer that the value of t lies 
between 12 • 10~" and 24 • 10"^* sec. The first number is got by 
putting v =- 3 (x « 10), the second by taking v =- 6 (x =» 37). As 
the interval between two successive encounters of a molecule is pro- 
bably ot the order 10""*** sec, we see that t comes out somewhat 
smaller than this interval, as was already mentioned in § 120. 

After having found the ratios between a, /3, 7^, we can try to 
evaluate the absolute values of these coefficients. For this purpose, 
we could use the absolute value of the coefficient of absorption, if 
it were but known. We can also avail ourselves, as Hallo and 
Geest have pointed out, of the rotation of the plane of polarization, 
or of the magnetic double refraction. If the ratios between ocy fi, y 
are given, the three quantities may be deduced from the formula (246), 
or from the difiference between the value of v given by (239), and 
the corresponding value for § =« 0. 

Now, when a is known for a certain point in the spectrum in the 
neighbourhood of the point n^, i. e. when we know the value of (247), 



e 



and if further we introduce the values of — and e, we can draw a 



m 



conclusion as to the number of absorbing (or radiating) particles per 
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unit of Yolume. In this way one finds for the sodiam flame used 
by Hallo 

corresponding to a density of the sodium vapour of about 10"®. In 
all probability this yalne is yery much smaller than the density of 
the vapour actually present in the flame, a difference that must per- 
haps be explained by supposing that only those particles which are 
in a peculiar state, a small portion of the whole number, play a 
part' in the phenomenon of absorption. 

I need scarcely add that all these conclusions must be regarded 
with some diffidence. To say the truth, the theory of the absorption 
and emission of light by ponderable bodies is yet in its infancy. If 
we should feel inclined to think better of it, and to be satisfied with 
the results already obtained, our illusion will soon be dispelled, when we 
think a moment of Wood's investigations about the optical properties 
of sodium vapour, which show that a molecule of this substance must 
have a wonderful complexity, or of the shifting of the spectral 
lines by pressure that was discovered by Humphreys and Mohler, 
and which the theory in its present state is hardly able to account for.^) 

1) Note 64. 



CHAPTER V. 

OPTICAL PHENOMENA IN MOVING BODIES. 



146. The electromagnetdc and optieal phenomena in systems 
having a motion of translation , as all terrestrial bodies have by 
the annual motion of the earth , are of much interest, not only in 
themselves^ but also because they furnish us with means of testing 
the different theories of electricity that have been proposed. The 
theory of electrons has even been developed partly with a view to 
these phenomena. For these reasons I shall devote the last part of 
my lectures to some questions relating to the propagation of light 
in moving bodies and, in the first place, to the astronomical aberra- 
tion of light. 

Before I go into some details concerning the attempts that have 
been made to explain this influence of the earth's motion on the 
apparent position of the stars, it wiR be well to set forth a general 
mode of reasoning that can be used in problems concerning the 
propagation of waves and rays of light. It consists in the application 
of Huygens's well known principle. 

We shaU consider a transparent medium of any kind we like, 
moving in one way or another, and we shall refer this motion and 
the propagation of light in the medium to three rectangular axes of 
coordinates, which we may conceive as likewise moving. We shall 

suppose our diagrams, which are to re- 
present the successive positions of waves 
of light, to be rigidly fixed to the axes, 
so that these have an invariable position 
in the diagrams. 

Let 6 (Fig. 8) be a wave -front in 
the position it occupies at the time t^ 
and let us seek to determine the po- 
sition <y' which it wiU have reached 
after an infinitely short time dt For 
this purpose we must regard each point P of <y as a centre of 
vibration, and construct around it the elementary wave that is formed 




Pig. 8. 
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in tbe time dt, i. e. the infinitely small surface that is reached at 
the instant t + dt hj a disturbance starting from P at the time i. 
The enyelop of all these elementary waves will be the new position 
of the wave-front^ and by continually repeating this construction we 
can follow the wave in its propagation step by step. 

At the same time^ the course of the rays of light becomes 
known. The line drawn from the centre of vibration P of an 
elementary wave to the point P' where it is touched by the envelop 6'y 
is an element of a ray^ and every new step in the construction will 
give us a new element of it. 

The physical meaning of the lines so determined need scarcely 
be recalled here. The rays serve to indicate the manner in which 
beams of light can be laterally limited. If, for example , the light 
is made to pass through an opening in an opaque screen, the 
disturbance of the equilibrium behind the screen is confined to the 
part of space that can be reached by rays of light drawn through 
the points of the opening. It must be kept in mind, however, that 
this is true only if we neglect the effects of diffraction, as we may 
do when the dimensions of the opening are very large in comparison 
with the wave-length. 

If we want to lay stress on the fact that, in the above con- 
struction, we had in view the relative motion of light with respect 
to the axes of coordinates or with respect to some system to which 
these are fixed, we can speak of the relative rays of light. 

As to the elementary waves, on whose dimensions and form all 
is made to depend, these are determined in every case by the optical 
properties and the state of motion of the medium. 

147. We are now prepared for examining the two theories of 
the aberration of light that have been proposed by Fresnel and 
Stokes. In doing so we shall confine ourselves to the annual aber- 
ration, so that the rotation of our planet around its axis will be left 
out of consideration. In order further to simplify the problem, we 
shall replace the motion of the earth in its annual course by a uni- 
form translation along a straight line. 

The theory of Stokes^) rests on the assumption that the ether 
surrounding the earth is set in motion by the translation of this body, 
and that, at every point of the surface of the globe, there is perfect 
equality of the velocities of the earth and the ether. According 
to this latter hypothesis, the instruments of an observatory are at 
rest relatively to the surrounding ether. It is clear that under these 



1) G. a. Stokes, On the aberration of light, Phil Mag. (3) 27 (1845), p. 9; 
Mathematioal and physical papers 1, p. 134. 
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circumstances the direction in which a heavenly body is observed^ 
must depend on the direction of the wayes^ such as it is immediately 
before the light enters our instruments. Now^ on account of the 
supposed motion of the ether^ this direction may differ from the 
direction of the waves at some distance from the earth; this is the 
reason why the apparent position of a star will be different from 
the real one. 

In order to determine the rotation of the waves we shall now 
apply the general method that has been sketched^ using a system of 
coordinates that moves with the earth. We shall denote by g the 
velocity with which the ether moves across our dii^am, a velocity 
that is at the surface of the earthy if there is no sliding^ and equal 
and opposite to the velocity of the earth at a considerable distance. 
The state of inotion being stationary^ this relative velocity of the 
ether is independent of the time. We shall further neglect the in- 
fluence of the air on the propagation of light^ an influence that is 
known to be very feeble. 

If the ether were at rest relatively to the axes^ the light- waves 
would travel with the definite velocity c; every elementary wave 
would be a sphere whose radius is cdty and whose centre lies at the 
point P from which the radiation goes forth. For the moving ether 
this has to be modified. The elementary wave still remains a sphere 
with radius cdt, because in the infinitely small space in which it is 
formed, the ether may be taken to have everywhere the same velo- 
city, but while it expands, the sphere is carried along by the motion 
of the medium, in exactly the same manner in which waves of sound 
are carried along by the wind) or water waves by the current of a 
river. The elementary wave formed around a point P (Fig. 8) will 
therefore have its centre, not at P, but at another point Q, namely 
at the point that is reached at the time t + di by a particle of the 
ether which had the position P at the time t. There will be a ro- 
tation of the wave-front, if the velocity g of the ether changes from 
one point of the wave to the next. 

It will suffice for our purpose to consider so small a part of 
the wave as can be admitted into the instrument of observation. A 
part of this size can be considered as plane and the velocity of the 
ether at its different points can be regarded as a linear function of 
the coordinates. Consequently, the centres of the spheres lie in a 
plane and, since the spheres are equal, the part of the new wave- 
front (/ with which we are concerned is a plane of the same direction, 
so that the rotation of the wave is equal to the rotation of a plane 6 
that is carried along by the motion of the medium. 

Let us lay the axis OX along the normal N to the wave- front 
<T, drawn in the direction of propagation. Then, the direction cosines 
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of the normal N' to the new waye-front are easily found ^) to be 
proportional to the expressions 

dx ' oy ^ oz 

We can express this result by saying that the direction of the normal 
N' is obtained if a vector of unit length in the direction of N is 
compounded with a vector whose components are 

-'■r:^*> -tI^*^ -'-t^'- (249) 

A vector which serves in this way to determine the change of a 
direction, by being compounded with a unit vector in the original 
direction, may be termed a deoiaiing vector. 

There is one assumption which plays a very important part in 
Stokes's theory and of which thus far no mention has been made. 
Stokes supposes the motion of the ether to be irrotational, or, in 
other terms, to have a velocity potential. In virtue of this we have 

dy dx ' dz dx^ 

so that we can represent the components (249) of the deviating 
vector by 

-IS-". -IS"". -IJ"". 



and the vector itself by 



-||rf«. (250) 



148. The velocity W of the earth being only one ten-thousandth 
part of the speed of light, all the terms in our formulae which 

Iwl 
contain the factor - — -, are very small. So are also the terms con- 
taining the factor '-=-', if g is one of the velocities of matter or 

ether, and v one of the velocities of light with which we are 
concerned. We shall call terms of this kind quantities of the first 
order of magnitude, and we shall neglect in the majority of cases 
the terms of the second order, i. e. those which are proportional 

to -f or to =4 • 

If we do so, the calculation of the total rotation which the 
waves of light undergo while advancing towards the earth, and which 
is a quantity of the first order, is much simplified. We have only 

to form the sum of all the deviating vectors such as (260) which 

» 

1) Note 65. 
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belong to the successive elements of time; the resultant vector will 
be the total deviating vector^ i. e. the vector which we must com- 
pound with a unit vector in the direction of the original normal to 
the waveS; in order to get the final direction of the normal. Since 
(Pig. 8) ^p. 

c ' 
(250) becomes 

and here we may replace QP' by the element PP' « ds of the ray, 
because the ratio ^^, differs from 1 by a quantity of the order '— , 

and the factor — —- is also of this order of magnitude. Finally, 

we may replace J^ by «=-, because the angle between ds and the 
axis of Xf which coincides with the wave-normal, is a quantity of 
the order — • The deviating vector corresponding to the element ds 
becomes by this 

C €8 ' 

an expression from which all reference to the axes of coordinates has 
disappeared, and, if the ray travels from a point ^ to a point B,, 
we have for the total deviating vector 

where g^ and g^ are the relative velocities of the ether at the 
points A and B, 

Now, let the point J. be at a great distance from the earth, 
and let B lie in the immediate neighbourhood of its surface. Then, 
if there is no sliding, we have g^ ^ 0, whereas g^ is equal and 
opposite to the velocity W of the earth. The deviating vector becomes 



c ' 



and we can draw the following conclusion: 

In order to find the final direction of the wave-normal (in the 
direction of the propagation) we must draw a vector equal to the 
velocity c of light in the direction of the original normal to the 
waves at J., and compound it with a vector equal and opposite to 
the velocity of the earth. If one takes into account that the* normal 
at A coincides with the real direction of the light coming from a 
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star/ it is clear that our result agrees with the ordinary explanation 
of aberration that is given in text-books of astronomy and that has 
been verified by observations. 

149. Unfortunately^ there is a very serious difficulty about this 
theory of Stokes: two assumptions which we have been obliged to 
make, namely that the motion of the ether is irrotational and that there 
is no sliding over the surface of the earth, can hardly be reconciled. 
It is whoUy impossible to do so, if the ether is regarded as incom- 
pressible. Indeed, a well known hydrodynamical theorem teaches us 
that, when a sphere immersed in a boundless incompressible medium has 
a given translation, the motion of the medium will be completely 
determined if it is required that there shall be a velocity potential, 
and that, at every point of the surface, the velocity of the medium 
and that of the sphere shall have equal components in the direction 
of the normal. In the only state of motion which satisfies these 
two conditions there is a considerable sliding at the surface, the 
maximum value of the relative velocity being even one and a half 
times the velocity of translation of the sphere.^) This shows that an 
irrotational motion of the medium without sliding can never be 
realized if the medium is incompressible, and that we should have 
at once to dismiss Stokes's theory if we could be sure of the in- 
compressibility of the ether. 

The preceding reasoning faUs however, if we admit the possibi- 
lity of changes in the density of the ether, and Planck has observed') 
that the two hypotheses of Stokes's theory no longer contradict 
each other, if one supposes the ether to be condensed around celestial 
bodies, as it would be if it were subjected to gravitation and had 
more or less the properties of a gas. We cannot wholly avoid a 
sliding at the surface, but we can make it as small as we please by 
supposing a sufficient degree of condensation. If we do not shrink 
from admitting an accumulation of the ether around the earth to a 
density e^^ times as great as the density in celestial space, we can 
imagine a state of things in which the maximum velocity of sliding 
is no more than one half percent of the velocity of the earth, and 
this would certainly be amply sufficient for an explanation of the 
aberration within the limits of experimental errors.*) 

In this department of physics, in which we can make no pro- 
gress without some hypothesis that looks somewhat startling at first 

1) Note 00. 

2) See Lorentz, Stokes's theory of aberration in the supposition of a 
variable density of the aether, Amsterdam Proceedings 1898>-1899, p. 448 (Ab- 
handlungen uber theoretische Physik I, p. 454). 

8) Note 07. 
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* 
sight ^ we must be careful not rashly to reject a new idea, and in 

making his suggestion Planck has certainly done a good thing. Yet 

I dare say that this assumption of an enormously condensed ether, 

combined, as it must be, with the hypothesis that the velocity of 

light is not in the least altered by it, is not very satisfactory. I am 

sure, Planck himself is inclined to prefer the imchangeable and 

immovable ether of Fresnel, if it can be shown that this conception 

can lead us to an understanding of the phenomena that have been 

observed. 

ISO. The theory of Fresnel, the main principle of which has 
already been incorporated in the theory I have set forth in the pre- 
ceding chapters, dates as far back as 1818. It was formulated for the 
first time in a letter to Arago^), in which it is expressly stated that 
we must imagine the ether not to receive the least part of the motion 
of the earth. To this Fresnel adds a most important hypothesis 
concerning the propagation of light in moving transparent ponderable 
matter. 

I believe every one will be ready to admit that an optical phe- 
nomenon which can take place in a system that is at rest, can go 
on in exactly the same way afl^r a uniform motion of translation 
has been imparted to this system, provided only that this translation 
be given to all that belongs to the system. If, therefore, all that is 
contained in a column of water or in a piece of glass shares a trans- 
latory motion which we communicate to these substances, the propa- 
gation of light in their interior will always go on in the same 
manner, whether there be a translation or not. The case will however 
be different, if the glass or the water contains something which we 
cannot set in motion. 

Now, as I said, Fresnel supposed the ether not to follow 
the motion of the earth. The only way in which this can be under- 
stood, is to conceive the earth as impregnated throughout its bulk 
with ether and as perfectly permeable to it. When we have gone 
so far as to attribute this property to a body of the size of our 
planet, we must certainly likewise ascribe it to much smaller bodies, 
and we must expect that, if water flows through a tube, there 
is no current of ether, and that therefore, since a beam of light is 
propagated partly by the water and partly by the ether, the light 
waves, being held back as it were by the ether, wiU not acquire the 
full velocity of the water current. According to Fresnel's hypo- 
thesis, the velocity of the rays relative to the walls of the tube 



1) Lettre de Fresnel a Arago, Sui rinfluence da mouvement tenestre 
dans quelques ph^nom^nes d^optique, Ann. de chim. et de phys. 9 (1818), p. 57 
((Euvres completes de Fresnel 2, p. 627). 
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(or^ what amounts to the same thing, relative to the ether) is 
found by compounding the Telocity with which the propf^tion would 
take place in standing water, with only a certain part of the 

velocity of the flow, this part being determined by the fraction 1 — — ^ , 

where /i is the index of refraction of the water when at rest. The 

same coefflcient 1 1 is applied by him to all other isotropic 

transparent substances. If ft is little different from 1, as it is in 
gases, the coefficient is very small; light waves are scarcely dragged 
along by a current of air, because in air the propagation takes place 
almost exclusively in the ether it contains. If FresneTs coeffi- 
cient is to be nearly 1, i. e. if the light waves are to acquire almost 
the full velocity of the ponderable matter, we must use a highly re- 
fracting body. 

151. I must add two remarks. In the first place, instead of 
the propagation relative to tiie ether, we can as well consider that 
relative to the ponderable matter. If water which is flowing through 
a tube towards the right-hand side with a velocity u;, is traversed 
by a beam of light going in the same direction, the velocity of 
propagation relative to the ether is 



« + (l-^)«;, 



where v means the velocity of light in standing water. The rela- 
tive velocity of the light with respect to the water is got from this 
by subtracting w, so that it is given by 

v-^,w. (251) 

It may be considered as compounded of the velocity v and a part, 

determined by the fraction -,, of the velocity with which the ether 

moves relatively to the ponderable matter, and which in our example 
is directed towards the left. 

In the second place, the above statement of Fresnel's hypo- 
thesis requires to be completed for the case of media in which the 
velocity of light depends on the frequency. When a body is in 
motion, we must distinguish between the frequency of the vibrations 
at a fixed point of the ether and the frequency with which the 
electromagnetic state alternates at a point moving with the ponderable 
matter. If, using axes of coordinates fixed with respect to the ether, 
we represent the disturbances by means of formulae containing an 
expression of the form 

cosn(^~^+l)), (252) 
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n is the first of these frequencies^ which may be termed the true or 
absolute one. We can pass to the other, the relative frequency, by 
introducing into this expression the coordinate with respect to an 
origin moving with the ponderable matter. If this coordinate is 
denoted by x\ and if the motion of the matter takes place in the 
direction of OX with the velocity w, we have 

X '^ x' + wiy 
80 that (252) becomes 

The coefficient of ^ in this expression, 



»'-»(> -3 



is the relative frequency; that it differs from n agrees with Doppler's 
principle. 

Fresners hypothesis may now be expressed more exactly as 
follows. If we want to know the velocity of propagation of light 
in moving ponderable matter, we must fix our attention on the 
relative frequency n' of the vibrations, and we must understand by v 
and fi in the expression (251) the values relating to light travelling 
in the body without a translation, and vibrating with a frequency 
equal to n\ 

1B2. I have now to show that Fresners theory can account 
for the phenomena that have been observed. These may be briefly 
summarized as follows. First there is the aberration of light of which 
I have already spoken. Further it has been found that an astro- 
nomer, after having determined the apparent direction of a star's rays 
and their apparent frequency, can predict from these, by the ordinary 
laws of optics, and without attending any more to the motion of the 
earth, the result of all experiments on reflexion, refraction, diffrtiction 
and interference that can be made with these rays. Finally, all 
optical phenomena which are produced by using a terrestrial source 
of light are absolutely independent of the earth's motion. If, by a 
common rotation of the apparatus, the source of light included, we 
alter the direction of the rays with respect to that of the earth^s 
translation, not the least change is ever observed. 

It must be noticed that all this could be accoimted for at a 
stroke and without any mathematical formula by Stokes's theory, 
if only we could reconcile with each other its two fundamental 
assumptions. In applying Fresnel's views, we need some calculations, 
but these will lead us to a very satisfactory explanation of all that 
has been mentioned, with the restriction however that we must 
confine ourselves to the effects of the first order. 
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IBS. We shall again begin by considering the propagation of 
the wave-front, this time in the interior of a ponderable transparent 
body, whose properties may change from point to point, but which 
we shall suppose to be everywhere isotropic. For a given frequency, 
the velocity of light in the body while it is at rest will have at 
every point a definite value v, connected with the index of refrac- 
tion fi by the relation 

c 
It = — • 

As before, we shall use axes of coordinates that are fixed to the 
earth; if we represent the progress of the waves in a diagram, this 
will likewise be supposed to move with the earth, so that the ether 
must be understood to flow across it, with a velocity which wiU again 
be denoted by g, but which now has the same direction and magni- 
tude at all points, being everywhere equal and opposite to the velocity 
of the earth. 

Let, as before, 6 be the position of a wave-front (see Fig. 8, p. 168) 
at the time ^, 6' the position at the time t + dty the latter surface 
being the envelop of all the elementary waves that have been formed 
during the time dL If the ether were at rest in our diagram, each 
elementary wave would be a sphere having a radius vdty and whose 
geometric centre coincides with the centre of vibration. In reality, 
according to what has been said about Fresnel's hypothesis, the 
geometric centre of the sphere, whose radius is still vdt, is dis- 
placed from the centre of vibration over a certain distance, the dis- 
placement being given by the vector —^%dt 

Let us consider the infinitely small triangle having its angles at 
the point P of the wave-front tf, which is the centre of disturbance 
for the elementary wave, the point Q which is its geometric centre, 
and the point P' where it is touched by the new wave-front 6. As 

has just been said, the side P^ as a vector is given by — ,0^^- The 

side QP\ being a radius of the sphere, is normal to 6\ and, in the 
limit, to 6, Its length is vdt As to the side PP\ this is an ele- 
ment of a relative ray. According to general usage, we shall caU -jr- 
the velocity of the ray, so that, if this is denoted by i?', we have 

PP'^v'dt 

It appears from this that, if the angle between the relative ray and 
the velocity g is represented by d'^ 

«» = «'»- 2 !AU' cos » 4-^!, 

IjO rents, Theory of electrons. }n<i Ed. 12 



178 V. OFnCAL PHENOMENA IN MOVING BODIES. 

from which one finds^ omitting quantities of the third order, i. e. of 
the order '"'* 



V* ' 



t;' »» t; + !^ cos ^ - J^ sin«^. (253) 

We shall have especially to consider the inverse of this quantity. 
To the same degree of approximation, it is given by 

7 =-t(1-$«>«^ + W*(1 +«««'*))• (254) 

There is further a simple rule by means of which we can pass from 
the direction of the wave-normal to that of the relative ray and con- 
versely. The vector PP' is the sum of the vectors PQ and QP\ 
Hence, dividing the three by dt, we have the following proposition: 
If a vector having the direction of the normal to the wave and the 

magnitude v, is compounded with a vector -=5, the resultant vector 

will be in the direction of the relative ray. And, conversely, if a 
vector in the direction of the ray and having the magnitude v, is 

compounded with a vector — — ,, we shall find the direction of the 

normal to the wave. 

In order fully to understand the meaning of these propositions,, 
one must keep in mind that, at every point of the medium, the re- 
lative ray and the wave can have all possible directions. The above 
results apply to all cases. 

164. These preliminaries enable us to prove the beautiful 
theorem that, if quantities of the second order are neglected, the 
course of the relative rays is not affected by the motion of the 
earth. We have seen in what manner Huygens's principle, while 
determining the successive positions <y, 0', tf", ^-. . of a wave-front, 
also gives us the succeeding elements PP'y P'P'\ P"P"\ ... of a 
relative ray. If the centre of vibration of an elementary wave and 
the point where it is touched by the envelop are called conjugate 
points, we may say that a ray passes through a series of conjugate 
points succeeding each other at infinitely small distances. Now, be- 
tween any two consecutive positions of the wave-front, we can draw 
a large number of infinitely small straight lines, some joining con- 
jugate points and others not, and for each of these lines ds we can 
calculate the value of 

-, (255) 



V 



taking for v' the value belonging to an element of a ray having the 
direction of ds. It is easily seen tbat this expression (255) has one 
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and the same value for all lines joining conjugate points^ and a greater 
value for all other lines. Indeed^ by the definition of v^ the value 
is for the first lines equal to the tiine di in which the light advances 
from the first position of the wave-front to the second. As to a 
line ds which is drawn between a point P of the .first wave-front 
and a point Q of the second, not conjugate with P, its end Q lies 
outside the elementary wave that is formed around P, because the new 
wave-front is less curved than the elementary wave and must lie 
outside it with the exception of the point of contact. Therefore, for 
the line P^, the expression (255) must exceed the value it would 
have if Q lay on the surface of tiie elementary wave. 

Now, let A and B be two points of a relative ray 5, at a finite 
distance from each other, and let s be any other line joining these 
points. If between A and £ we construct a series of wave-fronts at 
infinitely small distances from each other, the line s is divided into 
elements each of which joins two conjugate points, whereas the ele- 
ments of s' cannot be all of this kind. From this we can infer that 
the integral 

/? (256) 

taken for s will have a smaller value than the corresponding integral 
for the line s\ Thus, the course of the relative ray between two 
given points A and B is seen to be determined by the property that 
the integral (256) is smaller for it than for any other line between 
the same points. 

Substituting in the integral the value (254) we find, if we 
neglect terms of the second order, 

AAA 

Here, since ftt; « o, we may replace the last term by 

B 



jifi.ds^j,(AB\\q\, 



if we understand by {AJB)^ the projection of the path A£ on the 
direction of the velocity g, a projection that is entirely determined 
by the position of the extreme points A and B, The last term in 
(257) is therefore the same for all paths leading from A to B, and 
the condition for the minimum simply requires that the first term 



B 

ds 



ri 



12 
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be a minimum. This term^ however^ contains nothing that depends 
on the velocity g; hence, the course of the ray, for which it is a 
minimum, is likewise independent of that velocity, by which our 
proposition is proved. 

In the proof we have made no assumption concerning the way 
in which v and /i change from point to point. It applies to any 
distribution of isotropic transparent matter, and even to limiting cases 
in which there is a sudden change of properties at a certain surface. 
Consequently, for the relative rays, the law of refraction remains the 
same as it would be if the bodies were at rest (in which case the 
word „relative" might as well be dropped). I must add that this 
proposition can easily be proved by itself, by directly applying 
Huygens's principle to the refraction at a surface, and that the 
reflexion of rays can be treated in the same manner and with the 
same result. 

IBB. In order to account for the phenomenon of aberration, 
one has only to combine the above results. Let P be a distant point, 
which we imagine to be rigidly connected with the earth, and to lie just 
outside the atmosphere in the free ether. At this point, the light 
coming from some star will have waves whose normal has a definite 
direction Ny opposite to the direction in which the star is really 
situated. It has also a definite relative frequency, which in general 
differs from the true or absolute one according to Doppler^s principle. 

At the point P we have f — c, ft =« 1. Hence, if we want to 
find the direction of the relative ray s at this place, we must com- 
pound a vector c in the direction of the wave -normal N with a 
vector g, which represents the velocity of the ether relative to the 
earth, and which is therefore equal and opposite to the velocity of 
the earth itself This construction evidently leads to a direction of 
the relative ray identical with the apparent direction of the rays as 
determined in the elementary theory of aberration. We shall there- 
fore have explained this latter phenomenon if we can show that the 
result of observations made at the surface of our planet is such that 
an astronomer (who does not think of the earth's motion), reckoning 
so far as necessary with the frequency n which shows itself to 
him, would conclude from them that the rays reach the atmosphere 
in the direction s. This is really so, because, as we have seen, the 
progress of the relative rays from P onward is exactly what would 
be the progress of the absolute rays if the earth did not move and 
the true frequency were equal to n. 

We may mention in particular that, if, in this latter case, the 
path of a ray were mapped out by means of suitably arranged screens 
with small openings, a ray can still pass through these openings, if 
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the screens move with the earth. Further that if, on the immovable 
earth, the absolute rays were brought to a focus in a telescope, the 
relative rays will likewise converge towards this point, producing in 
it a real concentration of light. The truth of this is at once seen 
if, by means of the theorem of § 153, we determine the shape of 
the wave-fronts in the neighbourhood of the focus. It is found that 
the convergence of the relative rays towards a point necessarily 
implies a contraction of the waves around this point. ^) 

The explanation of the fact that all optical phenomena which 
are produced by means of terrestrial sources of light are uninfluenced 
by the earth's motiop, is so simple that few words are needed for it. 
It will suffice to observe that in experiments on interference the 
differences of phase remain unaltered. This follows at once from our 
formula (257) for the time in which a relative ray travels over a 
certain path. If two relative rays, starting from a point A, come 
together at a point B, the lengths of time required by them are 
given by the expressions 



f^ + i,(.^M),\t 



and 



where the integrals relate to the two paths. Since the last terms 
are identical, we find for the difference between the two times 

B B 

V J V ' 
A A 

This being independent of the motion of the eai*th, the result of the 
interference must be so likewise, a conclusion that may be extended 
to aU optical phenomena, because, in the light of Huygens's prin- 
ciple, we may regard them all as cases of interference. 

It should be noticed, however, that the position of the bright 
and the dark interference bands is determined by the differences of 
phase expressed in times of vibration^ so that the above conclusions 
are legitimate only if the motion of the earth does not affect the 
periods themselves in which the particles in the source of light are 
vibrating. This condition will be fulfilled if neither the elastic forces 
acting on them, nor their masses are changed. Then, in all experi- 
ments performed on the moving earth, the relative frequency at any 

1) Note 68. 
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point of our apparatus will be equal to the frequency that would 
exist if we could experiment in the same manner on a planet having 
no translation. 

1B6. Fresnel's coefficient 1 — ^-r, the importance of which we 

have now learned to understand, can be deduced from the theory that 
in a beam of light in a ponderable body there is an oscillatory 
motion of electric charges. Unfortunately, if these latter are supposed 
to be concentrated in separate electrons, the deduction suffers from 
the difficulties that are inherent in most molecular theories,, and the 
true cause of the partial conyection of light-waves by matter in 
motion does not become clearly apparent. For this reason I shall 
first consider an ideal case, namely that of a body in which the charges 
are continuoudy distributed. In this preUmiuiy treatment I s^l 
make light of the difficulty that we are now obliged to imagine four 
different things, thoroughly penetrating each other, so that they can 
exist in the same space, viz. 1. the ether, 2. the positive and the 
negative electricity and 3. the ponderable matter. 

For the sake of simplicity, I shall suppose that only one of the 
two electricities can be shifted from its position of equilibrium in 
the ponderable body, the other being rigidly fixed to this latter, and 
having no other motion than the common translation of the entire 
system. I shall denote by q the volume-density of the movable, and 
by q' that of the fixed charge. The body as a whole being uncharged, 
we shall have in the state of equilibrium 

Q + q'-O, (258) 

and this will remain true while the one charge is vibrating, unless 
it be condensed or rarefied by doing so. 

The question as to whether it be the positive or the negative 
electricity that can be displaced in the body may be left open in 
this theory. 

1S7. We shall suppose the movable charge to have a certain 
mass, and to be driven back towards its position of equilibrium by 
an elastic force opposite to the displacement and proportional to it; 
let q be the displacement, — ff\ the elastic force, and m the mass, 
both reckoned per unit of volume. 

The equations that must be applied to the problem before us 
were already mentioned in § 11. Introducing axes of coordinates that 
have a fixed position in the ether, we have 

div d - 9 + p', (259) 

div h - 0, (260) 



DEDUCTION OP PRESNEL'S COEFFICIENT. 183 

rotd ^h, (261) 

roth = y(d + 9Y + 9V), (262) 

where V and v' are the: velocities of the two electricities, so that 
pY + 9'v' represents the conyection current. 

To these formulae we must add the equation of motion of the 
vibrating electricity. If its acceleration is denoted by J, we have 

ml^-fq + Qi + y9[v-h]. (263) 

IBB. Let us first briefly examine the propagation of electric 
vibrations in the body when kept at rest. We may limit ourselves 
to the case that there is a displacement q^ of the movable charge in 
the direction of OTy combined with a dielectric displacement d^ of 
the same direction in the ether^ and a magnetic force h^ parallel to 
OZy all these quantities being functions of x and t only. As the 
relation (258) is not violated^ the equations (259) and (260) are ful- 
filled by these assumptions^ and (261) and (262) reduce to 

l|--ft' (264) 

Finally the equation of motion becomes 

♦'»?F--^'»r + ?''»• (266) 

A solution of these equations is obtained by putting 

dy =«acosw(^— ^j, 

from which we find, by means of (264) and (266), 

h,-i.d^, q^^TT-?— ,d„. (267) 

Substituting these values in (265), we find the following formula for 
the determination of the velocity of propf^tion v: 

$-F^+l- (268) 

lft9. When the body has a uniform translation with the velo- 
city w in the direction of 02, we can still satisfy the equations by 
suitable values of dy, h,, q^, but some alterations are necessary. The 
first of these relates to the convection current. Its component in 
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the direction of OX remains 0^ siuce both the positive and the 
negative electricity are carried along with the translation of the body^ 
but^ if we continue to use axes of coordinates fixed in the ether^ the 
convection current parallel to OY can no longer be represented 

by p ^- The right expression for it is found as follows. If a de- 
finite point of the vibrating charge has the coordinate x at the time t^ 
its coordinate at the instant t -\- dt will be x + w dty so that the in- 
crement of its displacement Qy is given by 

and its velocity in the direction of F by 

dt ^^ dx' 

for which we may also write 

if we use the brackets for indicating the differential coefficient for a 
point moving with the body. The convection current may therefore 
be represented by 

dt) 



(^ 



It is clear that the acceleration is 






and that^ for any quantity tp which depends on the coordinates and 

the time^ we may distinguish two differential coefficients -^ and \~X\ , 

just as we have done for q^,. The first is the partial derivative 
when qp is considered as a function of t and the ,,ab8olute" coordi- 
nates, i. e. the coordinates with respect to axes fixed in the ether, 
and we have to use the second symbol when the time and the „re- 
lative^^ coordinates, i. e. the coordinates with respect to axes moving 
with the body, are taken as independent variables. The relation be- 
tween the two quantities is always expressed by the fonnula 

As to the differential coefficients with respect to x, y, z, each of 
these has the same value, whether we understand by x, y, z the ab- 
solute or the relative coordinates. 

The second alteration which we have to make is due to the last 
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term, in (23). On account of its velocity w in the direction of OX^ 
the charge q will be acted on by a force 

C *' 

parallel to OY^ and this force must be added on the right-hand side 
of the equation of motion. 

In virtue of the assumptions now made^ P + p' again remains 
during the vibrations^ and (259) and (260) are satisfied. The equa- 
tion (264) can be left unchanged^ but (265) and (266) must be re- 
placed by 

dx " c \^\dt)'^ dt F 
and 

The three formulae are somewhat simplified if we choose as in- 
dependent variables the time and the relative coordinates and if^ at 
the same time, we put 

Applying the relation (269) to d^ and h^, we find 

-§-7(»(i+'(i-'»'^'+T(t)i. 



^(t?^)^"^'/+<'V' 



The first and the third of these equations have the same form as 
(264) and (266). Hence, if we put 

d;=acosw(^-|r), (270) 

understanding by x the relative coordinate, we have, corresponding 
to (267), 

h, *= -7 d ', Q„ = -J. i d/, 

by which the second equation becomes 

^ = ^^+1 + 2^. 

t? * f— WW* V 

Comparing this with (268) we see that, for a definite value of the 
frequency w, we may write 
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As we continually neglect quantities of tlie second order^ we inay^ 
in the last term, replace v by t?. By this we get 

c" ft*' 

if fi is the index of refraction for the stationary body. 

It must be kept in mind that in (270) x means the relative 
coordinate. Therefore, n is the relative frequency , and v' the speed 
of propagation relative to the ponderable matter. The velocity of 
light with respect to the ether is 



v+w^v + (l "—^^f 



in accordance with Fresnel's hypothesis. 

160. I have now to show you in what manner the same result 
may be derived from the theory of electrons. For this purpose we 
might repeat for a moving system all that has been said in Chap. IV 
about the propagation of light in a system of molecules. We shaU 
however sooner reach our aim by following another course, consisting 
in a comparison of the phenomena in a moving system with those 
that can occur in the same system when at rest. 

In this comparison we shall avail ourselves of the assumptions 
that have been made in Chap. IV. 

In the absence of the translator^ motion, the problem may be 

stated as follows. In the molecules of the body there are electric 

moments p changing from one molecule to the next, and variable 

with the time. On account of its moment, each molecule is surrounded 

by an electromagnetic field, which is determined (§ 42) by the 

potentials 

^ L/AM4.JLM4.I-MI 

^ 4.n\dx r '^ dy r '^ dz r ]' 

[P] 



a 



^Tccr ' 



X, ify z being the coordinates of the point considered, r its distance 
from the molecule, and the square brackets reminding us that we 
have to do with retarded potentials. The electric force d and the 
magnetic force h are given by the following formulae, to be deduced 
from (33) and (34), 
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After having compounded with each other the fields produced by all 
the molecules of the body^ we must add one field more^ namely that 
which is due to external causes^ and which I shall represent by do, h^. 
It satisfies the equations 

divdo-0, 

divho«0, 

rot hft «— — A 



■0^ 



rot do = — — K 



(273) 



Lastly, we have to consider the equations of motion of the electrons 
which, by their displacement, bring about the electric moments p. 
Let each molecule contain a single movable electron 6, whose dis- 
placement q gives rise to an electric moment 

p-eq. (274) 

If the symbol 27 relates to the superposition of the fields of all the 
surrounding particles, and if — /"q is the elastic force, —g^ a re- 
sistance to the motion, the equation of motion is 

• mq«c2;d + cdo-/'q-5'q- (275) 

161. In the theory of the system moving with a velocity W we 
may avail ourselves with great advantage of the transformation that 
has already been used in § 44. 

Taking as independent variables the coordinates x', y, z with 
respect to axes moving with the system, and the ,4ocal^' time 

<'-<-^(w.a;'+W,y'+wy), (276) 

we find the equations (104) — (107) for the vectors d' and h', which 
now take the place of d and h. It is true that the new formulae 
have not quite the same form as (33) — (36), and that the term 

— grad (w • a'), which makes the diflference, must not be omitted^), 

being of the first order of magnitude with respect to ' — \ but not- 

withstanding this it is found that the field caused by an electric 
moment is determined by the formulae^) 



V' 



1) See however Note 72*. 2) See Note 26. 
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h'^lk-tflM), 



exactly corresponding to (271) and (272). 

It is scarcely necessary to repeat that the symbols grad and rot 
have the meaning that has been specified in § 44^ and that, if we 
want to calculate d' and h' for a point (a?', y', /) at a distance r 
from the polarized particle ^ and for the instant at which the local 
time of this point has a definite yalue t'y we must take for p, p, p 
the yalues existing at the moment when the local time of the particle 

18 t 

c 

The field produced by causes outside the body is again subjected 
to the fundamental equations for the free ether. Expressed in terms 
of our new variables; these are 

div do' - 0, 

div ho' = 0, 

rot ho' - y do', 

rot do' - — y ho', 

as is found by making (> = in (100)— (103). The form of these 
equations is identical with that of (273). 

The equation of motion of an electron must now contain the 

electromagnetic force — [w-h], which is due to the translation W, so 

that we must write for the total force acting on unit charge 

d + i-[W.h]. 

This, however, is precisely the vector which we have called d'. 
Consequently, if we suppose that the elastic force determined by the 
coefficient f, and the resistance measured by g, are not modified by 
the translation, we may write for the equation of motion 

mq =e2:d'+edo' — /*q — 5^4, 

where the sign 27 has the same meaning as in (275). 

It should be noticed that the relation (274) remains true, and 
that at a definite point of the moving system, the differential coeffi- 
cients with respect to t are equal to those with respect to t\ On 
account of this we may attach to the dots in the above equation the 
meaning of partial differentiations with respect to t\ They must be 
understood in the same sense in the preceding formulae. 
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162. It appears from what has been said that; bj the intro- 
duction of the new variables, all the equations of the problem have 
again taken the form which they have when there is no translation. 
This at once leads to the following conclusion: 

If; in the system at rest, there can exist a state of things in 
which d; h and p are certain functions of x, y, z and i^ the moving 
system can be the seat of phenomena in which the vectors d', h', p 
are the same functions of the relative coordinates x, y'y z' and the 
local time i. 

The theorem may be extended to the mean values of d, h or 
d'; h'; the electric moment P per unit of volume, and also to the 
vector D which we have introduced in § 114, compared with a similar 
one that may be defined for the moving system. If, for the one 
system, we put 

d-E, h==H, D = E + P, 

and for the other 

f=E', h'=H', D'=E+P, 

the result is, that for each state in which E, H, D are certain func- 
tions of x, yy Zy iy thcrc is a corresponding state in the moving system, 
characterized by values of E^, H', D' which depend in the same way 

on Xy yy Zyt. 

163. The value of Fresnel's coefficient follows as an immediate 
consequence from this general theorem. Let us suppose that in a 
transparent ponderable body without translation, there is a propagation 
of light waves, in which the components of E and H are represented 
by expressions of the form 



acosn[t-^^±Sp^+p), 



where a, /8, y are the direction cosines of the normal to the wave, 
and V the velocity of propagation. Then, corresponding to this, we 
may have in the same body while in motion phenomena that may 
likewise be described as a propagation of light waves, and which 
are represented by expressions of the form 

/.. ax +Qy' -{-yz , \ 

acoswu ^^v ^i V p), 

i. e., on account of (276), 

a cosnu — ' — ^^—^ — '^ h py 

If we put here 
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with the condition 



the formula becomes 



a'+r + y^^l, (278) 



a cos nit ^ '^r ^ ^ h pj , 

showing in the first place that v' is the velocity of propagation re- 
lative to the moving body^ and in the second place that n is the 
frequency at a point moving with it. Hence, if we take v and v for 
the same value of n^ we are sure to compare the speed of propa- 
gation in the two cases for equal relative frequencies. 

Neglecting the square of W, we easily find from (277) and (278) 

V'« " t>» "•" C^V "" t7» "*■ C^V^ 

where W„ is the component of the velocity of translation along the 
wave-normal. It may be observed that, since a\ /S', y differ from a, 

/3, y only by quantities of the order — , we may take the normal 

c 

such as it is in the moving system. 

Further: 

1 1 w 



so that we have been led back to our former result. 

164. The hypothesis advanced by Fresnel has been confirmed 
by Fizeau's observations on the propagation of light in flowing 
water*), and, still more conclusively, by the elaborate researches of 
Michelson and Morley on the same subject.^) In these experiments 
the water was made to flow in opposite directions through two 
parallel tubes placed side by side and closed at both ends by glass 
plates; the two interfering beams of light were passed through these 
tubes in such a manner that, throughout their course, one went 
with the water, and the other against it. 

In order to calculate the change in the differences of phase caused 
by the motion of the fluid, it is necessary to know the velocity 
of propagation of the light relative to the fixed parts of the appa- 



1) H. Fizean, Snr lea hypotheses relatiyes k Tether Imninenz, et sur ane 
experience qui parait d^montrer que le moavement des corps change la Titesse 
avec laqnelle la lumi^re se propage dans lenr int^rieur, Comptes rendus 88 
(1861), p. 849; Ann. d. Phys. a. Ghem., Erg. 8 (1853), p. 467. 

2) A. A. Michelson and E. W. Morley, Inflnence of motion of the me- 
dinm on the velocity of light, Amer. Jonm. of Science (8) 31 (1886), p. 877. 
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ratus.^) If T is the period of vibration of the source of light, the 

preceding theory gives the following expression for the velocity in 

question 

dft, 

dT 



;±»(i-i)T^T; 



Here the velocity of the flow of water is represented by w, and we 
must take the upper or the under signs, according as the light goes 
with or against the stream. I must add that the last term, which 
depends on the dispersive power of the fluid, has been omitted by 
Michelson and Morley in the comparison of their experiments with 
the theory. If it is taken into account, the agreement becomes some- 
what worse; it remains however fairly satisfactory, since the influence 
of the term is but small.*) 

166. After having found Fresnel's coefficient, we may apply 
it to various phenomena, as has already been shown in §§ 152 — 155. 
The discussion of many a question may, however, also be based 
directly on the theorem of corresponding states without the inter- 
vention of the coefficient. 

If, for instance, the state of things in the system that is kept 
at rest, is such that in some parts of space both the electric and the 
magnetic force are continually zero, the corresponding state in the 
moving system will be characterized by the absence, in the same 
regions, of d' and h', and this involves the absence of d and h. There- 
fore, the geometrical distribution of light and darkness must be the 
same in the two systems, always provided that the comparison be 
made for equal relative frequencies. 

An interesting example is afforded by a cylindrical beam of 
light. The generating lines of its bounding surface, i. e. the relative 
rays, may have the same course in the two systems, even when the 
beams are reflected or refracted, so that the translation has no in- 
fluence on the laws of reflexion and refraction for the relative rays. 
Nor can it change the position of the point where the rays are 
brought to a focus by a mirror*) or a lens, and the principle also 
shows that the place of the dark fringes in experiments on interference 
must remain unaltered. 

The condition that is necessary for these conclusions, namely that 
the relative frequencies be equal in the two cases, will always be 
fulfilled if the source of light has a fixed position with respect to 
the rest of the apparatus, sharing its translation or its immobility. 

166. It is important to notice that the foregoing results are 
by no means limited to isotropic bodies. The case of crystals may 

1) Note 6»: 2) Note 69* 3) Note 70. 
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easily be included by conceiving either some appropriate regular 
arrangement of the particles^ or a want of isotropy in the structure 
of the individual molecules^ revealing itself in the elastic forces being 
unequal for different directions of the displacement of an electron. ^ 
The latter assumption would require us to represent the components 
of the elastic force by expressions of the form 

-(/iiflx + Ziafly + ^ssO; 

with fa^fiiif /m == /*28? fiz =" /si; *^<i ^^^ *h® proof of the theorem of 
corresponding states it would be. necessary to consider the coeffi- 
cients f as unaffected by a translation of the system. 

After having shown that^ in the phenomena of double refraction, 
the course of the relative rays is not altered by the motion of the 
earthy one can also examine what becomes of Fresnel's coefficient 
in the case of crystalline bodies. The result may be expressed as 
follows: 

If^ for a definite direction s of the relative ray^ u and u' are the 
velocities of this ray in a crystal that is kept at rest and in the 
same body when moving, then 

where W^ is the component of the velocity of translation in the 
direction of the ray.^) 

167. Thus far we have constantly neglected terms of the second 



order with respect to ^ — -, and in fact in nearly all the experiments that 

c 

have been made in the hope of discovering an influence of the earth's 
motion on optical phenomena, it would have been impossible to 

detect effects proportional to -y • There are, however, some exceptions, 

and these are of great importance, because they give rise to difficult 
and delicate problems, of which one has not, as yet, been able to 
give an entirely satisfactory solution.*) 

We have in the first place to speak of a celebrated experiment 
made by Michelson') in 1881, and repeated by him on a larger scale 
with the cooperation of Morley*) in 1887. It was a very bold one. 



1) Note 71. 2) See however Note 72*. 

3) A. A. Michelson, The relative motion of the earth and the lumini- 
ferous ether, Amer. Journ. of Science (8) 22 (1881), p. 20. 

4) A. A. Michelson and E. W. Morley, Amer. Journ. of Science (3) S4 
(1887), p. 383. 
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p^ 



two rays of light having been made to interfere after haying travelled 
over paths of considerable length in directions at right angles to 
each other. Fig. 9 shows the general arrangement of the apparatus. 
The rays of light coming from the ^ 

source L are divided by the glass 
plate Pj which is placed at an angle 
of 45®, into a transmitted part PA 
and a reflected one PJB. After ha- 
ving been reflected by the mirrors 
A and By these beams return to 
the plale P, and now the part of 

the first that is reflected and the jj 

transmitted part of the second pro- 
duce by their interference a system 
of bright and dark fringes that is 
observed in a telescope placed on 
the line PC. 

The fundamental idea of the experiment is, that, if the ether 
remains at rest, a translation given to the apparatus must of ne- 
cessity produce a change in the differences of phase, though one 
of the second order. Thus, if the translation takes place in the 
direction of PA or AP^ and if the length of PA is denoted by i, 

a ray of light will take a time — j^-j — r for travelling along this path 
in one direction, and a time j — ; for going in the inverse direction. 

C |W| 

The total time is 

2Xc 



c 

Fig. 9. 



W 



t) 



or, up to quantities of the second order, 

(l + % (279) 

SO that for the rays that have gone forward and back along PA 
there will be a retardation of phase measured by 



21, 
c 



2jDw^ 



There is a similar retardation, though of smaller amount, for the other 
beam. In order to see this by an elementary reasoning, one has 
only to consider that a ray of this beam, even if it returns, as I shall 
suppose it to do, to exactly the same point of the plate P, does not 
come back to the same point of the ether, the point of the glass 
having moved, with the velocity W of the earth's translation, over a 
certain distance, say from P to P', while the light went from P 



Lorentz, Theory- of electrons Snri Kd. 



13 
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to B and back. If Q is the point in the ether where the ray reaches 
the mirror By we may say with sufficient iqpproximation that the 
points P, Qy P' are the angles of an isoscele triangle, whose height 
is L (since the distances PA and PB in the apparatus were equal) 



and whose base is — ' — ^- The sum of the sides PQ and QP' is 



SO that we may write 

^ (1 + S.) (280) 



2X 
c 



for the time required by the second beam. 

It appears from this that the motion produces a difference of 
phase between the two beams to the extent of 



c» ' 



and this may be a sensible fraction of the period of vibration, if L 
has the leugth of some metres. 

The same conclusion may be drawn somewhat more rigorously 
from the general formula (254). The time during which a relative 
ray travels along a certain path s is found to be 

Here the first term represents the time that would be required if 
there were no translation, and in the problem now before us the 
second has equal values for two paths beginning and ending at the 
same points, so that we have only to consider the last term, for 
which, using our present notation and putting jii =^ 1, we shall write 

^,J{1 + cos* »)ds. (281) 

The paths for which this integral must be calculated may be taken 
to be the straight lines indicated in Fig. 9.^) According to what has 
been said, cos^d has the value 1 all along PAP, and the value at 
every point of PBP. Therefore our last expression really takes the 
two values given by (279) and (280). 

Now the difference of phase that is due to the motion of the 
earth must be reversed if, by a rotation of the apparatus, the path 
of the first ray is made to become perpendicular to the translation, 
and that of the second to be parallel to it. Hence, if the phenomena 

1) Note 72. 
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follow the aboYe theory, such a rotation must produce a change 
determined by 



l^ (282) 

in the differences of phase, and a corresponding shifting of the 
interference bands. 

In the original apparatus of Michelson the length L was rather 
too small to bring out the effect that was sought for, but in the 
later experiments made with Morley the course of the rays was 
lengthened considerably. They were repeatedly thrown forwards and 
back by miiTors haying suitable positions on different sides of the 
plate P, and which, together with the other parts of the apparatus, 
the source of light and the telescope included, were mounted on a 
slab of stone floating on mercury. For each of the rays the lines 
along which it had to travel successively nearly coincided, so that 
cos^^ may be regarded as constant for the entire course of a ray. 
If the values of this constant for the two beams are first 1 and 0, 
and afterwards, after a rotation of 90®, and 1, the change under- 
gone by the differences of phase can be found from (281); it may 
still be represented by (282), if we understand by 2i the whole 
length of one of the rays. As this length amounted to about 
22 metres, the value of (282) is equal to 0,4 times the time of 
vibration of yellow light, and a sensible shift of the bands could 
therefore be looked for. In no case, however, the least displacement 
of such a kind that it could be attributed to the cause above explain- 
ed was observed. A similar result was subsequently obtained by 
Morley and Miller^), who came to the conclusion that, if there is 
any effect of the nature expected, it is less than one hundredth part 
of the computed value. 

168. In order to explain this absence of any effect of the earth's 
translation, I have ventured the hypothesis, which has also been pro- 
posed by Fitz Oerald, that the dimensions of a solid body undergo 

slight changes, of the order — ^-, when it moves through the ether. 

If we assume that the lengths of two lines L^ and Z^ in a ponderable 
body, the one parallel and the other perpendicular to the translation, 
which would be equal to each other if the body were at rest, are 
to each other in the ratio 

during the motion, the negative result of the experiments is easily 
accounted for. Indeed, these changes in length will produce an 

1) E. W. Moiley and D. G. Miller, Report of an experiment to detect 
the Fitz Gerald-Lorentz effect, Phil. Mag. (6) 9 (1906), p. 680. 

13* 
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alteration in the phases of the interfering rajs^ amounting to a rela- 
tive acceleration 

for the ray that is passed along the line having the direction of the 
earth's motion ^ and this acceleration will exactly counterbalance the 
changes in phase which we have considered in the preceding para- 
graph. 

The hypothesis certainly looks rather startling at first sight, but 
we can scarcely escape from it, so long as we persist in regarding 
the ether as immovable. We may, I think, even go so far as to say 
that, on this assumption, Michelson*s experiment jproves the changes 
of dimensions in question, and that the conclusion is no less legiti- 
mate than the inferences concerning the dilatation by heat or the 
changes of the refractive index that have been drawn in many other 
cases from the observed positions of interference bands. 

169. The idea has occurred to some physicists that, like an 
ordinary mechanical strain, the contractions or dilatations of which 
we are now speaking, might make a body doubly refracting, and 
Bayleigh and Brace have therefore attempted to detect a double 
refraction produced by the motion of the earth. Here again the 
search has been in vain; no trace of an effect of the kind has 
been found. 

With a view to this question of a double refraction, and for 
other reasons, it seems proper to enter upon a discussion of the electro- 
magnetic phenomena in a moving system, not only, as we did at 
first, for velocities very small in comparison with the speed of light 
c, but for any velocity of translation smaller than c. Though the 
formulae become somewhat more complicated, we can treat this pro- 
blem by much the same methods which we used before. 

Our aim must again be to reduce, at least as far as possible, 
the equations for a moving system to the form of the ordinary for- 
mulae that hold for. a system at rest. It is found that the trans- 
formations needed for this purpose may be left indeterminate to a 
certain extent; our formulae will contain a numerical coefficient 7, 
of which we shall provisionally assume only that it is a function 
of the velocity of translation w, whose value is equal to unity 
for t<; =» 0, and differs from 1 by an amount of the order of magnitude 

T for small values of the ratio — 

If Xy y, ^ are the coordinates of a point with respect to axes 
fixed in the ether, or, as we shall say, the „absolute" coordinates, and 
if. the translation takes place in the direction of OX, the coordinates 
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with respect to axes moying with the system^ and coinciding with 
the fixed axes at the instant ^ » 0^ will be 



X. 



x — wty y, 



if^== z. 



(284) 



Now, instead of x, y^ Zj we shall introduce new independent variables 
differing from these ^^elatiye^^ coordinates by certain factors that are 
constant throughout the system. Putting 



c 



(jt — io« 



h\ 



(285) 



I define the new variables by the equations^) 

x'^hlx,, y^lVr, z'^lz^ (286) 

or 

x^Jcl(x-wt), y^ly, z'^lz, (287) 

and to these I add as our fourth independent yariable 

f^-Lt-Jcl^(x-wt)^Jcl(t-^iXy (288) 

We shall again understand by U the velocity relative to the moving 
axes, so that the components of the absolute velocity are 

u^ + w^, Uy, u„ 
and we shall introduce a new vector u' whose components are 

u;-«?»u,, u;^ku^, u;-&u.. (289) 

Let us put, similarly, 

P'-J^P, (290) 

and let vm define two new vectors d' and h' by the equations 

Then the fundamental equations take the form^) 

diy'd'-(l-^')c', ■ 

diV h' - 0, 
., h, 1 /au' , ,„A \ (292) 

rot'd'--l|^. 

The meaning of the symbols div', rot' and grad', the last of 
which we shall have to use further on, is similar to that which we 
formerly gave to div, rot and grad, the only difference being that 

1) Note 72*. 2) Note 78. 



(291) 
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the differential coefficients with respect to x, y, z (taken for a con- 
stant t) are replaced bj those with respect to x'y y'y z (taken for a 
constant yalne of f),'^) 

As to the force f with which the ether acts on unit of electric 
charge, its components are found to be 



f.-Pd; + p .-l(u;h;-u.'h,')+ «'5(u;d;+u/d;), ) 



(293) 



The determinatioa of tibe field belonging to a system of electrons 
may again be made to depend on a scalar potential tp' and a rector 
potential a'. If these are defined by the equations 



(294) 







^,-, 1 a*t' 1 ,,., 


k 


in which the symbol A' stands for 


a« a* a» 

we shall have*) 


'a ' 



(295) 

h'-rot'a'. (296) 

The analogy between these transformations and those which we for- 
merly used, is seen at a glance. The above formalae are changed into 
those of §§ 44 and 45 by neglecting all terms which are of an order 

higher than the first with respect to —y by which h and I both take 

the value 1. In the present more general theory, it is the variable i 
defined by (288) thit may be termed the local time. 

It is especially interesting that the final formnlae (292) and 
(294) — (296) have exactly the same form as those which we deduced 
for small values of w. They differ from the equations for a system 
without translation in the manner pointed out in §§ 44 and 45, but, as 

1) In a paper ,,0'ber das Doppler'sche Princip", published in 1887 (GrOtfc. 
Nachrichten, p. 41) and which to my regret has escaped my notice all these 
years, Yoigt has applied to equations of the form (6) (§ 3 of this book) a trans- 
formation equivalent to the formulae (287) and (288). The idea of the trans- 
formations nsed above (and in § 44) might therefore have been borrowed from 
Yoigt and the proof that it does not alter the fonn of the equations for the 
frte ether is contained in his paper. 

2) Note 74. 
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regards the form of the equations^ the consideration of greater velocities 
of translation has not been attended by any new complications. 

170. The problem is greatly simplified when we consider an electro- 
static system , i. e. a system of electrons haying no other motion 
than the common translation w. In this case a' » 0; and consequently 
h' « 0. The scalar potential q)\ the vector d', and the electric force 
f are determined by 

AV=--pV (297) 

d' grad>', (298) 

t=»''C ^v^tV^ ^*^t^' 

These equations admit of a simple interpretation. Let us compare 
the moving system g, the position of whose points is determined by 
the relative coordinates x^y y^, ^^, with a system g^ that has no 
translation^ and in which a point with the coordinates x', /, / cor- 
responds to the point (x^, y^^ z^ in g, so that, as is shown by (286), 
g is changed into g^ if the dimensions parallel to the axis of x are 
multiplied by *?, and the dimensions which have the direction of y 
or that of z^ by 7. Then, \i*dS and dS' are corresponding elements 
of volume, we shall have ^ 

dS = WdS, (299) 

so that, if we suppose corresponding elements of volume to have 
equal charges, the density at a point of Sq will be given by the 
quantity q that has been defined by (290). 

It follows that the equation which determines the scalar potential 
in So has the same form as the equation (297) which we have found 
for ff>y and that, therefore, this latter quantity has, at a point P of 
g, the same value as the ordinary scalar potential at the correspond- 
ing point Pq of g^. The equation (298) further tells us that the 
same is ti-ue of the vector d' at the point P and the dielectric dis- 
placement at the point P^. But, in order to find the components 

of the electric force in g, we must multiply those of d' by J*, -r-, 

y, whereas, in the system g^,, the components of the electric force 

are immediately given by those of the dielectric displacement. Hence, 
there is between these electric forces a relation that is conveniently 
expressed by the formula 

F(S) = (P,T. f)F(So), (300) 

the coefficients between the brackets being those by which we 
must multiply the components of the force in g^ in order to get 
those of the force in g Since corresponding elements have equal 
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ckskTges, the same relation exists between the forces acting on cor- 
responding electrons. 

It is to be observed that corresponding electrons in the two 
systems occupy corresponding parts of space, and that, while their 
charges are equal, they are geometrically dissimilar; if the electrons 
in g are spheres, those in g^ ^® leiigthened ellipsoids. 

Let us also remember that the potential at a point Pq of g^, 
and, consequently, the quantity g>' at the corresponding point P of 
g, can be calculated by means of the formula 

where we have denoted by / the distance between a point Qq of the 
element dS' and the point Pq. The integration is to be extended to 
all elements in g^ ^here there is a charge. 

The comparison of a moving system with a stationary one will 
be found of much use in the remaining part of this chapter, and 
it is therefore proper to settle once for all that, if we speak of 
g and ^, we shall always mean two systems of this kind, and that 
the index will constantly serve to denote the stationary system. 

171. With a view to later developments it will be well to put 
the foregoing statements in yet another form. Let us, for a while, 
discard all thoughts of the imaginary system ^, and confine ourselves 
to the system g with which we are really concerned. We may intro- 
duce for this, as we have already done, the quantities re', y, Zy and 
we may even use them for the determination of the position of a 
point, because they are related in a definite manner to the values of 
^r> Vrj ^r* -^^^ them be called the effective coordinates, and let us 
define the effective distance between two points whose effective coordi- 
nates are Xy^\ y^^ z^y x^\ y^\ z^ as the quantity 

If dx^, dy^y dz^ are infinitely small increments of the relative coor- 
dinates, the corresponding increments of the effective coordinates 
will be 

dx' = Tcldx^y dy = Idy^, dz' =« Idz^y 

and, of course, the parallelepiped having dXy dy, dz for its edges 
may be said to be determined by these increments dx'y dy\ dz\ K, 
instead of the ordinary unit of volume, we choose a unit kP times 
smaller, the volume of the parallelepiped will be expressed by the 
product dx' dxfdz'y and, on the same scale, an element of any form 
that is given in ordinary measure by rf/S, will have a volume 

dS - UHS. (302) 
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This is equal to the d^ in the equation (299), but the symbol has 
got a new meaning. Having already used several times the word 
„eflfective*', I shall now — only for the sake of uniformity and without 
attaching any further meaning to the words — call dS' the effective 
element of volume. A point within dS will also be said to belong 
to the effective element dS\ 

Finally, if the charge gdS of an element rfS is divided by the 
magnitude of the effective element dS\ we get the quantity q that 
is defined by (290). For this reason it is not inappropriate to call q' 
the effective density of the charge. 

It will now be clear that the operations involved in the symbol 
on the right-hand side of the equation (301) may be described in 
terms relating only to the real system, the denominator r being the 
eifective distance between a point of the effective element dS' and 
the point P for which we want to calculate (p\ This potential haying 
been determined, its partial differential coefficients with respect to the 
effective coordinates, taken with the signs reversed, will represent 
the components of the vector d^ 

It is only for moving systems that we have had reason to 
distinguish between the effective coordinates and the „ti-ue^^ coordi- 
nates, the effective elements of volume and the „true" ones, etc.; as 
soon as w; = 0, we shall have x = a?^ = x, y =^ y^^ Vj z =« z^^ Zy 
dS'^dS, (>'=(>; etc. Yet, for the very reason of these equalities, 
we are free also to speak of the effective coordinates, the effective 
density, etc. in the case of a stationary system; only, we must not 
forget that in this case these quantities are identical with the true 
coordinates, the true density, etc. Similarly, we may always speak 
of the vector d', remembering that it is identical with d when there 
is no translation. 

I have dwelled at some length on these questions of denomi- 
nation, because in intricate problems a proper choice of terms is 
of much value. That which we have now made enables us to con- 
dense into few words what was said in the last paragraph about the 
systems g and g^, namely: In two electrostatic systems, the one moving 
and the other not, in which the effective density of the electric 
charge is the same function of the effective coordinates, the vector d' 
will be the same at corresponding points, and the forces will be re- 
lated to each other in the way expressed by (300). 

172. Let us now return from this digression to the hypothesis 
by which we have tried to account for the result of Michelson's 
experiment. We can understand the possibility of the assumed 
change of dimensioi^s, if we keep in mind that the form of a 
solid body depends on the forces between its molecules, and that, in 



202 V, OPTICAL PHENOMENA IN MOVING BODIES. 

all probability^ these forces are propagated by the intervening ether 
in a way more or less resembling that in which electromagnetic 
actions are transmitted through this medium. From this point of 
view it is natural to suppose that^ just like the electromagnetic forces^ 
the molecular attractions and repulsions are somewhat modified by a 
translation imparted to the body, and this may very well result in a 
change of its dimensions. 

Now, it is very remarkable that we find exactly the amount of 
change that was postulated in § 168^ if we extend to molecular 
actions the result found for the electiic forces, i. e. if, comparing two 
svstems of molecules g and ^ in which the particles have the same 
effective - coordinates, we admit for the molecular forces the relation 
expressed by (300). 

Indeed, this equation implies that if ¥{^) = 0, F(y) is so like- 
wise, so that when, in the system g^,, each molecule is in equilibrium 
under the actions exerted on it by its neighbours, the same will be 
true for the system g. Hence, taking for granted that there is but 
one position of equilibrium of the particles, we may assert that, in 
the moving system g, the molecules will take of themselves the 
arrangement corresponding, in the manner specified by (286), to 
the configuration existing in g^. Since x, y', z' are the true coordi- 
nates in this hitter system, and x^., t/^, 0^ the relative coordinates in 
g, the change of dimensions in different directions is given by the 
coefficients in (286), and the two lines of which we have spoken in 
§ 168 will be to each other in the ratio 



which agrees with the value (283), if quantities of an order higher 
than the second are neglected. 

173. It is a matter of interest to inquire whether our assump- 
tions demand the same change of dimensions for bodies whose shape 
and size depend in a smaller or greater measure on their molecular 
motions. As a preliminary to this question, I shall consider a 
system of points having, be'sides a common translation Wy certain 
velocities U. For each of them the coordinates x^y y^, 0^ are definite 
functions of the time' t, and 

^^U ^^U ^»U 
dt *' dt y- dt * 

But we may also say that for each the effective coordinates x\ y\ z 
are functions of the local time t\ which I shall henceforth also term 
the effective time, and we may calculate the differential coefficients 
of Xy y\ z with respect to t' in terms of those of x^, y^, z^ with 
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respeet to t In doing so I shall suppose the velocities ll^, U^, U^ to 

be so small that terms that are of the order of magnitude ^ — ' compared 

with those I am going to write down^ may be neglected. Then the 
result is^) 

dt' '"'^ dt ' dt' '^ dt ' dt' ^^ dO 

df^^ I dt*' dt'^~' I dt* ' dt'^'^ I dt^ ^^^^^ 

The first set of equations shows that -r^f -^ y -t7 are the compo- 
nents of the vector u' that has been defined in § 169^ and it appears 
from the second set that; if there are two systems of points g and 
go moving in such a way that in both the effective coordinates are 
the same functions of the effective time, we shall have the following 
relation between the accelerations j 

J(S)-(p, p, ]^)j(So)- (304) 

This formula, in which the mode of expression is the same as that 
which we have used in (300), follows immediately from (303), the 

d^x d*v' d'^z 
components of the acceleration in g^ being -^r^rty TT'^y imy ^^^ those 

of the acceleration in g -^, -^, -^. 



dt'^^ dr*' dt' 



174. ')It remains to apply this to a body in which molecular 
motions are going on. At ordinary temperatures the velocities of 
these are so small in comparison with that of light, that the approxi- 
mations used in the above formulae seem to be allowable. On the 
same ground we may regard the interactions of the molecules to be 
independent of the velocities U, and to be determined solely by the 
relative positions and the velocity of translation w. 

Let g and g^ be two systems of molecules moving in such a 
manner that in both the effective coordinates are the same functions 
of the effective time. Let us fix our attention on two corresponding 
particles P and P^ in the positions which they occupy for a definite 
value, say f^, of the effective time. If we wish to know the simul- 
taneous positions of the neighbouring paii;icles of go, which are suf- 
ficiently near P^ sensibly to act on it, we have only to consider the 
values of their coordinates a?', y\ z for the same value ^' of the effec- 
tive, i. e. in this case, the true time. It is otherwise with the moving 
system g. Here the instants for which the effective (i. e. now, the 
local) time, has a definite value t^ at different points, are not simul- 



1) Note 75. 2) See for several questions discussed in this article Note 75*. 
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taneous^ and this would greatly complicate the comparison of g and 
go; were it not for the relative slowness of the molecalar motions^ 
to which we have already had recourse a moment ago. As it iS; we 
may; I think; skip over the difficulty. If A is the distance between 
the molecule P and another Q near it; the interval between the 
moments at which the effective time of P and that of Q have the 

chosen value t^, is of the order of magnitude —j- , as appears from 

(288). The changes which the relative coordinates of Q with respect 
to P undergo during an interval of this length; are of the order 

— ^—Y — , or of the order — ^ compared with A. The corresponding 

changes in the components of the force between P and Q are of the 
same order in comparison with the force itself; and may therefore be 

n^lected since - — - is very small. In other terms ; in order to find 

the force acting on the molecule P, we may consider as simultaneous 
the positions which the surrounding particles occupy at the instants 
at which their local times have the value f. In virtue of our as- 
sumption; the relative coordinates in these positions bear to x, y'y s, 
i. e. to the corresponding coordinates in g^; the ratios determined by 
(286); so that; within the small compass containing P and the mole- 
cules acting on it; the body may be said to have its dimensions 
changed in the way that has often been mentioned. We infer from 
this that the forces acting on corresponding particleS; in g and g^; 
are subjected to the relation (300). 

On the other hand we have the relation (304) between the 
accelerations. NoW; if the ratios occurring in (304) und (300) were the 
same; we might conclude that; if the state of motion existing in ^ 
is a possible onC; so that for each particle the force acting on it is 
equal to the product of its acceleration and its masS; and if the par- 
ticles have equal masses in g and ^; the state of motion in the 
former system which corresponds to that in the latter will also be 
possible. 

As it iS; however; the ratios in (300) and (304) are not equal. 
The above considerations cannot; therefore; lead us to a theorem of 
corresponding states existing in g and g^, unless we give up the 
equality of the masses in these systems. We need not; I think; be 
afraid to make this step. We have seen that the mass of a free 
electron is a function of the velocity; so that; if the corpuscle has 
already the translation w of the body to which it belongs; the force 
required for a change of the velocity will thereby be altered; we 
have further been led to distinguish between a longitudinal and a 
transverse mass. Now that we have already extended to the mole- 
cular interactions the rule that had been deduced for the electric 
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forces^ it will perhaps not be too rash to imagine an alteration in 
the masses of the molecules caused by the translation, and even^ if 
it should prove necessary^ to conceive two different masses^ one m 
(the longitudinal mass) with which we must reckon when we con- 
sider the accelerations parallel to OX, and another, m" (the trans- 
verse mass) which comes into play when we are concerned with an 
acceleration, either in the direction of OT" or in that of OZ. 

Dividing the ratios in (300) by the corresponding ones in (304), 
we see that, if m^ is the mass of a molecule in the absence of a 
translation, the formulae 

or 

m = IzHm^y m == Idm^ (305) 

contain the assumptions required for the establishment of the theorem, 
that the systems g and g^ can be the seat of molecular motions of 
such a kind that in both the effective coordinates of the molecules 
are the same functions of the effective time.M 

Now, if the molecules of g^, in their irregular motion, remain 
confined within a surface having a constant position, those in § will 
be continually enclosed by the corresponding surface, i. e. by the one 
that is determined by the same equation in x\ y\ z , Hence, the 
translation produces the same changes in the dimensions of the 
bounding surface as in those of a body without molecular motions. 

The result may be extended to bodies whose shape and size are 
partly determined by external forces, such as a pressure exerted by 
an adjacent system of molecules, provided only that these forces be 
altered equally with those between the particles of the body itself. 

17ft. We are now prepared for a theorem concerning correspond- 
ing states of electromagnetic vibration, similar to that of § 162, but 
of a wider scope. To the assumptions already introduced, I shall add 
two new ones, namely 1. that the elastic forces which govern the vibra- 
tory motions of the electrons are subjected to the relation (300*), and 
2. that the longitudinal and transverse masses m and m' of the 
electrons differ &om the mass m^ which they have when at rest in 
the way indicated by (305). The theorem amounts to this, that in 
two systems g and g^, the one moving and the other stationary, 
there can be motions of such a kind, that not only the effective co- 
ordinates which determine the positions of the molecules are in both 
the same functions of the effective time (so that the translation is 
attended with the change of dimensions which we have discussed) but 

1) Note 75*. 
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that the same rule holds for the efifectiye coordinates of the separate 
electrons. Moreover^ the components of the yectors d' and h' will be 
found to be identically determined by x, y', z\ t\ both in S and in g^. 

In our demonstration we shall regard the displacements of* the 
electrons irom their positions of equilibrium; and the velocities of 
vibration as very small quantities, the squares and products of which 
may be neglected. We shall also leave aside the resistance that 
may tend to damp the vibrations. 

Let M and M^ be corresponding particles of g and g^, and let 
us calculate for these^ and for a definite value of the effective time, 
say the value ^', the vector p' whose components are 

^;^Eex\ p;=2;6y; p;==2:^/, (306) 

where the sums are extended to all the electrons of the particle con- 
sidered. If we suppose the positions and the motions of the electrons 
to be such as is stated in the theorem, this vector p' will be found 
to be the same for M and for M^, For the latter particle, p' 
is obviously the electric moment at the time chosen. As to the 
particle Jf, it is to be noticed that if w^e calculate the sums for the 
chosen value ^ of the effective time of each electron, the values of 
x\ y'j z in the sums will not be, strictly speaking, the coordinates which 
the different electrons have simultaneously. On account of the small values 
of the vibratory velocities U, we may however simplify the meaning of 
the sums by considering x\ y\ z as the effective coordinates of the 
several electrons, such as they are ^t one and the same moment, namely 
the moment when the effective time, taken for a definite point of 
the molecule, which may be called its centre, has the special value t\ 
Then, since the components of the moment of M at that instant 
may be represented by 

9,-Zex,, 9,--2Jey,, p,= Z^xr,, (307) 

we shall have, in virtue of (286), 

It may be shown that the values of the potentials q)' and a' of 
which we have spoken in § 169, are given by the equations, similar 

to (35) and (36), 



^'-li^/^t^'"'!^^'^ 



where r is the effective distance between the point P considered and 
a point of the effective element d8\ The square brackets mean that, 
if we wish to determine 9' and a' for the value f of the effective 



(308) 
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time, we miuit understand by q' and u' the values existing in dS' at 

the efiFective time t' ; • 

c 

With the aid of these formulae the electromagnetic field produced 

by a molecule may be shown to be determined in rather a simple 

manner by the vector p', which we may call the effective moment. 

The final formulae; whose form is identical with that of our previous 

equations (271) and (272), are^) 

where / is the effective distance between the centre of the molecule 
and the point (x', y\ /) considered. The square brackets mean that, 
if we want to know the values of d' and h' for the instant at which 
the local time belonging to this point is i'y we must take the values 
of Pj^', p ', p,' for the instant at which the local time of the centre 

of the molecule is t . The dot indicates a differentiation with 

c 

respect to i^ and the equations apply as well to the system g^ as 

to s. 

176. We have next to fix our attention on some molecule M. 
of the body §, and on the one movable electron which we shall 
suppose it to contain. The field produced in Jf by all the other 
molecules of the body may be represented by Hi! and 2?h' (cf. § 160), 
but to this we must add the field due to causes outside the body, 
for which the equations are 



diT'd,' 


-0, 




div' h; 


-0, 




rot' ho' 


1 
c 


K, 


rot' do' 





c ^o> 



(309) 



as is seen by putting p' = '0 in the formulae (292). 

After having found the total values of d' and h', we can use 
the equations (293), which, however, may be replaced by 

f.-i*<i;, n-fV' *'.=T''''- (3i<^> 

Indeed, so far as d^ and h' are due to the vibrations in the other 
molecules of the body, these vectors are proportional to the ampli- 

1) Note 76. 
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tudes^ so that all the terms in which their components are multiplied 
by u/, Uy' or 11/ may be neglected. The con-esponding terms with 
components of do' and h^' may likewise be omitted^ if the intensity 
of the external field is sufficiently small^ if^ for example^ this field is 
produced by vibrations of very small amplitude in a source of light. 
Returning to the comparison of our two systems^ we can finish 
it in few words. On account of what >ye know of the accelera- 
tions^ and of what has been assumed of the masses^ it is clear that 
the state of things we have imagined can exist both in g and in g^, 
if all the forces acting on the electrons satisfy the condition (300). 
We have assumed this for the elastic forces, and we can deduce it 
for the electric forces from the equations (310), (308) and (309). 
The eflFective moments being the same functions of t' in corresponding 
particles of g and Sq, the vectors 2^d' will be so likewise at corre- 
sponding points, and we may suppose the same to be true of the 
vector do', since one and the same set of equations, namely (309), 
determines it (together with Hq'), both for g and for ^. As the com- 
ponents of the force acting on unit charge are given by d^', d^', d/ 
for So J ^^^ ^y *^® formulae (310) for g, the condition (3(K)) is 
really fulfilled; 

177. The generalized theorem of corresponding states may now 
serve for the same conclusions which we have drawn from it in its 
more restricted form (§ 165). Attention must, however, be called to 
the difference in frequency between the corresponding vibrations in 
g and go- If, for definite values of the effective coordinates, i. e. 
at a definite point of the system, a quantity varies as cos nt\ n will 
be the frequency in the stationary system, because here f is the true 
time, but for the moving system we shall have 



cosn^'= coswr-jT ^ — kl-^x^jj 



80 that here the frequency at a definite point of the system is 

It is remarkable that, when the source of light forms part of 
the system, so that it shares the translation w, this frequency will 
be produced by the actions going on in the radiating particles, if 
these actions are such that the frequency would be n if the source 
did not move. At least, this is true if we make the natural 
assumption that in the source the masses of the electrons and the 
elastic forces to which they are subjected, are altered in the same 
manner as in a body through which the light is propagated. Then we 
may assert that in the source of light too, the effective coordinates 
of the electrons can be the same functions of the effective time, 
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whether the source moye or not. If the vibrations are represented 
in both cases by formulae containing the ficictor nt', the frequency 

will be n when the source is at rest, and -r- n when it moves. This 

shows that in all experiments made with a terrestrial source of light, 
the phenomena will correspond quite accurately to those which one 
would observe, using the same source on a stationaiy planet; the 
course of the relative rays, the position of interference fringes, and, 
in general, the distribution of light and darkness will be unaltered. 

The case of experiments made with a celestial source of light is 
somewhat different. In these, the relative frequency n at a point of 
our apparatus is equal to the frequency of the source, modified accord- 
ing to Doppler's principle (a modification that will not exist when we 
employ sunlight, as our distance from the sun may be considered as 
constant), and the phenomena wiU correspond to those taking place 

with the frequency -y-n in a stationary system. Thus, in a dispersive 

medium the courses of the relative rays observed with the D-lines 
in sunlight and with a sodium flame, would not coincide exactly. If, 
supposing the sun to be at rest relatively to the ether, we call n 

the relative frequency in the first case, it will be -jr-n in the second 

case. It is scarcely necessary to add that this is of a purely theoretical 
interest, as no phenomenon that can be accurately observed can be per- 

to* 

ceptibly altered by tbis change in the frequency of the order -7-- 

• 

It should further be noticed that, in an experiment planned for 
the detection of an influence of the earth^s translation, in which we 
turn roxmd our apparatus, or repeat our observations after a certain 
number of hours, during which it has rotated on account of the 
earth's diurnal motion, we are constantly working with the same 

relative frequency (whatever be the source of light employed). This 

k 
constant frequency v will correspond to a determinate frequency -y- v 

in a system without translation, and the rotation can no more pro- 
duce an effect than it would do if we rotated our instruments on a 
body without translation, on which we were working with rays of 

the frequency -jv. 

But perhaps I am dweUing for too long a time upon these 
subtle questions. What must now be pointed out particularly, is, 
that our theorem explains why Rayleigh and Brace have failed to 
detect a double refraction. In the experiments of the latter of these 
physicists the beam of light that was received by the observer's eye 
consisted of two parts, travelling side by side, and having the same 

liorents, Theoxy of eleotroni. 2"<i Ed. 14 



210 V. OPTICAL PHENOMENA IN MOVING BODIES. 

state of polarization and also^ thoagh they had been passed through 
different media ^ the same intensity. It is clear that^ whenever this 
equality exists for two such beams in a system without translation^ 
it must, by our theorem, also be found in the corresponding state 
in a moving system. 

178. When, in our comparison of two electrostatic systems ^ 
and go (§ 171); it was stated that, in both of them, the effective 
density of the charge had to be the same function of the effective 
coordinates, this implied that the electrons in the two systems are 
not of the same shape. In the discussion given in § 175, however, 
we have not assumed this, confining ourselves to the two assumptions 
stated in the beginning of that paragraph. Indeed, in dealing with 
the motion of the electrons we are concerned only with their charges, 
their masses and the elastic forces acting bn them; all other par- 
ticulars are irrelevant to our final results. Consequently, we may 
very well conceive the electrons not to change their form and size 
when a body is put in motion (though the dimensions of the body 
itself be altered in the above mentioned manner), provided only that 
the necessary relations between the elastic forces and the masses of 
the electrons, before and after the translation is imparted to the 
system, be maintained. 

Now, in a theory that attempts to explain phenomena by means 
of these minute particles, the simplest course is certainly to consider 
the electrons themselves as wholly immutable, as perfectly rigid 
spheres, for instance, with a constant uniformly distributed surface- 
charge. This is the idea that has been worked out by Abraham, 
and on which many of the formulae I have given in Chap. I are 
based. But, unfortunately, it is at variance with our theorem of 
corresponding states. This requires, as is seen from (305), that the 
longitudinal and the transverse mass of an electron be to each other 

in the ratio 

w' ,2 c* 



-« — •«« ^ 



m c — w 

or, up to quantities of the second order, 



w' ^ . w* 



— = 1 4- 



whereas, according to the formulae (68) and (69), and with the same 
degree of approximation, it would be 






170. It is for this reason that I have examined what becomes 
of the theory, if the electrons themselves are considered as liable to 
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the same changes of dimensions as the bodies in which they are con- 
tained. This assumption brings out the proper ratios between the 
masses m^, m', m", provided that we assign the value 1 to the coeffi- 
cient ly which we have hitherto left undeterminate. 

The electromagnetic mass of the deformable electron is easily 
deduced from the theory of electromagnetic momentum, since we can 
always apply the general formulae of § 24, whatever be the changes 
in the form and size of an electron taking place during its motion. 
By calculating the electromagnetic momentum G and its rate of 

change 6, we shall find the force acting on the electron; next, 
when we divide by the acceleration, the electromagnetic mass, either 
the longitudinal or the transverse one, will become known. 

In our calculations we shall' ascribe to the electromagnetic mo- 
mentum the value which it would have, if the electron were con- 
tinually moving with the velocity that exists at the moment con- 
sidered, a procedure the legitimacy of which will be discussed in a 
subsequent paragraph. 

The determination of the momentum is even more simple than it 
was in the case of a rigid sphere. We have seen that the field of a 
moving electrostatic system is known, when the field of another system 
that is supposed to be at rest, and whose dimensions differ in a de- 
finite manner from those of the moving one, is given. Now, if the 
system consists of a single electron, of spherical shape and with 
uniformly distributed surface charge, so long as it stands still, but 
ellipsoidal when in motion, as determined by (286), the stationary 
system to the consideration of which the problem is reduced, is found 
to be precisely thd original sphere, so that the field is determined 
very easily. 

Galling e the charge, and 22 the radius of the sphere, I find for 
the electromagnetic momentum corresponding to the velocity w^) 

|fi|='inOT*^«'' (311) 

from which, using the formulae (64) and (65), we deduce 

/ e* d(klw) „ ** 1.7 

or 

*^' « , Wo, m" = lilmQ, (312) 

The latter formula agrees with the second of the equations (305), so 
that the only remaining condition is, that the value of m' shall be 
equal to that given by the former of those equations. Hence 

djjclw) ,4,, 



dw 
1) Note 77. 



U' 
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from which, on account of 

djhw) ^ j^ 

dw ' 

we infer 

^ = 0, i =— const. 

The yalue of this constant must be unity^ because, as we know, 
i = 1 for «? = 0. 

We are thus led so far to specialize the hypothesis that was 
imagined for the explanation of Michelson's experimental result, 
as to admit, for moving bodies, only a contraction, determined by 
the coefficient Jc, in the direction of the line of motion. The elec- 
trons themselves become flattened ellipsoids of revolution, their limiting 
form, which they would reach if the translation had attained the speed 
of light, being that of a circular disk of radius JR, perpendicular to 
the line of motion. 

All this looked very tempting, as it would enable us to predict 
that no experiment made with a terrestrial source of light will ever 
show us an influence of the earth's motion, even though it were 
delicate enough to detect effects, not only of the second, but of any 
order of magnitude. But, so far as we can judge at present, the 
facts are against our hypothesis.^) 

According to it, the longitudinal and the transverse mass of an 
electron would be 



m' «= fc'm^, m" = Jcm^, 



or, if we put y « /S, 



w -(l-/5»)-»/«Wo, w"«(l^/5»)-i/«mo. (313) 

When /) becomes greater, these values increase mpre rapidly than those 
which we have formerly found for the spherical electron. Therefore, 

the determination of -77 for the high velocities existing in the /3-rays 

affords the means of deciding between the different theories. Eauf- 
mann, who, as early as 1901'), had deduced from his researches on 

this subject that the value of — increases most markedly, so thai 

the mass of an electron may be considered as wholly electromagnetic^ 
has repeated his experiments with the utmost care and for the ex- 
press purpose of testing my assumption.') His new numbers agree 

1) This can no longer be said now. [19 16. J 

2) W. Eaufmann, Die magnetische and elektrische Ablenkbarkeii der 
Becquerelstrahlen und die scheinbare Masse der £lektronen, GK^tt. Nachr., Math.- 
phjB. Kl. 1901, p. 143; Obei die elektromagnetische Masse des Elektrons, ibid. 
1902, p. 291; 190S, p. 90. 

3) Kaufman n , tTbei die Konstitution des Elektrons, Ann. Phys. 10 (1 906), p. 487. 
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within the limits of experimental errors with the formulae given by 
Abraham, but not so with the second of the equations (313), so 
that they are decidedly unfavourable to the idea of a contraction, 
such as I attempted to work out.^) Tet, though it seems very likely 
that we shall have to relinquish this idea altogether, it is, I think, 
worth while looking into it somewhat more closely. After that, it 
will be well also to exunine a modification of the hypothesis that 
has been proposed by Bucherer and Langevin. 

180. In the preceding determination of the mass af the deformed 
electron we have availed ourselves of the electromagnetic momentum, 
but we have not considered the energy. This was done by Abraham^, 
who found that, besides the ordinary electromagnetic energy, the 
electron must have an energy of another kind, whose amount is 
lessened when the particle is made to move. The truth of this be- 
comes apparent when we consider a rectilinear motion of the electron 
with variable velocity. The mass is given by 

and the work of the moving force during the element of time dt by 

-^{l-^y^wwdt, (314) 

whereas the electromagnetic energy is found to be^) 

Now, the increment of the first term during the time dt is exactly 
equal to the expression (314). 

Hence, there must be another energy E of such an amount that, 
when added to the second term of (315), it gives a constant sum, and 
which is therefore determined by 

■E-«=l«(l--^r+0. (816) 

where is a constant. 

181. The nature of this new energy and the mechanism of the 
contraction are made much clearer by the remark, first made by 
Poincare*), that the electron will be in equilibrium, both ta its ori- 

1) See, however, Note 86. 

2) M. Abraham, Die Grondhypothesen der Elektronentheorie, Phys. Zeit- 
schrift 5 (1904), p. 676. 

3) Note 78. 

4) H. Poincar^, Sur la dynamiqne de T^lectron, Rendiconti del Circolo 
matematico di Palermo 21 (1906), p. 129. 
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ginal and in its flattened form, if it has the properties of a very 
thin, perfectly flexible and extensible shell, whose parts are dravm 
inwards by a normal stress, haying the intensity 

5= '• 



per unit of area^ and preserving this magnitude however far the con- 
traction may proceed. 

The value of S has been so chosen that, so long as the electron 
is at rest and has therefore the shape of a sphere with radius JR, 
the internal force exactly counterbalances the electromagnetic stress 
on the outside which is due to the surrounding field.^) Now — and 
herein lies the gist of Poincare's remark — the electron, when 
deformed as has been stated, will stiU be in equilibrium under the 
joint action of the stress S and the electromagnetic forces. 

In order to show this, we shall fix our attention on the com- 
ponents of the internal stress acting on a surface element of the 
shell; these are found if we multiply S by the projections of the 
element on the planes of yZy zx, xy. Now, when the deformation 

takes place, these projections are multiplied by the factors 1, -r-, -t-> 

from which it appears that the components of the stress are altered 
in the same ratios as those of the electromagnetic force (cf. (300)), so 
that the equilibrium will still persist. When it is stable, the electron 
will necessarily have the configuration corresponding to it; the electro- 
magnetic forces exerted on its surface by the ether, modified by 
the translation according to our formulae, conjointly with the in- 
variable internal stress, will make the electron take the flattened 
ellipsoidal form. 

Corresponding to the internal stress 8 there must be a certain 
potential energy 17, and the above result implies that this energy is 
equal to the expression (316). Indeed, if v is the volume of the 
ellipsoid, we obviously may write 



<•• 



U ^ Sv + const = 32 7r*Jg^ ^ "^ const, 
and we have 

182r Abraham^) has raised the objection that I had not shown 
that the electron, when deformed to an ellipsoid by its translation, 
would be in stable equilibrium. This is certainly true, but I think 
the hypothesis need not be discarded for this reason. The argument 

1) Note 70. 

2) Abraham, 1. c, p. 578. 
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proves only that the electromagnetic actions and the stress of which 
we have spoken cannot be the only forces which determine the 
configuration of the electron. 

If they were, each problem concerning the relative motion of 
the parts of the moving ellipsoidal electron would have its counter- 
part in a problem relating to the spherical electron without trans- 
lation, because the forces of both kinds would satisfy the relation (300). 
Now, it is easily seen that, under the joint action of the stresses in 
the suiTOunding field and the constant internal stress 8, a spherical 
shell would be in stable equilibrium as regards changes of volume, 
but that its equilibrium would be unstable with respect to changes 
of shape.^) The same would therefore be true of the moving and 
flattened shell. In the case of the latter there would even be in- 
stability of orientation, because after a small rotation the electron 
does no longer correspond [after the manner indicated by the for- 
mulae (286)] to the original sphere, but to a slightly deformed one. 

Notwithstanding all this, it would, in my opinion, be quite 
legitimate to maintain the hypothesis of the contracting electrons, if 
by its means we could really make some progress in the understanding 
of phenomena. In speculating on the structure of these minute par- 
ticles we must not forget that there may be many possibilities not 
dreamt of at present; it may very weU be that other internal forces 
serve to ensure the stability of the system, and perhaps, after all, 
we are wholly on the wrong track when we apply to the parts of 
an electron our ordinary notion of force. 

Leaving aside the special mechanism that has been imagined by 
Poincare, we are offered the following alternative. Either a spheri- 
cal electron must be regarded as a material system between whose 
parts there are certain forces ensuring the constancy of its size and 
form, or we must simply assume this constancy as a matter of fact 
which we have not to analyze any further. In the first case, the 
form^ size and orientation of the moving ellipsoid will also be 
maintained by the action of the system of forces, provided all of 
them have the property espressed in our relation (300). In the other 
case we may rest content with simply admitting for the moving 
electron^ without any further discussion, the ellipsoidal form with 
the smaller axis in the line of translation. 

183. I must also say a few words about another question that 
is connected with the preceding one. In our calculation of the 
masses m and m" in § 179 we have assumed that at any moment 
the electromagnetic momentum has the value corresponding, in a 

1) Note 80. 
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stationary state of motion^ to the actual velocity. Partictilarly^ in the 
application of the formula (311)^ it has been presupposed tiiat in a 
curvilinear motion the electron constantly has its short axis along 
the tangent to the path^ and that, while the velocity changes, the 
ratio between the axes of the ellipsoid is changing at the same time. 

Strictly speaking, it is not absolutely necessary for our results 
that the orientation and shape of the electron should follow in- 
stantaneously the alterations in direction and velocity of its trans- 
lation; they may be supposed to lag somewhat behind. But it is 
clear that, at all events, if we want to apply the values of m and 
m' to optical phenomena, as we have done, the time of lagging must 
be small in comparison with the period of the vibrations of light. 

Now, if we choose the latter of the alternatives that presented 
themselves in the last paragraph, we may as well simply assert that 
there is no lagging at alL But we must not proceed in this summary 
manner if we prefer the first alternative. If the form and the orien- 
tation of the electron are determined by forces, we cannot be certain 
that there exists at every instant a state of equilibrium. Even while 
the translation is constant, there may be small osciQations of the 
corpuscle, both in shape and in orientation, and under variable 
circumstances, i. e. when the velocity of translation is changing either 
in direction or in magnitude, the lagging behind of which we have 
just spoken cannot be entirely avoided. The case is similar to that 
of a pendulum bob acted on by a variable force, whose changes, as 
is well known, it does not instantaneously follow. The pendulum 
may, however, approximately be said to do so when the variations 
of the force are very slow in comparison with its own free vibra- 
tions. Similarly, the electron may be regarded as being, at every 
instant, in the state of equilibrium corresponding to its velocity, pro- 
vided that the time in which the velocity changes perceptibly be very 
much longer than the period of the oscillations that can be performed 
under the influence of the regulating forces. If these vibrations are 
much more rapid than those of light, the values (313) of the masses 
m' and m' may be confidently applied to the electrons in a body 
traversed by a beam of light, and with even more right to free elec- 
trons that are deflected from their line of motion by a magnetic or 
an electric field. 

Of course, since we know next to nothing of the structure of 
an electron, it is impossible to form an opinion about the period of 
its free oscillations, but perhaps we shall not be far from the mark 
if we suppose it to correspond to a wave-length of the same order 
of magnitude as the diameter. 

It appears from these considerations that the idea of a deforma- 
bility of the electrons would give rise to several new problems. One 
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of these would be that of tlie rotation of these particles. An electron 
is set spinning whenever a magnetic force to which it is exposed 
undergoes a change^ and it would be necessary to obtain an insight 
into the peculiarities of the motion imparted in cases of this kind 
t-o our flattened ellipsoids. 

184. As has already been observed (§ 178), the often mentioned 
changes in the internal forces^ and consequently in the dimensions 
of a body can be imagined without extending the assumption to the 
electrons themselves and the question therefore naturally arises^ 
whether after all we may not get a satisfactory theory by simply 

adhering to the idea of rigid spherical electrons. This course would 

til' 
be open to us, if the discrepancy between the values of —n given at 

the end of § 178 could be shown to have no perceptible influence 
on observed phenomena. In examining this point we are led back 
to the question of double refractipn of which we have already 
spoken. 

A glance at the formulae that have served us in Chap. IV for 
treating the propagation of light in a system of molecules , shows 

that the term w'w* = ^^ in equation (201) is the only one which 

contains the mass of an electron. Moreover if /confining ourselves 
to perfectly transparent bodies (not subjected to an external magnetic 
force); we leave aside the resistance to the vibrations , that term 
is also the only one in which there is any question of the frequency. 
It follows that aU depends on the product mfi?y and that a change 
of m, say in the ratio of 1 to a, will have the same effect as a 
change of n in the ratio of 1 to «*/». 

Let us now suppose for a moment that the values of the two 
masses of an electron, though not exactly equal to the expressions (313), 
are at least proportional to these, say 

where the coefficient a is a certain function of the velocity of trans- 
lation Wj equal to unity for «; «» 0, and differing from 1 by a quantity 
of the second order when w is small. Then, the phenomena in a 
moving system § and those in a stationary one g^ will corresp5nd 
to each other as formerly explained, provided that the mass of the 
electrons in the system g^ be not m^ but am^. If the body considered 
were originally isotropic, a change of the mass of its electrons from m^ 
to am^ certainly would not make it doubly refracting. Hence, the 
moving body whose electrons have the masses (317), can be so 
neither. It must be singly refracting, and we may be sure that 
practically it wiU present the same phenomena, in experiments, that 
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is^ in which the source of light moves with it, as it would do when 
kept at rest. It is true that there will be a difference equivalent to 
that which could be caused by a change of the mass of an electron 
from m^ to am^^y or by one of the frequency to a corresponding 
amount (of the second order)^ but certainly this can have no per- 
ceptible influence. 

We shall next consider the case that the longitudinal and the 
transverse mass of an electron bear to each other a ratio different 

from ](^. Let us write for their values 

f -tf /f Iff 

where A' and h" are factors having sinular properties as the above 
coefficient cc. Then the phenomena in the body g correspond to 
those in a body g^ in which the electrons would have a mass 

with respect to accelerations parallel to OX^ and a mass 

with respect to accelerations at right angles to that line. A body 
of this kind would undoubtedly show a double refraction, and so 
would the moving body g corresponding to it. I£, for example, a 
ray of light were propagated along a line perpendicular to OX, say 
in the direction of OY, the velocity of propagation would be different 
according as the vibrations were parallel to OX or to OZ. The 
frequency of the light used being denoted by n, the velocity of pro- 
pagation of one vibration would be (by the theorem with which we 
have begun this paragraph) as if the frequency were 

and that of the other as if it were 

the masses being taken equal to m^ in both cases. 

18B. For a spherical electron we huve, according to the for- 
mulae (70) and (71), if we neglect terms of an order higher than 
the second, 

and, as we may put 
the above values become 



(l-l/J')« and (l-,^/J»)«, 
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showing a difference of 

l/j»«-io-»«, 

since the Telocity of the earth is one ten-thousandth part of the 
speed of light. In the case of water, and for yellow light, this 
change of frequency would produce a change in the index of refrac- 
tion of about 2 • 10*"^^, and this, therefore, would be the difference 
between the two principal refractiye indices which we might expect 
in the double refraction experiment. 

it is scarcely necessary to say that Rayleigh's^) and Brace's*) 
observations were conducted in such a manner that a double refrac- 
tion in which one of the principal directions of vibration would be 
parallel to the earth's motion could manifest itself. As I mentioned 
already, the results were invariably negative, though Brace's means 
of observation were so sensitive that a difference between the prin- 
cipal refractive indices of 10""** could not have escaped him. This is 
about the twentieth part of the value which we have just computed. 

It is true that we have based our calculations on certain 
assumptions that could be changed for others, and Brace himself 
has made the calculation in a different manner. Yet, I think, we 
may confidently conclude that it will be extremely difficult to reconcile 
the result of his observations with the idea of rigid spherical electrons. 

It must be added that, if we adhered to this idea, our con- 
siderations concerning the molecular motions in a moving system 
would also require some modification. 

186. We have seen in § 184 that there would be no contradic- 
tion with Brace's results, if the ratio between the longitudinal and 
the transverse mass had the value Jc^, This raises the question as 
to whether this latter ratio can be obtained without the assumption 
2 » 1, which has been the origin of all our difficulties. Unfortunately, 
this way out is barred to us, the equation 

aw 

being satisfied only by a constant valu^ of I 

For this reason the optical experiments do not allow us to 
suppose, as has been done by Bucherer') and Langevin^), that a 

l)Ray]eigli, Does motion through the aether cause double refraction? 
Phil. Mag. (6) 4 (1902), p. 678. 

2) D. B. Brace, On double refraction in matter moving through the aether, 
Phil. Mag. (6) 7 (1904), p. 817. 

8) A. H. Bucherer, Mathematische EinfCihrung in die Elektronentheorie, 
Leipzig, 1904, p. 57 a. 58. 

4) P. Langevin, La physique des Electrons, Bevue g^n^rale des sciences 
pures et appliqu^es 16 (1905), p. 257. 
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moTing electron is deformed to an ellipsoid of the form and orien- 
tation which I have assigned to it^ but haying the original volume^ 
instead of the original equatorial radius. This assumption obviously 
amounts to putting 2 » Ar~^^^ so that the dimensions of the electron, 
would be altered in the ratios Jcr^^, ¥^^y ¥^. When we use this 
value of ly the two electromagnetic masses become 

m'=(l-/SV*/»(l-i/J*)mo, (318) 

«' 1 — 4/J» 



giving for the ratio 



instead of 



1 



Z.8 



l-p« 



If we apply to this hypothesis the same mode of calculation as 
to that of rigid spheres^ we are led to a double refraction that is 
even a little stronger, so that the contradiction with Brace's experi- 
ments would remain the same. 

This is certainly to be regretted as the new assumption has 
unmistakeable advantages over my original one.^) It is in sufficient 
agreement with Kauf mannas results, and the idea of a constant vo- 
lume is indeed very simple. Following it we should not be obliged, as 
we were in § 180, to admit the existence of another energy than the 
ordinary electromagnetic one. This is confirmed by the magnitude 
of the electromagnetic energy*) 



6* 



and the expression 



derived from (318), for the work of the force, in case the electron 
has a rectilinear motion of variable velocity. The latter quantity is 
equal to the increment of the former in the time dt 

187. It is interesting, now to turn once more to the hypo- 
thesis { » 1, combined with the formulae (305) for the masses (assu- 
ming as a matter of fact the influence of the translation on the 
masses expressed by these equations), and to consider the equations 



1) With a view to the principle of relativity I should no longer say so. [1916.] 

2) Note 81. 
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for the propagation of light in moying transparent bodies to which 
it leads. We have seen that the yectors d', h', p' can be the same 
functions of x^ y ^ e\ t both in a moying system g and in a statio- 
nary one ^. The same must be true of some other vectors that 
can be derived from them, viz. 1. the vector E' which we define as the 

mean value d' of d', taken, in ^ for a spherical space, infinitely 
small in a physical sense, with its centre at the point considered, 
and in g for the space corresponding to that sphere, 2. the mean 

'value h' defined in the same way, and to be denoted by H', 3. the 
vector 

F - JTp', (319) 

where, in the formulae for both systems, we understand by "S the 
number of molecules which ^ contains per unit of volume, and 
4. a vector D^ defined by the equation 



E'+P. 



(320) 



Since all these vectors can be, in ^ and in g, the same Amotions 
of x\ y'j gy ij the equations by which tiiey are determined must be 
such that they can be written in the same form. 

Now, for the system g^, x'^ y\ z\ t are the true coordinates and 
the true time, whereas the above vectors are what we formerly called 
E, H, P and D. As we know that they satisfy the equations 



divD 

divH 

rotH 



0, 

0, 

£ dD 

c 



rot E — — 



c dt ' 



(321) 



we may be sure that, for the moving system, 

div' D' - 0, , 

div'H'-O, 

rot'H'-l^"^' 



rot' E' 



c dt' ' 
1 dW 



€ dt' 



} 9 



(322) 



where the symbols div' and rot' have the meaning that has been ex- 
plained in § 169. 

To (321) must be added the relation between E and D, and to 
(322) a corresponding relation between E' and D', so that, if we write 

D - -F(E), (323) 
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we shall also have 



D' - FiEy 



(324) 



Here, the symbol F must be understood in a very general sense; 
it is meant to • include all forms which the equations may take 
according to the special properties of the body considered. If the 
first formula contains, as may yery well be^), differential coefficients 
with respect to t^ we shall find in the second the correBponding 
differential coefficients with respect to f. 

Putting D » Ey and similarly D' » E', we obtain the equations' 
for the free ether. These, however, may be left in the form 



diyd - 
diy h = 

rot h » 

rot d — 



0, 
0, 

c dt ' 

1 ah 

e dt 



(325) 



for the system ^, there being no necessity for considering mean 
Talues when there are no molecules, and we may write for them 



div' d' - 0, 
div' h' - 0, 

rot' h' - 



1 dd' 



rot' d' - - -^^ 



dt' ' 

1 dw 



c df ' 



(326) 



when we are concerned with g. 

As the ether does not share the translation w, the two last sets 
of equations serve for exactly the same phenomena. The one is 
derived from the other by purely mathematical transformations, the 
only difference between the two being, that the electromagnetic field 
is referred to axes fixed in the ether and to the „true'^ time in (325), 
but to moving axes and „local'' time in (326), and that it is de- 
scribed in the two cases by means of different vectors. On the con- 
trary, the phenomena to which the equations (321, 323) and (322, 
324) apply, though corresponding to each other, cannot be said to be 
identical. 

188. Having got thus far, we may proceed as is often done in 
theoretical physics. We may remove the Bcaffolding by means of 
which the system of equations has been built up, and, without 
troubling ourselves any more about the theory of electrons and the 



1) Note 82. 
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difficulties amidst which it has landed ns, we may postulate the 
aboYC equations as a concise and^ so far as we know^ accurate de- 
scription of the phenomena. From this point of view, E, H, D 
in one system^ and E^, H', D' in the other, are simply ^certain'^ 
yectors, about whose meaning we say just so much as is necessary 
for fixing unequiyocaUy for eyery case their directions and magni- 
tudes. 

As to the grounds on which the equations recommend them- 
selyesy these are: 1. that the formulae (321), combined with suitable 
assumptions concerning the relation between E and D, can serve for 
the explanation of optical phenomena in transparent bodies, whether 
singly or doubly refracting, 2. that the identity in form of (321, 323) 
and (322, 324) accounts for the failure of all attempts to discover 
an influence of the earth's motion by experiments with terrestrial 
sources, and 3. that the equations (322, 324) give the right value 
for Fresnel's coefficient. 

189. The denominations „effective coordinates'^, „effective time'' 
etc. of which we have availed ourselves for the sake of facilitating 
our mode of expression, have prepared us for a very interesting 
interpretation of the above results, for which we are indebted to 
Einstein.^) Let us imagine an observer, Whom we shall call Aq and 
to whom we shall assign a fixed position in the ether, to be engaged 
in the study of the phenomena going on in the stationary system g^ 
We shall suppose him to be provided with a measuring rod and a 
dock, even, for his convenience, let us say, with a certain number 
of clocks placed at various points of §q, and adjusted to each other 
with perfect accuracy. By these means he will be able to determine 
the coordinates a;, y, z for any point, and the time t for any instant, 
and by studying the electromagnetic field as it manifests itself at 
different places and times, he will be led to the equations (321, 323). 

Let ^ be a second observer, whose task it is to examine the 
phenomena in the system g, and who himself also moves through 
tbe ether with the velocity Wy without being aware either of this 
motion or of that of the system g. 

Let this observer use the same measuring rod (or an exact copy 
of it) that has served A^j the rod having acquired in one way or 
another the velocity w before coming into his hands. Then, by our 
assumption concerning the dimensions of moving bodies, the divisions 
of the scale will in general have a length that differs from the ori- 



1) See Ann. d. Phjs. 17 (1905), p. 891; IS (1906), p. 639; 20 (1906), p. 627; 
21 (1906), p. 683; 28 (1907), p. 197, 371, and the comprelienBive exposition of 
Einstein's theory: Ubei das Belativit&tsprinzip nnd die aus demselben ge- 
zogenen Folgerungen, Jahrb. d. Radioaktivitat u. Elektronik 4 (1908), p. 411. 
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ginal one, and will eyen change wheneyer the rod is tnmed round, 
ihe law of these changes being, that, in corresponding positions in 
g^ and g, the rod has equal projections on the plane YOZy but 
projections on OX whose ratio is as /c to 1. It is clear that, since 
the obserrer is unconscious of these changes, he will be unable 
to measure the true relatiye coordinates x^ of the points of the 
system. His readings will give him only the values of the effec- 
tiye coordinates x' and, of course, those of y', z which, for I» 1, 
are equal to y^, jer^. Hence, relying on his rod, he will not find the 
true shape of bodies. He will take for a sphere what really is an 
ellipsoid, and his cubic centimetre wiU be, not a true cubic centi- 
metire, but a parallelepiped It times smaller. This, howeyer, contains 
a quantity of matter, which, in the absence of the translation, would 
occupy a cubic centimetre, so that, if A counts the molecules in his 
cubic centimetre, he will find the same number "N as ^q. Moreoyer, his 
unit of mass will be the same as that of the stationary observer, if 
each of them chooses as unit the mass of the water occupying a 
volume equal to Ms cubic centimetre. 

With the clocks of A the case is the same as with his measu- 
ring rod. If we suppose the forces in the clock-work to be liable 
to the changes determined by (300), the motion of two equal clocks, 
one in g^ and the other in g, will be such that the effective coordi- 
nates of the moving pai*ts are, in both systems, the same functions 
of the effective time. Consequently, if the hand of the clock in g^ 
returns to its initial position after an interval of time 9, the hand 
of the clock in g will do so after an increment equal to 9 of the 
effective time i. Therefore, a clock in the system g will indicate 
the progpress of the effective time, and without his knowing anything 
about it, ^'s Clocks will go M, times slower than those of A^, 

190. It follows from what has been said that, if the moving 
observer measures the speed of light, by making a ray of light travel 
from a point P to a point Q, and then back to P, he will find the 
value c. This may be shown for every direction of the line P^*), 
but it will suffice to give the proof for the case that the line is 
either parallel to OX, or at right angles to it. If £ is the distance 
between P and Q as measured by J., then in the first case the true 

distance is -j-y and, as both points move through the ether with the 

velocity ti;, the time required by the ray of light is 

2cii IkL 






1) Note $8. 
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In the second case the light has to travel along two sides of an 
isoscele triangle (cf. § 167), whose height is L and whose half base is 
to one of the sides as te; to c. The side is therefore 



V 






and the time taken by the beam of light to retnm to its starting 
-point is again given by (327). As A*s clock goes Jc times too slow, 

it will mark an interval of time — , so that the observer ^pil con- 
clude that the velocity of the rays is equal to c. 

Let us now suppose him to be provided with a certain number 
of clocks placed at different points of his system, and to adjust these 
clocks to each other by the best means at his disposal. In order to 
do so with two clocks placed at the points P and Q, at a measured 
distance L from each other, he may start an optical signal from P 
the moment at which the first clock marks the time ^ = 0, and 
so set the second clock that, at the arrival of the signal, it marks 

the time — , making allowance in this way for the time of passage 

of the light which he judges to be — • 

Let us suppose that P lies at the origin of coordinates, and Q 
on the positive axis of X] further, that a clock without translation and 
therefore indicating the true time, marks the instant at the moment 
of signalling. Then, on account of the different rates of a moving 
and a stationary clock, we shall have continually for the clock at P 

k 
At the moment of arrival of the signal the true time will be 

L 

since this is the interval required for the passage of the light be- 
tween the points P and Qy which move with the velocity w and 

whose true distance is -^ • 

k 

Now, since at this moment the time indicated by the clock at Q 
is — ) its indication, at any other true time ^, will be 

or, since L ^ x 

k c' 

LoreniSi Theory of electrons. 8»d Ed. 15 
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This agrees exactly with (288)^ so that we see that when the 
clocks are adjusted hy means of optical signals^ each of them will 
indicate the local time i' corresponding to its position. 

The proof may easily be extended to other directions of the 
line joining the two places.^) 

191. It is of importance not to forget that^ in doing all that 
has been said^ the observer wonld remain entirely unconscious of 
his system moving (with himself) through the ether, and of the 
errors of his rod and his clocks. 

Continuing his researches he may now undertake a study of the 
electromagnetic phenomena in his system, in exactly the same manner 
in which A^ has done so in his. We can predict what his results 
will be, because we know the phenomena by our theorem of corre- 
sponding states. From this we can infer that, if the moving observer 
determines velocities and accelerations in terms of his effective co- 
ordinates and his effective time, if he deduces the intensity of forces 
from the acceleration which they give to unit of mass, and if he 
measures electric charges in the ordinary way by means of the electro- 
static actions which they exert on each other, his unit of electricity 
will be equal to that chosen by A^, His density of charge, on the 
contrary, will not be the true density (>, but what we have called 
the effective density q\ Further, if he determines the force acting 
on unit charge at some point of the electromagnetic field, he will 
find the vector d'.^) Similarly he will be led to consider the vector h', 
and, pursuing his study, he will sooner or later come to establishing 
the equations that determine the field, namely the formulae (326) for 
the free ether and (322, 324) for a ponderable body. 

He may attain this latter object by different courses. Perhaps he 
will be satisfied with the idea that D' is a certain vector which he has 
for the first time occasion to introduce when working with a charged 
condensor. Or, if he develops a theory of electrons, he will get the 
notion of the electric moment of a particle, whose components*he 
will naturally define by the expressions ^eXj ^ey'y ^e/, so that 
what he calls the moment is in reality the vector p' of our equa- 
tions (306). After having introduced it, the moving observer will 
define P' and D' by the formulae (319) and (320). 

We may sum up these considerations by saying that, if both A^ 
and A were to keep a record of their observations and the con- 
clusions drawn from them, these records would, on comparison* be 
found to be exactly identical. 

192. Attention must now be drawn to a remarkable reciprocity 
that has been pointed out by Einstein. Thus far it has been the 

1) Note 84. 2) Note 85. 
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task of the observer Aq to examine the phenomena in the stationary 
system, whereas A has had to confine himself to the system g. Let 
us now imagine that each obserrier is able to see the system to which 
the other belongs, and to study the phenomena going on in it. Then, 
Aq will be in the position in which we have all along imagined 
ourselves to be (though, strictly speaking, on account of the earth's 
motion, we are in the position of A)\ in studying the electromagnetic 
field in g, he will be led to introduce the new variables x\ y\ z\ 
d', h", etc. and so he will establish the equations (326) and (322, 324). 
The reciprocity consists in this that, if the observer A describes in 
exactly the same manner the field in the stationary system, he will 
describe it accurately. 

In order to see this, we shall revert to the equations (287) and 
(288), which in our present hypothesis Z = 1 take the form 

X ^'k{x'-wf)y y^y, z^Zy t' ^k\t—^oc\. (328) 

Let P be a point belonging to the system g^ and let us fix 
our attention on the coordinate x' which it has wiih respect to the 
moving axes of g, for two definite values t' and f + At' of the 
local time. Since x is constant for this point P, we have by the 
last of the above equations 

and by the first 

Ax' = — kwAt = — wAf. 

Judging by his means of observation, the observer A will therefore 
ascribe to the system §0 a velocity w in a direction opposite to that 
of the positive axis of x\ 

Just as A^f in his theory of the electromagnetic field in g, has 
changed the coordinates x, y, z, the time t and the electromagnetic 
vectors d, h, E, H, P, D for the variables (328), the vectors d', h', 
whose components are 



d;^d,, d; = ft{d-^h.), d;=ft(d.+ ^h,), 



(329) 



and the vectors E', H', P', D', so the observer A will introduce, in- 
stead of the quantities x\ y, z, t\ d') etc. which belong to his system, 
certain new quantities which we shall distinguish by double dashes, 
and which will serve him in his theory of the system ^. 

He will define these new quantities by equations analogous to 
(328) and (329), replacing w hj —Wy which however does not affect 
the constant Jc, His transformation will therefore be as follows 

15* 
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X 



(331) 



Tc{x'+w^), y" = y, / = /, f'-Jc[t' + ^x), (330) 

V-h;, h;'-*(h;-^d;), h;'-*(h; + ^d;). 

If he also defines the yectors E"j W, U" similarly to ^'s definition 
of E'; H', D'; the obserrer A will finally find the following equations^ 
to be applied to the system g^^ and corresponding to (326)^ (322^ 
324); for the ether 

div"(l"=0, 
div"h"-0, 

(332) 









rot"h" = 


1 
e 


ad" 

ar ' 








rot"d"- 


— 


1 ah" 


and 


for 


a ponderable 


body 

dirr- 
dirH"- 


0, 
0, 










rot" H" - 


1 

e 


ao" 

ar ' 








rot" E" - 




1 aH" 



(333) 



D"-J'(E") 
The symbols div" and rot" will require no farther explanation. 



(334) 



193. It remains to show that these formulae contain an accwrate 
description of the phenomena in g^^ The proof of this is very 
simple^ because^ if we look at them somewhat more closely^ the 
equations are found to be the same which A^ has used for the 
purpose. 

Indeed, if we solve a?, y, z, t from the equations (328) and d^, 
dy, d,, h^, hy, h, from (329), we find values agreeing exactly with 
(330) and (331), so that 



X 



X, 



d''«d, h"-h, 

by which the identity of the sets of equations (332) and (325) is 
demonstrated. As to the equations (333, 334) and (321, 323), the 
only difference between the two sets is, that one contains the vectors 
E'' and D'', and the other the vectors E and D. If these four quan- 
tities are considered simply as „certain^^ vectors (represented by 
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symbols the choice of which is immaterial)^ this similarity in form^ 
together with our knowledge that in free ether E^'^E^ D''»D, 
H"-H (since for this medium E"«D"-d'; E -«= D - d, H"«h", 
H » h) musty and can^ suffice for our conclusion that the phenomena 
in the system ^ can be described by means of the equations (333, 
334) just as well as by (321, 323). 

We may go a step farther if we suppose that the moving and 
the stationary observer, or rather theorist, as they have now become, 
establish a theory of molecules and of electrons. A^ hm defined 
E', H' as the mean values of d', h^, and for the other vectors he has 
used the equations 

p;--s^^; p;=s^y, p;=-s^^; 

D' « E + P'. 

Similarly, A will define E'' and H" as the mean values of 6" and h'', 
so that these vectors become equal to the mean values of d and h, 
i. e. to E and H. He will put for each molecule 

K - S^^ 7 Py = S«y 7 P. == 11^0 , 

and further 

P" - JVp", 

D" = E" + P '. 

Comparing these formulae with (307) (for which we may write 
Pjp «« ^eXy etc.) and the equations P = Np, D *= E + P, and keep- 
ing in mind that x' = re, y" = y, /' =« jet, we see that really 

p''«p, P'^P, D'«D. 

194. It will be clear by what has been said that the impressions 
received by the two observers Aq and A would be alike in all re- 
spects. It would be impossible to decide which of them moves or 
stands still with respect to the ether, and there would be no reason 
for preferring the times and lengths measured by the one to those 
determined by the other, nor for saying that either of them is in 
possession of the „true^^ times or the „true'^ lengths. This is a point 
which Einstein has laid particular stress on, in a theory in which 
he starts from what he calls the principle of relativity, i. e. the prin- 
ciple that the equations by means of which physical phenomena may 
be described are not altered in form when we change the axes of 
coordinates for others having a uniform motion of translation rela- 
tively to the original system. 

I cannot speak here Of the many highly interesting applications 
which Einstein has made of this principle. His results concerning 
electromagnetic and optical phenomena (leading to the same contra- 
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diction with Eaufmann's results that was pointed out in § 179^)) agree 
in the main with those which we have obtained in the preceding 
pageS; the chief diiSerence being that Einstein simply postulates 
what we haye deduced, with some difficulty and not altogether satis- 
factorily^ from the fundamental equations of the electromagnetic field. 
By doing so^ he may certainly take credit for making us see in the 
negative result of experiments like those of Michelson, Rayleigh 
and Brace ; not a fortuitous compensation of opposing effects, but 
the manifestation of a general and fundamental principle. 

Yet, I think, something may also be claimed in favour of the 
form in which I have presented the theory. I cannot but regard the 
ether, which can be the seat of an electromagnetic field with its 
energy and its vibrations, as endowed with a certain degree of sub- 
stantiality, however different it may be from all ordinary matter. In 
this line of thought, it seems natural not to assume at starting that 
it can never make any difference whether a body moves through the 
ether or not, and to measure distances and lengths of time by means 
of rods aud clocks having a fixed position relatively to the ether. 

It would be unjust not to add that, besides the fascinating 
boldness of its starting point, Einstein's theory has another marked 
advantage over mine. Whereas I have not been able to obtain for 
the equations referred to moving axes exactly the same form as for 
those which apply to a stationary system, Einstein has accomplished 
this by means of a system of new variables slightly different from 
those which I have introduced. I have not availed myself of his 
substitutions, only because the formulae are rather complicated and 
look somewhat artificial, unless one deduces them from the principle 
of relativity itself.*) 

1) Note 86. 2) See, however, Note 72*. 
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1 (Page 6). Equation (4) is equivalent to the three formulae 



an. 


ahy 


1 an^ 


ay 


dg 


e dt ' 


a«i, 

dz 


dx 


1 ady 

c dt ' 


dhp 


dK_ 


1 ad. 



dx dy e dt 

When the second of these, differentiated with respect to g, is 
suhtracted from the third, differentiated with respect to y, we find 

dx\dx^ dy'^'dz) ^ *"" c anay dz)> ^^^ 

or, if (3) and (5) are taken into account, 

Corresponding formulae for h^, h, and for the componeiits of d 
are obtained in a similar manner. 

It may be noticed that the quantity 



d / dhy __ dhA __ d_ /dh^ __ dhA 
dy\dx dy) ds\dz dx]' 



which we have calculated in the above transformation, is the first 
component of the rotation of rot h, or, as we inay say, of rot rot h, 
and that the expression on the left-hand side of (i) is the first com- 
ponent of the vector 

grad div h — Ah. 

In general, denoting by A any vector, we may write 

rot rot A =* grad div A — AA, . {2) 

a theorem which enables us to perform in the terms of vector ana- 
lysis the elimination of d from the fundamental equations. Indeed, 
we may deduce from (4) 

rot rot h = rot d, 



c 



1) The numbers of the formulae in this Appendix will be printed in italics. 
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or^ since 



rot d =» -^ rot dy 

grad div h — Ah = — -^ rot d, 

i. e., if we use (3) and (5), 

c* dv 
Similarly, the equation 

is obtained if we begin by considering the vector rot rot d. 

2 (Page 16). The definitions given in § 2 lead to the general 
formula 

div rot A = 0. 

Hence the equation (19) requires that 

div c = div (d + ^Y) « 0, (5) 

i. e. that the total current, which is composed of the displacement 

current d and the convection current (^Y, be solenoidally distributed. 
In order to show that it is so whenever the condition mentioned in 
the text is fulfilled, we shall fix our attention on an element of the 
charged matter, situated at the time t at the point (x, y, z\ and 
therefore, at the time t + dt, at the point {x + >l^dt, y + V^d^, 
e + y^di). By a well known theorem of the theory of infinitely 
small deformations, the volume of the element, if initially equal to dS, 
will have become 

at the end of the inteiTal dt 

On the other hand, the time having changed by dt and the 
coordinates by V^d^, V^d^, V,d^, the density of the charge, which at 
first was (), has become 

The product of this expression by {4) must be equal to the 
original charge QdS of the element, so that we have 

p(^« + 1?? + ^) + 4^ + v,!?- + v,|^. + v.|i = 0, 

^ \dx oy dzj dt "ox ^ dy ' oz ' 
or 

d9 



dt 



+ div(pv) = 0, (5) 
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from which, taking into account (17), we are at once led to the 
equation (3), 

8 (Page 17). The method of elimination is exactly like that 
which we used in Note 1. We may infer from (20) and (19) 

rot rot d = rot h, 

rot rot h = — rot d H rot ((>v), 

or, using (2\ 

grad div d — Ad = -^ (rot h), 

1 /) 1 

grad div h — Ah = — -^ (rot d) H rot (pv). 

and we get the formulae (24) and (25), if we substitute the values 
of div d, rot h, div h and rot d taken from (17), (19), (18) and (20). 

4 (Page 18) The following considerations, showing, not only 
that the function (30) satisfies the differential equation (29) (which 
might be verified by direct diiferentiation), but also imder what con- 
ditions it may be said to be the only solution, are taken from a 
paper by Kirchhoff on the theory of rays of light.*) 

They are based on Green's theorem and on the proposition 
that, if r is the distance from a fixed point, and F an arbitrary 
function, the expression 

has the property expressed by 

This follows at once from the formula 

^^ ~ ar* "^ r dr '^ r dr* ' 

which is true for any function of r, not explicitly containing the 
coordinates, and in virtue of which (6^) assumes the form 

It is well known that 

'■X = F[t + ^) and rx^F(t-^) • 
are solutions of this equation. 

1) Ann. d. Phys. u. Chem. 18 (1883), p. 663. 
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Let 6 be the bounding surface of a space S thronghont which 
if is subjected to the equation (29)^ P the point of 8 for which we 
want to determine the function^ dS sn element of Tolume situated 
at the distance r from P, Z 9k small spherical surface haying P as 
centre, n and N the normals to 6 and 27, both drawn towards the 
outside. 

Introducing the auxiliary expression 

'-T''('+f). 

where ^ is a function to be specified further on, we shall consider 
the integral 

extended to the space between a and £. 

In the first place we haye by Green's theorem 

•'-/(*fe-«u)^-/(*i^-»u)"-. 

and in the second place, on account of (29) and (tf), . 
Hence, combining the two results, 



+ . 



^ iSi*^ - «^)«- 



This equation must hold for all values of t. After being mul- 
tiplied by dt, it maj therefore be integrated between arbitrary 
Umits t^ and t,, giving 



h h 



w 



»l / 



From this equation we may draw the solution of our problem 
by means of a proper choice of the function F, which has thus far 
been left indeterminate. 
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We shall suppose that F{6) differs from zero only for values 
of £ lying between and a certain positive quantity d, this latter 
being so small that we may neglect the change which any of the 
other quantities occurring in the problem undergoes daring an interval 
of time equal to «. As to the function F itself^ we shall suppose 
its values between « = and « » d to be so great that 



/F(«)d.-1. 



Since^ for a fixed value of r, 



r 



r 



it is clear that on the above assumptions 



and 






(8) 



if we understand by x one of the functions of t with which we are 
concerned^ and by ^ and ^ values of ty such that 



^i + ~<0 and t^ + ^>8. 

It will presently be seen that, in the discussion of the equation (7), 
the formula (8) enables us to select as it were the values of ^ and a 
corresponding to definite moments. 

Let t^ have a fixed positive value and t^ a negative one, so 

great that even for the points of 6 most distant from P, t^-i <0. 

Then all values of % occurring in the last term of (7) are zero. So 
are also the values of -^ in that term. Indeed, 



if-M'+f) 



and this vanishes for t^t^ and t=^t^ because F'(€), like F(e) itself 
vanishes for all values of s outside the interval (0, d). The last 
term on the right-hand side of (7) is thus seen to be zero. 
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The term containing m may be written 



where 



ti 

.fa,F(t+^)dt 



relates to a particular element of volame dS^ at the distance t 
from P. Hence, on account of (8) 

t% 

-Jdtfta.d8--Jlr'o^_r_^dS. 
By similar reMoning it is found that 

We have next to consider the integral containing -^- This 
differential coefficient being equal to 

r.(T)''('+T) + r.|-;^'('+7). 

we have 



+ f 



■p'fTr.*^{'+T)^'- 



The first intiBgral is 



Jr. (7) ''/*H' + f ) " -Jr. (t) *(,.-£.) "•- 

and the second expression may be integrated by parts: 
because both F(t^ + — ) and F\L + — j yanish. 



4 NOTES. 237 

Combining these results we find for the right-hand member 
of (7) 



+ 



We shall now suppose the radius R of the sphere I] to diminish 
indefinitely. By this the first integral in our last, expression is made 
to extend to within the immediate neighbourhood of the point P. 
The remaining terms remain unchanged, but for the quantity on the 
left-hand side of (7) we must take its limiting value for lim R » 0. 

As the integral over the sphere has the same form as that over 
the surface 6 which we have just considered, we may write 

-/-"/(♦i^-'ii)^^ 

or, since the normal N has the direction of r, and since, at the 
sphere, r « JB, 

Now, when 12 tends towards 0, the integrals with -g- ranish, so 
that the expression reduces to 

Let ^1 and ^^ be the extreme values of ^/ _ r\ on the surface 

of the sphere. Then (9) is included between 

4^^i and 4^^|. 

But both if^ and ^^ have for their limit the value of if at the 
point P for the instant ^ = 0, say ^p/^^^v, so that the limit of (9) 
is seen to be 

and equation (7) ultimately becomes 
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*F(*=o) = -^j7"'(i— r.) 



dS 



This deiermiaes the yalue of f at the chosen point P for the 
instaiit t ^ 0. We are, however, free in the choice of this instant, 
and therefore the formnla may serre to calculate the value of ^^ 
for any instant ^; for this we have only to replace the values of &, 

^y -^ and ^ on the right-hand side by those relating to the time 



dn 
r 



I Distinguishing these by square brackets, and omitting the 



c 



index P, we find 

The formula (30) given in the text is obtained by making the 
surface 6 recede on all sides to infinite distance, by which in many 
cases the surface integral is made to vanish. We may suppose, for 
example, that in distant regions of space, the function ^ has been 

zero ufitil some definite instant L. The time t to which the 

quantities [^], f-o^ 1, M relate, always falls below t^ when r in- 
creases, so that, finally, all the quantities in square brackets become 0. 

6 (Page 19). When a vector A, whose components we shall 
suppose to be continuous functions of the coordinates (cf. § 7) is 
solenoidally distributed, so that 

div A = 0, {11) 

we can always find a second vector B such that 

A » rot B. 

It suffices for this purpose to put 






Indeed, we find from this, if we use equation (2) of Note 1 and 
the above equation {11\ that 

rot B = -i- f'-^^^^dS = -1- f^dS, 
and this is equal to A in virtue of Poisson's theorem. 
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In this demonstration we have used the theorem that^ if m ig 
continuous, a potential function of the form 



/ 



^rf5 



may be differentiated with respect to one of the coordinates by simply 
differentiating co under the sign of integration witb respect to the 
corresponding coordinate of the element dS, 

Now, equation (18) shows that the magnetic force h is solenoi- 
dally distributed. Therefore we can always find a vector a such that 

h-rota. (ig) 

After having done so, we may write for the equation (20) 

rot(d + ~a)-0, 
showing that the vector 

d + i-4 

must be the gradient of some scalar fanction — tp, bo that 

d ^k — gr&i<p. (13) 

It must be observed, however, that the vector a and the scalar 
function (p are left indeterminate to a certain extent by what precedes 
(though in each special case h and d have determinate values). 
IFnderstanding by Bq and q)^ special values, we may represent other 
values that may as well be chosen by 



where % is some scalar function. We shall determine it by sub- 
jecting a and q) to the condition 

diya---f^, (14) 

which can always be fulfilled because it leads to the equation 

which can be satisfied by a proper choice of %. ^ 

The differential equations (31) an<l (32) follow immediately 
from (17) and (19), if in these one substitutes the values (13) and (J^). 
Indeed, (17) assumes the form 

-ydivi- A9? = (>, 
i. e., in virtue of (14) 
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and (19) becomes 

rot rota ^S - y grady + -^pV, 

or (cf. Note 1) 

grad diva - Aa « - -i-a --^ grady + ypV, 
for which, on account of {14\ we may write 

Aa-^a--~pv. 

6 (Page 20). Our solution is not a general one because we 
have made the assumption that the surface integral in (10) ^ Note 4 
vanishes when the surface 6 recedes to infinite distance. It is to be 
obsenredy however^ that any other solution may be put in the form 



* -= - i/^^'^^ + *'' 



where ^' is some function satisfying the equation 

In the terms of the physical problem with which we are con- 
cerned^ we may say that the electromagnetic field determined by 
(33) — (36), (which may be considered as produced by the electrons), 
is not the only one that can exist; we can always add a field satis- 
fying at all points of space the equations (2) — (5) for the free ether. 
Additional terms of this kind are excluded by the assumption made 
in the text. 

Of course, a state of things for which the formulae (2) — (5) 
hold, can exist in a limited part of space; the beam of plane polarized 
light represented by the equations (7) is a proper example. Such a 
beam must however be considered as having its origin in the vibra- 
tions of distant electrons, and it is clear that, if we wish to include 
the source of light, we must have recourse to equations similar to 
(33) -(36). 

7 (Page 21). Let the centre of the electron move along the 
axis of X. Then it is clear that a^ » 0, a^ » 0, and that tp and a^ 
may be regarded as functions of tj x and the distance r from the 
origin of coordinates. Indeed, q) and a^ must be constant along a 
circle having OX for its axis. 

Putting 

V == fSy n x), a^. « /i(f, r, x), 
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one finds 

1 dU df^ X df. 



««. 
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-i*.- 


dtp 

dx 


= — 


", 


— 
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dr' 



c dt dx r dr ^ 



dz r dr 

Hence^ d may be considered as the resultant of two vectors^ one 
having the direction oi OX and the magnitude "^"~^? *^^ 

the other the direction of r and the magnitude — ~ • 
The components of the magnetic force are 
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80 that h is at right angles both to OX and to the line r. 

What is said in the text about the electric and the magnetic 
lines of force follows immediately &om these redults. 

8 (Page 22). In establishing the equation of energy we shall 
start from the formula (23) For an element of time dt the work 
of the force exerted by the ether on an element dS of the charge 
is represented by the scalar product of the force iQdS and the path 
Mdt Hence^ the integral 

A^fQ(i'M)dS 

represents the total work done by the ether per unit of time, but 
this work depends entirely on the first part of the vector (23)^ since 

the second part — [v • h] is perpendicular to the velocity V. Consequently 

A =fQ{f'y)dS =/p(d . y)d8 -/(d ■ Q\)dS, 
And, if the value of pv is taken from the equation (19), 

A-cf(ii-totb)dS -f{A ■ d) dS . (15) 

Written in fuU> and with the terms rearranged, the first integral is 

".i^-".!?) +(".&-'. t)+(>'.^' --•. ^11 "«. w 



/{( 



and here each term may be integrated by parts. Thus^ denoting by 

Lorenti, Theory of •leotront. 8nd Ed. 16 
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a, Pj y the angles between the normal n to the surface 6 and the 
positiye axes, 

where [d • h]^ means the first component of the vector product [d • hj. 
If the remaining parts of {16) are treated in a similar way,, 
the first integral in {15) becomes 



y(d.roth)dS = 
= --j { [d • h]^ cos a + [d-h]yCos/S + [d-h], cosy}dtf 

+f{\i . rot d) dS = -/[d '\i\d6 +/(h - rot d) dS, 



{ivy 



The formula (37) is now easily obtained if it is taken into 
account: 

1® that, in virtue of (20), the last term of {17) may be re- 
placed by 

-i/(h.h)d5; 
20 that 

We may notice in passing that the equation {17) expresses & 
general theorem. Denoting by A and B any two vectors and by <r 
the bounding surface of a space Sy we always have 

f{k . rot B) dS ^ -f[k . B]„rftf +/(B • rot A)d5. 

9 (Page 26). The deduction of the formulae for F is much like 
that of the equation of energy. Instead of (43) we may write 

and here, in virtue of (17) and (19), we may replace q by div d, 
and pV by c rot h — d. Hence 

F = r(diT d . d + [rot h . h] - i [d • Yi\\dS. 
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But 

[d . h] = |^[d • h] - [d . fi] = -g^[d . h] - c[rotd . d], 

so that, if we determine the part F, of the resultant force by the 
formnla 

the remaining part is given by 

Fi '^f{diYi . d + [rot h . h] + [rotd • i])dS. 

Leaving aside for a moment the term depending on the magnetic 
force, we have for the first component of F^ 



■/I 



"f+t+^')-'.+f^-ii)''.-(ii-t)-.i^« 



dx 

=J y {2d,d„ - d> cosajrf^. 

The part of F^ that depends on h leads to a result of the same 
form^ the reason being that F^ becomes symmetrical in d and h when 
we add the term div h • h^ which is zero on account of (18). 

10 (Page 29). The stress on a surface element of any direction 
and situated anywhere in the space considered can be calculated by 
means of the formulae (48); if one takes the mean values for a long 
lapse of time, it will be found to be at right angles to the element. 
In other terms^ there is a normal pressure whose magnitude is given by 

!> - i { (d,*) + (d.») - (d,') } + ^ { (h/) + (h.») - (hj) } , (18) 

if we lay the axis of x normally to the element, and denote by (d^^), 
etc. the mean values in question. 

We shall now apply to two particular cases the result found in 
§19. In the first place, we may take for 6 a closed surface wholly 
lying within the envelop. Then (cf. § 20, b), since F = and, in the 
mean, Fg = 0, the pressures p acting on the surface must destroy 
each other. This requires that p be constant aU trough the ether. 

Next, considering a flat cylindrical box that contains an element 
of the wall (cf. Fig. 1, p. 28), we can show that the pressure p really 
may be said to be the force exerted on the walls 

16* 
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The pressure p having the same intensity at all points, we may 
as well replace it by the mean of the values which, for determinate 
directions of OX, OYy OZ^ the expression {IS) has at different pla- 
ces. Hence, if mean values of this kind are denoted by a horizontal bar 

l' = i{(a?) + (S?)-(d?)} +i{(h7) + (h?) - (fi?)}. 

But it is easily seen that the order of the two operations of 
taking the mean — one relating to time and the other to space — 
may be inverted, and that in the stationary state which we are con- 
sidering the mean values indicated by d^^ etc. are independent of the 
time, so that, after having calculated them, it is no longer necessary 
to take their time-averages. Our formula therefore takes the form 

i) = i(d7 + d:*-d?)+i(iii7 + h7-h;»). 

11 (Page 30). The formula (51) is obtained if, in the trans- 
formations given in Note 9, we omit all terms containing ^. We 
may, however, also proceed as follows. 

. The resultant force in the direction of x, so far as it is due to 
the electric field, is given by the surface integral 

yJ {2cl^cl^~d«cosa}rftf, 
for which we may write (see the end of Note 9) the first component of 

/{divd.d-|-[rotd.d]}rfig, 

and to which we must add a similar expression depending on the 
magnetic field. Hence, since div h » 0, and, on the assumption now 
made, div d = 0, 

Fi «y{[roth . h] -h [rotd . d]}dS, 
or, if we use equations (4) and (5), 

F. = ^/{[d • h] - [h . d]}d5 = ij{[d . h] + [d . •\x-\\dS 

12 (Page 32). Let w, v, w be the components of the velocity 
of the ether at the point (a?, y, 0) and the time t. Then, by a well 
known theorem, the acceleration in the direction of x is given by 

du , du , du , du 
dt ' ex ' dy osf' 
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X = .a(- 



SO that, if (I is the density, and X the force acting on the element 
dS in the direction of x, we have 

dt * ox dy dzf 

When Uy v, w are very small, we may neglect the terms w^— etc., 

and add the term t*-^^, which is likewise of the second order of 

magnitude, because in the case of slow motions, the change of the 
density per unit of time is very small. It follows that 

the mathematical expression for the statement made in the text. 

13 (Page 35). The value (p of the scalar potential that exists 
at the time t at the point {Xy y, z) of the ether, will be found at 
the time ^ + rf^ at a point whose coordinates are x + wdty y, z. As 
the value of the potential for these new values of the independent 
variables may be represented by 

we have 

Ot -OX ' 

d(p dw 

— =3 W — • 

dt ^ dx 

Applying the same reasoning to the function -xy, one finds 



dt* dx \dtl dx 



Q- 



S 



14 (Page 36). Let S' be a system without translation, and let 
two points, the one in the moving system Sy with the coordinates 
Xy y, Zy and the other in S' with the coordinates a?', yy z — the re- 
lation between x and x' being as shown in (58) — be said to cor- 
respond to each other. Then corresponding elements of volume, 
dS and dS\ are to each other in the same ratio as x and x', so that 

dS' == (1 ~ py^^dSy 

and if they are to have equal charges, the density q' in dS' must be 
related to the density g in. dS 9kQ follows: 

9' - (1 - ^y/^Q, 



246 NOTES. 14 

Poisson's equation^ which determines the scalar potential fp in 
the stationary system may therefore be written in the form 

showing, on comparison with (59), that at corresponding points 

The quantities relating to the moving system 8 may now be 
expressed in terms of those that belong to S\ 

In the first place we have, on account of (58) and (iP), 

dx ^^ P ) ox' dy^^ P^ dy' dz ^ ^^ dz 
Further, by (33) and (34), since 

* dx '^ ox ' 

d =_ia.-i^ = -(l-/3»)|5L 

* c ^ OX ^ ^ ^ ox ' 

".—If' ".—If. 

The electric energy is therefore given by 

^^-l/|('-«'(ll)'+(lf)'+(^)V« 

and the magnetic energy by 

Finally, we have for the components of the flow of energy 

8. - c(d,h^ - d^hj — c/3(i - »r'i*%^4, 



{21) 
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and for those of the electromagnetic momentum 



6. 



1 a fdqi'dq)' -.Q, 

c ^ J dx oz 



G 



16 (Page 37). A charge uniformly distributed over the surface 
of a sphere may be considered as the limiting case of a charge distri- 
buted with uniform volume density over an infinitely thin spherical 
fiheU haying the same thickness at aU points. When the moving 
system 8 is of this kind; the stationary system S' of which we have 
spoken in the preceding Note^ is an elongated ellipsoid of revolution 
whose semi-axis a and equatorial radius h are equal to 

a =» (1 - /S2)-i/22j^ l^By {23) 

and which carries a charge uniformly distributed through an infinitely 
thin shell bounded by the ellipsoid itself and another that is similar 
to it and similarly placed with respect to the centre. The total 
<;harge must be taken equal to e, the charge of the sphere^ because 
corresponding elements of volume in S and S' have been supposed to 
carry equal charges. 

Let the centre of the ellipsoid be chosen as origin of coordina- 
tes, OX' being placed along the axis of revolution, and let x\ y, z 
be the coordinates of an external point P. If we understand by A 
the positive root of the equation 

-'• +qi^=l, (24) 



where 

the potential at P is equal to 



It is to be noticed that, for a given value of A, the equation 
{24) represents an ellipsoid of revolution confocal with the given one; 
therefore, the equipotential surfaces are ellipsoids of this Idnd. The 
charged surface itself is characterized by the value X = &', and X in- 
creases from this value to oo as we pass outwards. The potential 
is equal to , 

'=,_!_ 1 ff?jt^ 
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at the charged surface^ and has the same yalue at all internal points. 
The integrals to which we hare been led in the preceding Note need 
therefore only be extended to the oatside space. 

In effecting the necessary calculations we shall avail ourselves of 
the theorem that the integral 



\jm^m'^m\''' 



is equal to the electric energy ^eq>fl of the charged ellipsoid. Hence, 
putting 

we have 

In order to find the integral Jj, we shall divide the plane X'OY 
into infinitely small parts by the series of ellipses 



1>« + 1 ' X 

and tiie system of hyperbolae 

JP* ft ft ' ^ ^ 

where fi ranges from to p^. Confining ourselves to the part of the 
plane where x' and y are positive^ we have for the coordinates of 
the point of intersection of (26) and {27) 

and for the area of the element bounded by the ellipses X, X + dX 
and the hyperbolae (i^ (i + d(i 



dx' 


dx* 


di ' 


«<» 


dy 


dy 


dX' 


dfi 



^<^= o I'' dXda=^\ , "^^ dXda. 

We shall now take for dS' in our integral the annular element 
that is generated by the revolution of this plane element around OX^, 
BO that 

dS' = 2xydtf ^(L+^) dXd(i . 

Since (p' depends on X only, we have 

dtp' dtp' dX 
'dx'~"dXdx'' 
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and here the last factor has^ in all parts of the ring^ the value de- 
duced from (26) for a constant y,* 

or, in virtue of (28), 

ax 2x 



^ = (rf^V(P* + i)(i'*-f*). 



It follows from these results that, in order to find J^, we most 
integrate the expression 



p» 



^V(i>« + A)(l>*-^)(^-ydX«i.a. 



If we take and p^ as the limits of ft^ 11^ and oo as those of X^ 
we shall find the part of J^ that is due to the field on the positive 
side of the ^jer-plane; we must, therefore, multiply the result by 2. 

Since 

S^- ^. - ^VF^: - VFTl log fS±^, 

and 

\dx) ^64 «n* (i)* + i) ' 
the final result is 



The indefinite integral is 



Vp^ + ^ — p 

and since this vanishes for /I » cx>, and is equal to 

hnog^^^2ap 
for X = &', the integral J^ has the value 

In onr present problem the values of a and h are given by {23), 
so that 
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Substituting these yalues in the formulae (20), (31) and (22), 
we get the equations (61), (62) and (63). 

16 (Page 38). The electromagnetic momentum G and the velo- 
city W having the same direction, we may write 

G =-aW, 

where a is the ratio between their magnitudes { G { and { W | . It is a 
function of | W | . 

Differentiating with respect to t, we find 



^"^ ^'^ ^ dt di ^de djwl ~dr ^' 

But 

^d 



w ^1^1 «. I w I r ^ — I' _L i" 
^ /?* "* I w| J; /?* ~ J T^ J > 



so that 



F = -«(r+r) -iw|^jr=-gA_{«iw|}j' .af 






16* (Page 44) [1915]. In these last years highly interesting ex- 
periments have been made^ especially by Ehrenhaft^) and Millikan'), 
in which small electric charges carried by minute metallic particles or 
liquid drops could be measured. 

It is well known that the velocity v acquired by a smaU. body 
falling in a gas is determined by the rule that the resistance to the 
motion ultimately becomes equal to the weight G of the particle. 
For slow motions the resistance is proportional to the velocity and 

we may therefore write 

G = (iVf 

where ft is a coefficient which^ in the case of a spherical particle, may 
be deduced from its radius and the coefficient of viscosity of the 
surrounding gas. 



1) F. Ehrenhaft, Wiener Sitznngsber. (Ila) 123 (1914), p. 68. 

2) E. A. Millikan, Phys. Zeitschr. 11 (1910), p. 1097. 
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A similar equation bolds when the particle is subjected to a 
vertical electric force E. Let e the charge of the particle^ and let E 
be positive when it is directed downward. Then the velocity of fall 
will be determined by 

G + eE^ (IV. 

It can be made much smaller than v^ ii eE is negative. 

It is clear that by measuring v and v, we can determine the 
ratio between eE and 6r; hence, the value of e becomes known if 
E and G are measured. 

Millikan has found values for e which can be considered as 
multiples of a definite ^^elementary'^ charge. Ehrenhaft, however, has 
been led to the conclusion that in some cases the charges are no 
multiples of the elementary one and may even be smaller than it. 

The question cannot be said to be whoUy elucidated. 

17 (Page 48). Take the simple case of an infinitely long cir- 
cular metallic cylinder of radius a^, surrounded by a coaxial tube 
whose inner radius is a,. When a current i is passed along the core 
and returned through the tube, the magnetic energy, so far as it is 
contained in the space between the two conductors, is equal to 



i* -i a, 



per unit of length-, this expression is of the order of magnitude 



♦* 



4 3rc' 

when — is some moderate number. 

On the other hand, if, per unit of length, the two conductors 
contain N^ and N2 electrons, moving with the velocities v^ and Vg, 
the sum of the amounts of energy that would correspond to the mo- 
tion of each of them is 

if we suppose the mass of the corpuscles to be wholly electromagnetic. 
The current being 

we may write for our last expression 

The experiments on self-induction have never shown an effect 
that may not be accounted for by the ordinary formulae for this 
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phenomenon. Therefore^ in ordinary cases^ the yalud of (30) must be 
mach smaller than that of (29), from which it may be inferred that 
N^B and N^R are great numbers. 



18 (Page 49). In the following proof of the formula (76) we 
shall confine ourselres to an electron having a rectilinear translation 
parallel to OX with variable velocity v. Let Q he b, definite point 
of this electron and P a point of the ether, within the space occu- 
pied by the particle at the time t for which we wish to calculate 
the force. Let a;', y', 0' be the coordinates of P, and x, y, those of 
the point Q at the time t. 

Among the successive positions of Q there is one Q^ such that 
an action proceeding from it the moment it is reached, and travelling 
onward with the speed of light c, will arrive at the point P at the 
time t If we denote by ^ — r the time at which this „eflFective" posi- 
tion, so we may call it, is reached, we have for the coordinates of Q^ 

a?^— x — vr+ J^vr*— ^rr' + • • • (31) 

and, since Q^P must be equal to cr, 

(x, - xj + (y. - yj + (b, - /)> - c»r». (3^) 

By means of these relations x, and r may be expressed in terms 
of X, y, B, Putting QP ^ r, so that 

r»==(x-xy+(t,- t^y+ {g - ey, 

and considering t;, v, t;, . . . as so small that terms of the second order 
with respect to these quantities may be neglected, we may substi- 
tute in (31) r =« , by which we find 

Substituting this value in (32), we get 

'^ "• 7 "" J(^ ~ ^') + ^(^ ~ ^0^- 6~4(^ - fljO^ 

It follows from (33) that the points Q which, at the time t^ 
are situated in an element dxdyde^ have their effective positions in 
an element dx^dyde, where 

^^•-= {1-7 ^^ + J(« - ^0 - 27.(^ - rrOr + . . .) dx. 
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Hence, to each element dS of the electron taken in the position 
which it has at the time t, there corresponds an element of space 

in which, at the time t — r, there was a density q equal to that 
existing at the time t in the element dS, this charge having a velocity 

V — it + ^vr^ ■— ' • ' , 
or, with a sufficient degree of approximation 

The distance of the element dS^ from the point P is given by 
cr-r[l--—^-i-^,{x-x)--^,(x-x)r+..\, 

dS 
&0 that the quotient — in the equation (35) must be replaced by 

-^ = L^ + 2^(^ -*)- 87»(^ -*)*■+•• -J T- 

The factor here enclosed in square brackets may be omitted in 
the formula for the first component of the vector potential; here, 
however, we must replace v by the expression {34). In this way 
we find 

1 r ri I ^ / '^ ^ / '\ . i^s 



1 r / V , V ^ \dS 



the integrations being extended to the space occupied by the electron 
at the time t 

Whe shall now proceed to calculate the electric force f at the 
point P. It may be observed in the first place that we need not con- 
sider the term — [v • h] in (23), because the magnetic force h itself 

is proportional to v. Hence, by (33), the first component of f, to 
which we may limit ourselves, is equal to 

f — — 1?. i_a 

'« ^ dx c "*«• 
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As the differentiations may be effected under the sign of inte- 
gration^ we have 

and, since J Qd8 ^ e, 

In order to find the resultant force we must multiply this by 
QdS'y where dS' is an element of Tolume at the point P, and q the 
density at this point; we haye next to integrate with respect to d8\ 
From the first term in {35) we find 0, and from the last term 






6?rc 



8> 



agreeing with the expression (76); these results are independent of 
the shape of the electron and the distribution of its charge. As to 
the middle term in {3S)j it leads to the force 



-,|p/.wA(i+<^-] 



dS, 



In the case of a spherical electron the charge of which is distri- 
buted symmetrically around the centre, we may write \i/^ instead of 
(x^x'y, so that we get 

Now, if the charge lies on the surface, the integral I —dS has the 

value ^ at all the points where the density qf is different from zero. 
Therefore {S&) becomes 

in accordance with the result expressed in (72). 

What has been said in § 37 about the representation of the re- 
sultant force by a series, each term of which is of the order of 

magnitude - in comparison with the preceding one, is also confirmed 
by the above calculations. 
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19 (Page 50). Let us fix our attention on the effective posi- 
tion M (cf. Note 18) of a determinate point of the electron, for in- 
stance of its centre. If this position is reached at the time t^y pre- 
vious to the time t for which we wish to calculate the potentials at 
the distant point P, and if the distance MP is denoted by r, we have 

r^c{t-Q. (37) 

Choosing M as origin of coordinates, we shall understand by 
Xpj tfp, Bp the coordinates of P. 

Let us further seek the effective position (a;^, y^y e^ of a point 
of the electron whose coordinates at the time t^ are x^ y, e. This 
effective position M' will be reached at a time t^, a little different 
from ^^5 if we put 

the interval r will be very small. The coordinates Xj y^ e are so 
likewise, and a sufficient approximation is obtained if, in our next 
formulae, we neglect all terms that are of the second order with 
respect to these four quantities. 

The condition that M' be the effective position of the point con- 
sidered is expressed by 

Jf'P = c(^~^,)«c(^-^o-4 (^S) 

But, if V is the velocity of the electron at the time t^^ we may 
write for the coordinates of M' 

^. = ^ + V^tr, y^«y + Vyr, ^, = ^ + V,tr, {39) 

80 that (38) becomes 

(^p-^-V,r)« + (y^-y-V^r)« + (£r^-;?~V,T)««c«(^-^o~'^)', 
or, on account of {37)y and because 

r 
is the component V^ of V along the line Jf P, 

2{XpX + ypy + fipZ) -f- 2v^rr = 2crr, 
giving 

^P^ + VpV + ^p^ 



(c - V;.)r 



{40) 



The points of the electron which, at the time f^, lie in an ele- 
ment dS, have their effective positions in an element of space dS^y 



256 NOTES. 20 

whose magnitude is equal to the product of dS by the functional 
determinant of the quantities (39) with respect to x, y, z. The value 
of this determinant is 

or, in virtue of (40), 

^ Vg^^P + Vyyp + v.^P = 1 + ^r ^ e 



{e — yr)^ ' c — v^ c — v^ 

As to the distance r in the denominators of (35) and (36), we 
may take for it the length of MP, and in the latter of the two for- 
mulae we may understand by V the velocity of the electron at the 
instant tQ, In this way the general equations take the form 

which is equivalent to (79) because {q being equal to the density 
existing at the time t^ in the element dS) 



j9dS,==^j9dS 



ce 



e — Mr 



20 (Page 51). As the field depends on the differential coefficients 
of the potentials, we have first to determine these. In doing so, we 
shall denote by rr, y, the coordinates of the distant point P for 
which we want to know d and h. 

If we change by d^ the time t for which we seek tp and a, 
keeping rr, y, constant, it will no longer be the same position of 
the electron which is to be called the effective one. Besides, the new 
effective position will be reached at a time slightly differing from t^ 
and will lie at a distance from P different from r, the changes being 
connected with each other by the formula 

dr M^dt^, 

where V^ has the meaning explained in § 38. 
Differentiating equation (57), we find 

-M^dt^^cidt-dQ, 

dL = dt, 

" c — y^ 

It appears from this that, by the change now considered, the 
value of some quantity ^ corresponding to the time t^, is altered by 



20 NOTES. 257 

80 that We may write 

dW ^ c rdjn 
dt c — y^ldtj^ 

the square brackets always having the meaning formerly assigned 
to them. 

In applying this to the expressions (79), we shall suppose the 
distance r » MP to be so much greater than the dimensions of the 
electron that, in the final formulae for d and h, we may neglect all 

terms of the order -y. Doing so we may treat as constants the 
three cosines in the equation 

V^ = V^ COS {r, x) + Vy cos (r, y) + V^ cos (r, je?); 

•indeed, their differential coefficients are of the order — , and in fp there 
is already a factor — . Consequently, 

T 

dy 

df = Lcos(r, a;) + jyCos(r, y) + j.cos(r,4?)-jV, 

and since the factor — in ^ may be considered as constant 

^ « ^M« ? rn 

" K'('-^)r'~-['(-^)r 

If, finally, we neglect all terms that are of the second order 
with respect to the velocity and the acceleration of the electron, we 
have the further simplification 

dt 43Ccr"rJ- 

Similarly one finds from the second of the formulae (79) 

' d9L e 



dt ^ncr 



m- 



We have next to calculate the differential coefficients with respect 
to the coordinates. Consider first an infinitely small displacement of 
P in a direction h at right angles to MP. The distance MP not 
being altered by this, and t being kept constant, neither the instant t^ 
nor the effective position M are changed. As we may ag9>in leave 
out of account the change in the direction of r, we conclude that 

dh ' dh ^' 

The differential coefficients with respect to the direction of r 
are easily found by the following device. It P is displaced over a 

Lo rents, Theory of electrons, and Ed. 17 
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distance dr along MP prolonged^ t being increased at the aome time 

/It 

by d^= — , the effective position of the electron and the time t^ re- 

main unaltered, so that, since the denominator r need not be diffe- 
rentiated, 

or dt c ' 

Combining this with the former result, we find for any di- 
rection Jc, in the case both of the scalar and of the yector potential^ 



dq> 1 dq) 


aa 


« 1 da 


dr'^ c dt^ 


dr ^ 


c dt 



^«cos(r,&)/ 



r' 



and particularly 



g^ = cos(r,a;)-^, -^ = cos (r, y) -g^ , ^ » cos (r,^)-^-. 

Using these relations one wiU find without difficulty the for- 
mulae (80) and (81). 

21 (Page 51). In the formulae (80) each component of d ier 
represented as the difference of two terms. The terms with the 
negative sign may be considered as the components of the vector 

and the terms with the positive sign as those of the vector 



^nc^r 



where we have used the parentheses in order to indicate that the 
component j^ is here itself regarded as a vector. Understanding (j^ 
in a similar sense, so that 



we have 



i - (Jr) + (L), 



e 



h = j^^[j.li] = -[d.k]. 

The magnetic force is therefore perpendicular both to d and 
to k, and its direction is such that the flow of energy c[d • h] has 
the direction of k, away from the electron. The intensity of the 
flow is cldl Ihl = cd^. 
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21* (Page 62) [1915]. The experiments on the diffraction of 
Rontgen rays by crystals first made by v. Lane, Knipping and 
Friedrich^) and afterwards by W. H. and W. L. Bragg*) have shown 
that these rays are much more like light than was formerly thought, 
the only difference being the wave-length, which is of the order of 
lOr^ cm. Part' of the Rontgen radiation consists of homogeneous 
rays characteristic of the metal of the anti- cathode. Another part is 
continuously spread over a certain interval of frequencies, so that it 
may be compared with white light. 

22 (Page 53). As an interesting application of the formula 
found for the resistance , we shall calculate the damping, of the 
vibrations of an electron. Suppose the particle to be subjected to 
an elastic force — /"q, where q is the displacement from the position 
of equilibrium y and f a positive constant. The motion in the direc- 
tion of OX ist determined by the equation 



c* ••• 



a particular solution of which is found by taking for q^ the real 
part of 



where s is the basis of natural logarithms, and a a complex constant 
determined by the condition 

K the last term has but a small influence, we may replace in 
it a by the value given by the equation 

ma* = — /*. 
Hence, putting 

m 
we have 



= w^. 



a^ tn — 






and introducing two constants a and p, 

Z-Z — t 



1) Friedrich, Knipping u. Lane, Ann. Phys. 41 (1918), p. 971. 

2) W. H. a. W. L. Bragg, X Rays and crystal strnctnxe London, 1915. 

17* 
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This formula shows that in a time equal to 






the amplitude falls to — of its original value. 

Taking for m the value (72), and writing T for the time of 
vibration — , >L for the wave-length, we find 



2n^B 



If we substitute for 22 the value given in § 35 we have for 
yellow light (A - 0,00006 cm) 

r«2.10^T, 

showing that the damping would be very feeble, and that we have 
been right in supposing the last term in (41) to be very smaU. 

This question of the damping of the vibrations is important be- 
cause, the slower the damping, the more will the radiation present 
the character of truly homogeneous light. We can form an opinion 
of the degree of homogeneousness by making experiments on the 
visibility of interference fringes for various values of the diflference 
of phase; in fact, when this difference is continually increased, the 
fringes can remain clearly visible for a long time only if the light is 
fairly homogeneous. A small degree of damping is thus found to be 
conducive to a good visibility of the fringes, a conclusion that is 
readily understood if one considers that the interference becomes in- 
distinct when the intensities of the two rays are very different. This 
must be the case whenever the vibrations in the source have con- 
siderably diminished in amplitude between the instants at which the 
interfering rays have been emitted. 

The result of the above calculation is in satisfactory agreement 
with the experiments of Lummer and Gehrcke in which, under fa- 
vourable conditions, interferences up to a phase difference of two 
millions of periods were observed. Similar results have been obtained 
by Buisson and Fabry who studied the emission of helium, krypton 
and neon contained in vacuum tubes. 

23 (Page 56). In each successive differentiation with respect to 
one of the coordinates, of the expression found for — , we have to 
differentiate both the goniometric function and the factor preceding it. 

M 9 It 

These operations introduce factors of the order of magnitude — =■ , 
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(if X denotes th^ wave-length) and — Consequently, in as much 

as r is very much greater than k, we may confine ourselves to the 
differentiation of the goniometric function. 
Thus, for example, 

^ ^Tcdx r Iner r I \ c/ ' ^P 

1 ^ [pj **^ • f /^ ^\ , ) 

-.--|!-Tt-lS7(-^+l)H-('-T)+i'|- . 

It is easily verified by means of the expressions (95) that d 
and h are at right angles both to each other and to the line r, and 
that they have equal amplitudes. The formulae represent a system 
of plane polarized waves, whose amplitude changes in the inverse 
ratio of the distance r as we pass along a straight line drawn from 

the radiating particle. The flow of energy changes as -, • 

24 (Page 58). . Considering any one of the dependent variables, 
say if, first as a function of x, y, z, t, and then as a function of 
x'f y'f /, t\ we have the following relations, arising from (96) com- 
bined with 

as we may write instead of (97) if the square of— is neglected, 

dx "" dx dx "^ dy' dx "^ dz' dx "^ dt' dx " dx' c» df' 

d^ __d^ ^yiyd^ d^ gift w^gift 
dy " dy' c* dt' ' dz ^ d/ c* dt' ' 

dt " dt' ^'dx ^vdy' ^dz' ' 
By this the equation (17) becomes 

ad, ady ad,_j_r ad, ad, ad,i 

dx ^ dy' ^ d/ c* L «at' ^ vdt' ^ ^' dt'J ^• 

In the terms multiplied by W^, W , W^ we need not distinguish 
between the differential coefficients with respect to fy x\ %(, /, and 
those with respect to i, x, y, z. Hence, in virtue of (19), we write 
for the terms enclosed in square brackets 
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In the last term V may be replaced by u, because we are con- 
stantly neglecting the square of w, and we are led at once to equa- 
tion (100) if we keep in mind that 

d.+ y(wA-^.^) = C etc. 

Let us next transform the first of the three equations taken 
together in (19), namely 

It assumes the form 
or, if QVf^ is replaced by 

/ad^ ady ad,\ 

and if the terms are arranged in a different order, 



dy' 



'^|9"-+I^I^«+t(^a-^a)I- 



This is the first of the equations contained in (102). 

25 (Page 59). We shall begin by observing that the potentials 
(p' and a' satisfy the differential equations 

A^-^^ = -^^U (43) 

a* a* a* 

(ct. Note 4), where A is now an abbreviation for ^-t^ -f- ^/j +• ^ j , 
and that they are mutually connected in the following manner: 

^i^«'--fl7 + ?r(w-a'). (44) 

In order to prove this latter formula we shall start from equa- 
tion (5) of Note 2, which, in terms of the new variables, may be 
written 



^-w^-w^~w^-|. divfov^ - - /'w . ^^) = 
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or/ if the square of W is again neglected, 

If, in an integral of the form (104) or (105), the factor by 

which — is multiplied is a continuous function of the local time f 

and the coordinates x\ y\ z of the element rf/S, the partial derivatives 
of the integral with respect to t' or to the coordinates of the point 
for which it is calculated, are found by simply differentiating the 
said factor with respect to t\ or x\ y\ Zy the differential coefficient 

being again taken for the value i' — — of the local time. 

According to this rule 



a 
a 






from which we infer that 



(w'')-ji-JiC{w^^)]^S. 



In virtue of (45) these values verify the equation (44) and it is 
further found by direct substitution that the fundamental equations 
(100)— (103) are satisfied by (106) aud (107) (see, however, Note 6). 
We have, for example, 

div d' = - - div a' - A<p' + - A(w .a'). 

c c 

But by {M) . 

SO that the foregoing equation assumes the form 

diyd' = ^f^-A(p'-i-(w.r) + iA(w.a'): 

The two terms containing a' are equal to 

l(w.|Aa'-^ia-,|), 

and in virtue of {4:2) and (45), the right-hand side of the equation 
becomes identical with that of (100). 
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No difficulty will be found in the yerification of (101) and (103). 
As to equation (102), we find from (107) (cf. Note 1) 

rot h' =» rot rot a' = grad div a' — A a', 
and, if we use (44), (43) and (106), 

roth'-^-^grad9^' + i-grad(w.4') + |9U--^S'=|(d' + P") 

26 (Page 59). The problem may be reduced to that of deter- 
mining the field due to a single moving electron (cf. §§ 38, 41, 4:2 
and Note 19). Let P be the distant point for which we want to 
calculate the potentials q>' and a' at the local time t\ and M a de- 
finite point of the electron, say its centre, in its effective position^ 
so that, if t^ is the time (local time of M) at which it is reached^ 
and r the length of MP, 

r ^ c{t' -^ to'). (46y 

Choosing M as origin we shall call of^, t/'p, z ^ the coordinates 

of P, rr', y', / those of some point Q of the electron at the time i^ 
(local time of M.\ a:/, y^', z^ the coordinates of the effective positiou 
Q^ of this point, and t^ + r (local time of Jf) the time at which it 
is reached, so that, according to (97), the local time of Q^ itself is 
then represented by 

The condition that Q^ be the effective position of the point con- 
sidered is expressed by an equation similar to (4^), namely 

or, taking the square on both sides, 

- c«(<' - i' - r)» + 2(<' - 1' - X) (w.x; + w,y; + w,0- 

The interval x being very short, we may write 

<-a;'+u,T, y;-=y'+u,r, <=«'+u,t, 

by which, if terms of the second order with respect to x', y', z, x 
are neglected, and if (45) is nsed, our condition becomes 

— {x'p x' + y\ y + e'j. e) — m^x 
- - rCT + J (w,a;' + w^j^' + w,/) + ^ (w • u)t, 

(xV«'+ y'p y'+ «'p«') + -" (w,*'+ w,y'+ wX) 
X -^ (47) 

r(c— u,) — ^(w-u) 





to Uj,, Uy, u,. Doing so, we may neglect in ^, |^, ^ the terms 
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Here U^ means the component of II in the direction of MPy the 
product rll^ haying replaced the expression a?'pU^ + y'pUy+ /pU,* 

Haying got thus far we can again distinguish between an ele- 
ment dS of the electron in its position at the instant t^ (local time 
of M) and the element dS^ which contains the effectiye positions of 
the different points of dS, the ratio between the magnitudes of these 
elements being giyen by the functional determinant of rr/, y/, ^/ 
with respect to x\ y', z, i. e. by 

We shall retain only the terms of the first order with respect 

dt dt dt 

. y . 

containing these velocities, so that {47) gives for the determinant 

'+ .^ I ?. (^' +'-?) + ". (»V + ^) + ". ('V + ?) I 

-H-^' + i(a.w). 

Finally we haye the following equations, similar to those which 
we found in Note 19, 

a'=/M. U8) 

Now, if we put 

9,'-i(w.a') = (9.'), 

we find 

and^ in yirtue of (106), 

d'«-.ia'~grad(i)p'). (50) 

Comparing the formulae (49), (48\ (50) and (107) with (79), 

(33) and (34), keeping in mind that, when V is yery small, the 

V . . 

factor 1 may be omitted in the second of the equations (79), 

c 

and replaced by 1 H in the numerator of the first, we see that 

there is perfect equality of form. Hence, if we speak of correspond- 
ing states when the dependency of d', h' on x', y\ /, t' in a moying 
system is the same as that of d, h on x, y, xr, ^ in a stationary one^ 
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We may draw the following conclusion. The field produced at distant 
points of a moving system by an electron whose coordinates x\ y, z 
are certain functions of t (the local time belonging to the instantaneous 
position of the electron) corresponds to the field produced in a system 
without translation by an equal electron whose coordinates Xy y, z 
are the same functions of t. 

Of course, this theorem may be extended to any number of 
electrons, so that we may also apply it to a polarized particle. We 
shall suppose this latter to be so small that the differences between 
the local times of its yarious parts may be neglected. Then it makes 
no difference, whether we say that the coordinates oij y\ / of an 
electron moving in the particle are certain functions of the local 
time t' belonging to the instantaneous position of the electron itself, 
or that they are the same functions of the local time belonging to 
some fixed point, say the centre, of the particle, and we have tlie 
proposition: The field produced in a moving system by an electric 
moment whose components are certain functions of t (the local time 
of the centre of the particle) corresponds to the field existing in a 
system without translation in which there is an electric moment 
whose components are the same functions of t But, in the latter 
case, the field is determined by (88) und (89). Therefore, we shall 
have for the moving system 



a'= 



dy 

4,'jtcr ' 



and we shall find d' and h' by using the formulae (5(?) and (107). 
It follows from this that the expressions for the field belonging 
to the electric moment represented by (108) may be found as stated 
in the text. 

27 (Page 60). In a stationary system the condition at the sur- 
face of a perfectly conducting body is, that the electric force be at 
right angles to it. This follows from the continuity of the tangential 
components of the force, combined with the rule that in a perfect 
conductor the electric force must be zero, because otherwise there 
would be a current of infinite strength. 

Now, in a moving system, an electron that is at rest relatively 
to it is acted on by a force which, according to (23), is given by 

d + |[w.h]. 

As this is equal to the vector d' defined by (98), d' plays 
exactly the same part as d in a system without translation, and by 
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going somewhat further into the phenomena in ponderable bodies^ 
one can show that, in a moving system, d' must be normal to the 
surface of a perfect conductor. Moreover, for the free ether, the 
equations which determine d' and h', when' referred to moving axes 
and local time, are identical in form with those which we have for 
d and h, when we use axes having a fixed position in the ether. 
This appears at once from the equations (100) — (103). 

' • ■ ■ * ' . 

28 (Page 62). Since h^=«dy and hj,(r) = — dy(r), we have 
and for the energy per unit of volume 

We + Wm=^[{(iy+ iy(r)y+ (H^ + Kir))^ } 

-i(dy^+h/) + i(dJ(,)+hV)). 

29 (Page 67). Problems relating to the motion of the innumerable 
electrons in a piece of metal are best treated by the statistical method 
which Maxwell introduced into the kinetic theory of gases, and 
which may be presented in a simple geometrical form so long as we 
are concerned only with the motion of translation of the particles. 
Indeed, it is clear that, if we construct a diagram in which the 
velocity of each electron is represented in direction and magnitude 
by a vector P drawn from a fixed point 0, the distribution of the 
ends P of these vectors, the velocity points as we shall say, will 
give us an image of the state of motion of the electrons. 

If the positions of the velocity points are referred to axes of 
coordinates parallel to those that have been chosen in the metal 
itself, the coordinates of a velocity point are equal to the components 
I, rjy . 5 of the velocity of the corresponding electron. 

Let dk be an element of volume in tiie diagraih, situated at the 
point (I, rj, g), so small that we may neglect the changes of |, rjy g 
from one of its points to another, and yet so large that it contains 
a great number of velocity points. Then, this number may be 
reckoned to be proportional to dL Representing it by 

m,n,t)di {51) 

per unit volume of the metal, we may say that, from a statistical 
point of view, the function f determines the motion of the swarm 
of electrons. 

Ii> is clear that the integral 



ff{% 1,, %)dk. 
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extended over the whole space of the dii^ram^ gives the total num- 
ber of electrons per unit of volume. In like manner the integral 

fUii, V, t)dl (52) 

represents the stream of electrons through a plane perpendicular to 
OXy i. e. the excess of the number passing through the plane to- 
wards the positive side over the number of those which go in the 
opposite direction^ both numbers being referred to unit of area and 
unit of time. This is seen by first considering a group of electrons 
having their velocity points in an element dk] these may be re- 
garded as moving with equal velocities, and those of them which 
pass through an element d6 of the said direction between the mo- 
ments t and t + dty have been situated at the beginning of this 
interval in a certain cylinder having d6 for its base^ and the height 
I i, dt The number of these particles is found if one multiplies the 
volume of the cylinder by the number (51), 

Hence, if j means an integration over the part of the diagram 

1 

on the positive side of the i^g-plane, and / an integration over the 

s 
part on the opposite side, the number of the electrons which go to 
one side is 

d6dtfU{l, % t)dk, 

and that of the particles going the other way 

dtsdtf- l/'d, 1?, t)dL 

2 

The expression {52) is the difference between these values divided 
by dodt. 

If all the electrons have equal charges e, the excess of the 
charge that is carried towards the positive side over that which is 
transported in the opposite direction is given by 

J= efUdk, (53) 

and it is easily seen that, denoting by m the mass of an electron 
and by r* = |* + ^^ + S* the square of its velocity, we shall have 

W^ ^mflr^fdk (54) 

for the difference between the amounts of energy that are carried 
through the plane in the two directions. The quantities (53) and (54) 
are therefore the expressions for the flow of electricity and for that 
of heat, both in the direction of OX. 
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The function f is determined by an equation that is to be re- 
garded as the fundamental formula of the theory, and which we now 
proceed to establish, on the assumption that the electrons are subjected 
to a force in the direction of OX, giving them an acceleration X 
equal for all the corpuscles in one of the groups considered. 

Let us fix our attention on the electrons lying, at the time t, 
in an element of volume dS of the metal, and having their velocity 
points in the element dk of the diagram. If there were no encounters, 
neither with other electrons nor with metallic atoms, these electrons 
would be found, at the time t + dt, in an element dS' equal to dS 
and lying at the point (a; + |d^, y + rjdty z -\- ^dt). At the same 
time their velocity points would have been displaced to an element 
dl' equal to dX and situated at the point (| -f Xe2^, ^, ^) of the 
diagram, so that we should have 

/(g + Xdt, v,ty^ + U% y + ridt, z + Idt, t + dt)dS'dX' 

= f(^,ri,t,x,y,z,t)d8dl. 

The impacts which take place during the interval of time con- 
sidered require us to modify this equation. The number of electrons 
constituting, at the time t -f- dt, the group specified by dS' and dX\ 
is no longer equal to the number of those which, at the time <, be- 
longed to the group (dS, dl), the latter number having to be dimi- 
nished by the number of impacts which the group of electrons under 
consideration undergoes during the time dt^ and increased by the 
number of the impacts by which an electron, originally not belonging 
to the group, is made to enter it. Writing adSdkdt and hdSdXdt 
for these two numbers, we have, after division by dSdl = d8'dX\ 

f{l + Xdt, ri,t,x + Idt, y + ndt, z + ^dt, t + dt) 

= /"(i Vy & ^y Vy ^y + (& - «)^^ 

or, since the function on the left-hand side may be replaced by 

This is the general equation of which we have spoken. 

We have now to calculate the values of a and &. We shall 
simplify this problem by neglecting the mutual encounters of the 
eledirons, considering only their impacts against the metallic atoms. 
We shall further treat both the atoms and the electrons as perfectly 
elastic rigid spheres, and we shall ascribe to the atoms masses so 
great that they may be regarded as unmovable. 
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Among all the encounters we shall provisionally consider only 
those in which the line joining the centra of the atom and the 
electron has^ at the instant of impact, a direction lying within a de- 
finite cone of infinitely small solid angle d(o. If B is the sum of 
the radii of an atom and an electron, and n the number of atoms 
per unit of volume, the number of electrons of the group (51) which 
undergo an impact of the kind just specified during the time dt, is 

equal to nl?f{l iy, i)r cos ^dXd(odt {56) 

Here %• is the sharp angle between the line of centra and the direc- 
tion of the velocity r. 

The velocity of the electron at the end of a collision is found 
by a simple rule. After having decomposed the original velocity into 
a component along the line of centra and another at right angles to 
it, we have only to reverse the direction of the first component. 
Hence, the new velocity point P', whose coordinates I shall call 5', 
ri\ g', and the original one (g, iy, g) lie symmetrically on both sides 
of the plane W passing through at right angles to the axis of 
the cone dcoy and when the point P takes different positions in the 
element dA, the new point P' will continually lie in an element dX' 
that is the image of dX with respect to the plane W, and is there- 
fore equal io dX. 

This last remark enables us to calculate the number &, so far 
as it is due to collisions taking place under the specified conditions. 
By these, a velocity point is made to jump from dX' to dX, and the 
number of these „inverse" encounters is found by a proper change 
of the expression {56). While we replace |, iy, g by |', iy', g', we 
must leave the factor rcoQ^dX unaltered, for we have dX' =^ dX 
r'=r (if r' is the velocity whose components are 5', rf, g'), and the 
line joining the centra makes equal angles with r and r\ 

We get therefore 

nB^f{l\ ri, g')r co^ d^dXdoidt. 

Subtracting {56) from this and integrating the result over all 
directions of the axis of the cone dco which are inclined at sharp 
angles to the direction of r, we shall obtain the value of (& — a)dXdt 

When the force which produces the acceleration X has a con- 
stant intensity, depending only on the coordinate x^ there can exist 
a stationary state, in which the function f contains neither y nor z. 
For cases of this kind, which occur for instance when the ends of a 
cylindrical bar are kept at different temperatures, or when it is sub- 
jected to a longitudinal electric force, the fundamental equation (55) 
becomes 

nB'rf{f(^',r,',0-m,V,t)} cob »dm = X^+f^^ (5?) 
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hx performing the integration we must leave |, rj^ g unchanged^ 
so that r is a constant^ but we must not forget that the values of 
S', rj\ ^ depend on the direction of the line joining the centra. 
Denoting by f, g,* h the angles between this line (taken in such a 
direction that the angle with r is sharp) and the axes, we have 

I' =« I — 2r cos O" cos fy rj' ==>rj — 2r cos d' cos^r, g' = g — 2r cos d- cos h, 

So long as the state of things is the same at all points of the 
metal; the electrons will move equally in all directions. It is natural 
to assume for this case Maxwell's well known law expressed by 

■ fi^, ri, §) = Ab-'^'^, (58) 

where A and h are constants. 
Using the formulae 

+ 00 



ji.JV*.rfi»|/j, 



— CO 

+ « 



j.=/a-^rdi=iy^, 



— CO 

we find from (58) for the number of electrons per unit of volume 

+ 00+00+00 

2f=^ ry r«-*(«*+i*+«did,,dg=^jj»=^]/^, (59) 



00—00—00 



and for the sum of the values of |^, for which we may write N^^ 
if we use a horizontal bar to denote mean values 



+ QO +00 +00 



jvi»= ^ J J y*£-M?+ ,'+0 |2d§rf^dg » J j^/^« = i ^ i/^' . 



^00 ^00—00 

It follows from these results that 



V-n'-t'-^A 



2h^ 

and that the mean value of the kinetic energy of an electron is 
equal to 

But we have already made the assumption that the mean kinetic 
energy is equal to aT. Therefore 

an equation which, conjointly with (5P), tells us in what manner the 
constants h and A are determined by the temperature and the number 
N of corpuscles per unit of volume. 
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It is clear tliat the formula {58) can no longer hold when there 
is an external force or when the ends of a metallic bar are unequaUj 
heated. Yet^ whatever be the new state of motion^ we shall always 
have a definite number N of electrons per unit of Tolume, and a 
definite yalue of the mean square of their yelocities, and, after haying 

assigned to h and A such values that ^ is equal to this mean square 

and Ay^ to the number N, we may always write 

/•(I, 1?, g) = Aa-"'' + yd, 1?, g), (61) 

where 9 is a function that remains to be determined. For this we 
have the fundamental equation (57) and in. addition to it the con- 
ditions 

ftpdk^Oy fq)r^dk^Q, (62) 

which must be fulfilled because the term Aa"^^ has been so chosen 

that it leads to the values of N and r* really existing. 

The function (p is the mathematical expression for the change 
which an external force or a difference of temperature produces in 
the state of motion of the system of electrons. Now, this change 
may be shown to be extremely small in all real cases, so that the 
value of qp is always small in comparison with that of As^^'^. 
Hence, on the right-hand side of equation {57) we may replace f 
by J[«"**'^*. On the left-hand side, on the contrary, we must use the 
complete function {61) , because here we should find zero, if we 
omitted the part 9?(|, iy, g). 

The equation therefore becomes 

wi?v/{(3p(r, ri\ - i3P(§, n, 5)} cos^rfcD 

^{-2hAX+'^^r^Af^U-^-' (63) 

Let us try the solution 

9'(l, V, t) = h(r), (64) 

where % is a function of r alone. This assumption is in accordance 
with the conditions {62), so that we have only to consider the prin- 
cipal equation {63). Substituting in it the value {64) we first find 

/{<)p(r, V, r) - <)P(i, V, m^os&dm = zw/cr- Dcos^do, 

= — 2r%{r)Jco^^%'Q,o^fdG). 

Let us imagine two lines OP and OQ, drawn from the origin 
of coordinates, the first in the direction of the veloeily (|, ly, 5), and 
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the second in that of the line of centra at the moment of impact, 
the angle POQ = d' being sharp. Denoting by [i the angle POX 
and by ^ that between the planes POX and POQ, we have 

cos f = cos iJL cos '9' + sin /It sin ^ cos ^, 

2 in 

f cos^d'cosfdo "=" I I cos^d'(Gos[ico8d' -\- sin fiaind' GOS'il^)sind'dd'dil/ 





1 



2^ 



= 23t COS (I I cos' d" sin d'dd' = y ^ ^^® /^ =* Y ^ — ' 



by which (^5) assumes the form 

showing (because ^ disappears on division) that our assumption really 
leads to a solution of the problem. 
K we put 

the result is 

Finally we find from (53) and (54) for the currents of electricity 
and of heat 



J^ef^'x(r)dl, 
W^-\mj\^r^x{r)dX. 



In these formulae ^^ may be replaced by ^r^ and dX by Ajcr^dr] 
the integration is thereby reduced to one with respect to r from 
to oo. Next substituting the value {65) , and choosing s = r^ as a 
new variable, we are led to the integrals 



00 



fss-^'dSy Js^e-^'ds and Js^e-^'ds. 





The values of these are 






so that the two currents are given by 

Lorentz, Theory of electrons. 2nd Ed. 18 
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The coefficient of electric conductivity 6 is easily found from 
the first of these equations. Let the cylindrical bar be kept at uni- 

form temperature throughout its length. Then ^-""0, ^— =*0, and 
when there is an electric force E producing an acceleration 

m ' 

the electric current wiU be , 

We conclude from this that 

^'" Zhm ^ 

or, if we use the relations (5P) and {60\ introducing at the same 
time a velocity u whose square is equal' to the mean square r^y so 

4.1. 4. 2aT 

that w == — 8 , 

^ - ^"^ HNu 



l/2 eHl 



In order to find the conductivity for heat we shall consider a 
bar between whose ends a difference of temperature is maintained, 
these ends being electrically insulated, so that no electricity can enter 
or leave the metal. Under these circumstances the unequal heating- 
wiU produce a difference of potential which increases until the electric 
force called forth by it makes J vanish. The final state will be 
characterized by 

ax h dx^ 

giving 

Trr 2 T A dh SnlAa dT 

where we have also used the relation {66). From this we infer the 
coefficient of thermal conductivity 



It remains to add that the quantity I may be considered as a 
certain mean length of free path. 

80 (Page 77). As a preliminary to the deduction of Wien's 
law, we shall extend to the case of an oblique incidence the reasoning 
given in § 46. A beam of light propagated in a direction lying in 
the plane XOZ and making an angle d" with OX may be represented 
by expressions of the form 

/, a;cos^ + 8in^ , \ 

a cos n it ' h pj , 



COS 
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and when it flails upon a fixed mirror whose surface coincides with 
the plane YOZ, we shall have functions containing the factor 

/ . , X cos ^ — 2; sin ^ , \ 
n{t + +pj 

for the quantities relating to the reflected light. 

Now, the theorem of corresponding states (§ 45, Note 26) tells 
us that when the mirror has a translation with velocity w in the 
direction of OX, there can be a state of things represented by equa- 
tions in which the above goniometric functions are replaced by 

/,, aJ' COB «• + « sin «• , \ ,^^v 

COS nit h p) ' (66) 

and 

(,/ X* cos ^ — z sin ^ \ , ^^\ 

t + \ + p) , {67) 

where 

x'-x-wt and t'^t-'^x'. 

The frequencies of the beams are given by the coefficients- of t 
in these expressions {66) and {67) 

»(l + — cos^j and w(l — — coS'd'j, 

so that, if the frequency of the incident rays is 

n(l -h -cosO") «= n, 

that of the rays reflected by the moving mirror is given by 

n (1 ^cos^j . 

It follows from this that a wave-length A is changed to 

a(i + ?^cos-9-). 

We shall also have to speak of the pressure acting on a per- 
fectly reflecting mirror receiving under the angle %" a bundle of 
parallel rays. As it will suffice to know the pressure exerted on 
the mirror when at rest, we may apply the formula found in § 25. 
Since all the light is reflected, we have 8" « 0, and |8'| =- |8|, the 
magnitude of these last vectors being equal to the product by c of 
the energy i existing in the incident beam per unit of volume. 
Moreover, if A is the area of the mirror, we have -2? = 2^ = J. cos ^. 
As the vectors 1 and s' are in the direction of the rays, it is easily 
seen that the vector s — s' is directed towards the mirror along the 
normal. The resultant force is therefore a normal pressure whose 
magnitude is 2J[icos*^, or 2icos^'9' per unit of area. 

18* 
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Turning now to the proof of Wien's law, we shall consider a 
cylindrical vessel closed by a movable piston and void of ponderable 
matter. We shall conceive the internal space to be traversed in all 
directions by rays of light or heat, it being our object to examine 
the changes in intensity and wave-length that are brought about by 
the motion of the piston. We suppose the latter to be perfectly 
reflecting on the inside, whereas the walls and the bottom of the 
cylinder are ^perfectly white^^, by which we mean that they reflect 
the rays equally in aU directions and without any change in wave- 
length or any loss of intensity. By making these assumptions, and 
by supposing the motion of the piston to be extremely slow, we 
secure for all instants the isotropy of the state of radiation. 

Let us fix our attention on the rays existing at a certain time t 
with wave-lengths between the limits A and A + dXy and let us de- 
note by ilf{i)dX the energy per unit of volume belonging to these 
rays, or, as we shall say, to the group (A, k -f- dk). If A is the 
surface of the piston and h its height above the bottom of the 
cylinder, the total energy belonging to the group in question is 

J^Aht(X)dk, {68) 

and we may find a differential equation proper for the determination 
of ^ as a function of X and ^, by examining the quantities of energy 
that are lost and gained by the group (A, A + dX), 

In the first place a loss is caused by the reflexion of part of 
the rays against the moving piston, for every ray which falls upon 
it, has its wave-length changed, so that, after the reflexion, it no 
longer belongs to the group {X, X + dX). In order to calculate the 
loss we may observe that the rays of which we are speaking are 
travelling equally in all directions; hence, if we confine ourselves to 
those whose direction lies within an infinitely narrow cone of solid 
angle do, we have for the energy per unit of volume 

^^(A)dodA, 

and for those rays whose direction makes an angle between ^ and 
O + dd' with the normal to the piston (drawn towards the outside) 

the corresponding value is 

• 

^^(A) sind-rfd-dA. 

During the interval dt the piston is struck by these rays in so 
far as, at the time ty they were within a distance c cos d-dt from the 
piston, i. e. in a part of the cylinder whose volume is cAcoBd^dt^ 
so that the energy falling upon the piston is 

^cJ.^(A) Bind' coad'dd'dXdt, 
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Integrating from d* = to ^ = ^sr, one finds for the energy 
that is lost by the group (A, k + dX) 

icAtl;(l)dXdt. (69) 

On the other hand a certain amount of energy is restored to 
the group because rays originally haying another wave-lengthy get 
one between A and X + dk by their reflexion against the moying 
piston. 

Let us begin by especially considering the rays whose direction 
before reflexion is comprised within a cone d(o whose axis makes 
an angle #(< ^tc) with the normal to the piston. If I' is their 
wave-length before reflexion ^ it will be changed to 

;L=.(i+?^cos#)a', 

where w is to be reckoned positive when the motion of the piston 
is outward. Hence, if the new wave-length is to lie between A and 
X + dk, the original one must be between A' and X' -f dA', where 

X'=(i_?^cos-^)a, 

dX'-^il-^coBd^dX. 

The energy of these rays per unit of volume is 

i =» 7-^(A')da)rfA' 

and one sees by a reasoning similar to that used above that the 
amount of energy belonging to the group of rays defined by dco, A', 
dX\ which falls upon the piston during the time dt^ is equal to 

cAi cosd'dt. 

Part of this energy is spent in doing work on the piston^ and 
it is only the remaining part that is gained by the group (A, A + dX). 

The pressure exerted on the piston by the rays of which we 
are now speaking being 

2Ai cos*^, 

and its work during the time dt 

2wAi QOB^d-dt, 

the amount of energy restored to the group (A, X + dX) is given by 

cAi cos d-dt — 2wAi cos'-d-d^. (70) 

As we constantly neglect the square oi w^ we shall replace i 
in the second term by 

l-^{^)d(odX 
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and in the first term by 

^ (l - ^ cos »\il>{l')d<ndl 

since 

^(x')=*a)-^cos*.A||. 

By this we get for the expression (70) 

Extending the integral of this with respect to dcj over all direc- 
tions of the rays for which d' < ^;r, we find the energy that is 
restored to the group (X, k + dl) and must be subtracted from (69). 
Since 

J COSd'dG} = 7C, JcOQ^d'diO = ^JT, 

the result of the integration is 

and we have for the change of the energy existing in the cylinder, 
so far as it belongs to wave-lengths between A and 2, + dX, 

But, since jt = w, we see from (68) that 



~ = wAi>(}i)di + Ah^-^dl 



so that 

or, if we put 



— = ft 

dt ' 



-*(5t + ;i||). (71) 



This differential equation enables us to calculate the change 
which the motion of the piston produces in the distribution of the 
energy over the different wave-lengths. In order to put it in a form 
more clearly showing its meaning, we shall first deduce from it the 
Tate of change of the total energy per unit of volume 



K^fil^dk. 
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For thia purpose we have only to multiply (71) hj dl^ and to 
integrate each term from Z = to JL = oo . Since 



f 



B^^^^dK 



dt dt 



and 

flO 00 00 





we find 



/i||rfA - \XM\--Ji,dX = -Jn,dX ^-K, 



dt ' dt 



In deducing this equation I have supposed that for X » oo the pro- 
duct A^ tends towards the limit 0. 

Now, when the velocity w is given for every instant, A; is a 
known function of the time and so will be K. We may therefore 
introduce this latter quantity as independent variable instead of & 
Putting 

logZ = | 

and considering i^ as a function of this quantity and of 

logX = i?, 
we find from (71) after division by — Jctff , 



4^l5|l = 5 + ^ 



log If) 



This is simplified stiU further if, instead of | and % we introduce 

|'«| and V = | + 4i? 
as independent variables. The equation then becomes 

showing that the expression 

iog^-ir = iog(0^-*), 

and therefore 

itself must be a function of rf alone. But 

V = | + 4i7-41og(A2ri), 

so that ilfK"^ may also be represented as a function of kK^. The 
solution of our equation is thus seen to be 

2r-*^ (A, K) == F{k K^) , (72) 
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where we have expressed that ^ is a function of X and K^ and where 
the function F remains indeterminate. 

If, in the course of the motion of the piston, the value K' of K 
is reached, we shall have, similarly to {72), for any wave-length 

The right-hand side of the first equation becomes equal to that of 
the second, if we replace X by 

so that 

Hence, if in the original state the distribution of energy is given 
by the function 9? (A), i. e. if, for all values of X, 

V(A, K) = 9(A), 
we find for the corresponding function in the final state 

31 (Page 80). Planck finds in C. Gt. S.-units 

a -2,02. 10- 1«, 

(so that the mean kinetic energy of a molecule would be 2,02 • 10" ^'T 
ergs), for the mass of an atom of hydrogen . 

1,6 • 10""^ gramm 

and for the universal unit of electricity expressed in the units which, 
we have used 

l,6.10-«»cl/4^ 

(see § 35). 

32 (Page 81). In a first series of experiments Hagen and 
Rubens deduced the absorption by a metal from its reflective power; 
they found that for X » 12^, 8 /it and even for X » 4^ the resnlts 
closely agreed with the values that can be calculated from the con- 
ductivity. In later experiments made with rays of wave-length 25,5 ft 
(„Reststrahlen" of fluorite), which led to the same result, the ends- 
sivity of a metal was compared with that of a black body, and the 
coefficient of absorption calculated by our formula (122) (p. 69). 

33 (Page 81). Let us choose the axis of x at right angles to 
the plate, so that :r => at the front surface and a: » z/ at the back; 
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farther, let a be the amplitude of the electric vibrations in the in- 
cident beam, this beam being represented by 



dy == a cos w u — — +pj 



The electric force E^ in the interior of the thin plate may be 
considered as having the same intensity at all points. It produces a 
current of conduction 



9 



and a dielectric displacement in the ether contained in the metal. The 
variations of this displacement, however, do not give rise to any ther- 
mal effect, and the heat produced will therefore correspond to the 
work done by the force E^ while it produces the current J^ Per 
unit of time and unit of volume this work is equal to 



so that the development of heat in a part of the plate corresponding 
to unit of area of its surface is given by 

Now, at the front surface, Ey is equal to the corresponding 
quantity in the ether outside the metal (on account of the continuity 
of the tangential electric force), i. e. to d^ + dy(^) where d^^^^ relates 
to the reflected beam. Since, however, the amplitude of d^^^^ is propor- 
tional to z/, and since we shaU neglect terms containing z/^, we may 
omit d (^^. In this way we find for the development of heat 

6a^^ cos^ (nt + p)y 

and for its mean value during a time comprising many periods 

The coefficient of absorption A is found if we divide this by the 
amount of energy ^a^c which, per unit of time, faUs upon the portion 
of the plate considered. 



(Page 85). This is confirmed by the final formula for a/ 
(p. 89), according to which this quantity is proportional to 5*, and 



therefore to j^ • 



85 (Page 87). The truth of this is easily seen if we consider 
both the metallic atoms and the electrons as perfectly elastic spheres, 
supposing the former to be immovable. Let a sphere whose radius R 
is equal to the sum of the radii of an atom and of an electron be 
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described around the centre of an atom, and let a line OP be 
drawn in a direction opposite to that in which an electron strikes 
against the atom. Then^ the position of the point Q on the sphere 
where the centre of the electron lies at the instant of impact may 
be determined by the angle POQ ^ & and the angle q) between the 
plane POQ and a fixed plane passing through OP, The probability 
that in a collision these angles lie between the limits d- and d' + dd-y 
g> and g> + dg>, is found to be 

— sin a* cos ^d&d(py {73) 

where %• ranges from to \%^ and (p from to 2ic. 

Let us also represent the direction in which the electron re- 
bounds^ by the point 8 where a radius parallel to it intersects the 
spherical surface. The polar coordinates of this point are -0"' = 2d 
and g?' = g?, and if these angles vary betwe^tfll the limits ^' and 
-d"' + d%''j tp and 9' + dqfy the point S takes all positions on the 
element 

d6^Pi^%m^'d%^dq> 

of the sphere. But we may write for the expression (75) 

-z— smd''dd''dcp\ 

so that the probability of the point S lying on the element d6 is 

This being independent of the position oi d6 on. the sphere, we 
conclude that, after an impact, all directions of the velocity of the 
electron are equally probable. 

36 (Page 88). Considering a single electron which, at the time t, 
occupies the position P, we can fix our attention on the distance 
PQ=^l over which it travels before it strikes against an atom. If 
an electroii undergoes a great number N of collisions in a certain 
interval of time, we may say that the experiment of throwing it 
among the atoms and finding the length of this free path I is made 
with it N times. But, since the arrangement of the atoms is highly 
irregular, we may just as well make the experiment with N diflFerent 
electrons moving in the same direction with a common velocity u. 
Let us therefore consider such a group, and let us seek the number N^ 
of it, which, after having travelled over a distance I, have not yet 
struck against an atom, a number that is evidently some function of L 
During an interval dt a certain part of this number N' will be dis- 
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turbed in their rectilinear course; and since this part will be pro- 
portional both to N' and to dt, or^ what amounts to the same thing, 
to the distance dl — udty we may write for it 

fiN'dl, (74) 

where ^ is a constant. Hence, while the distance (2Z is travelled 
over, the number N' changes by 

dN' = - fiN'dly 
so that we have 

because N' =^ N ior Z =» 0. 

The expression (74), which now becomes 

pNs-fi'dl (75) 

gives the number of electrons for which the length of path freely 

travelled over lies between I and I -{- dl. The sum of their free 

paths is 

^NU'^^dl, 

and we shall find the sum of all the free paths if we integrate from 
Z = to Z == oo. Dividing by Ny we get for the mean free path 



L = pfi^-^'di^^. 



The number (7S) of free paths whose lengths lie between I and 
I + dl is therefore equal to 



or, since 



equal to 



1 -- L 

y- Ns hn dl , 









37 (Page 89). This case occurs when the atoms and the elec- 
trons are rigid elastic spheres, the atoms being immovable, for it is 
clear that an electron may then move with different velocities in 
exactly the same zigzag line, Other assumptions would lead to a 
value of l^ depending on the velocity u, but then we should also 
have to modify the formula given in §50 for the electric conductivity. 

The final formula for -^ would probably remain unaltered. 
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38 (Page 90). It may be noticed that the numbers given in 
Note 31 can be said to be based on formula (148)^ if in calcula- 
ting them one uses only the part of the radiation curve correspond- 
ing to long waves. 

89 (Page 92). According to what has been said, the potential 
and the kinetic energy may be represented by eipreeBions of the 
form ' 

immediately showing that the amounts of energy belonging to each 

of the n fundamental modes of vibration have simply to be added. 

Since for small vibrations the coefficients a and h may be regarded 

as constants, each mode of motion is determined by an equation of 

Lagrange 

d_ / dT\ _ dJT 

dt \dpj ^ ap*' 
or 

hVk <^kPky 

the general solution of which is 

where a and /3 are constants. 

In this state of motion there is a potential energy 

and a kinetic energy 

both of which have the mean value 

40 (Page 94). Taking three edges of the parallelepiped as axes 
of coordinates, and denoting by fy Qj h the direction cosines of the 
electric vibrations of the beam travelling in the direction {(ii, (Ji^, f^s), 
we may represent this beam by the formulae 
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If we assume similar formulae with the same constants a and p for 
the seven other beams, replacing fi^, ^^j fi^ by the values indicated 
in (149), and f, g, h by 

fy-9,-f^ -fy9y-J^j -fy-9,h 
fj-g^-h —f^fff-f^', -fy—9yh 

fy9y^ 

respectively, the total values of d^, d^, d, are given by 

^ = —.8 fa COS -^-^ sin-^-^ sm -^^^ cos n(t + p), 



d = — Sga sm -^-^ cos -^— sm — ^-^ cos n{t +p), 

y C C C 

, = — 8Aasm-^-^ sm -^-^-^ cos -^-^ cosw(^ +!>)• 



(76) 



By these the condition that d be normal to the walls is fulfilled 
at the planes XOF, YOZ, ZOX, for at the first plane, for example, 
jgr = 0, and consequently d^ = 0, d^ = 0. 

The same condition must also be satisfied at the opposite faces 
of the parallelepiped. This requires that, if q^, q^, q^ have the meaning 
given in the text, 

c ^ c ^ c 

Therefore, 

^iji ^f*»g» '^IhOn 
c ' c ^ c 

must be multiples of ;r, and since — ™ ~r ? 

2fttgt 2|t,j'j gf^gs 

must be whole numbers. 

41 (Page 94). If one of these states, say a state A, is deter- 
mined by the formulae (76) of the preceding Note, in which f, 9, h 
relate to any direction at right angles to the direction (ft^, ftg; f^s); 
a state of things A' in which the polarization is perpendicular to 
the former one is represented by equations of the same form (with 
other constants a and p'), in which f, g, h are replaced by the con- 
stants f, g\ K determining a direction at right angles both to (/J g^ 
h) and to (ft^, ftg, ftj). It is easily seen that any other mode of 
motion represented by formulae like (76) with values of f, g, h such 
that 



286 NOTES. 41 

may be decomposed into two states of the kind of A and A\ The 
total electric field will therefore consist of a large number of fields 
A and A'j each having a definite amplitude a and phase p. In 
order to find the total electric energy we must calculate for each 
mode of motion the integral 



^/d'd5, 



and for each combination of two modes 

/(d-ti')ds {vr) 

Now, it may be shown that all the integrals of the latter kind 
are zero. For a combination of two states such as we have just now 
called A and A (which are characterized by equal values of ^^^ /t^, 
/tig and of the frequency n)y this is seen if one takes into account 
that in the integrals 

Jeos'^^dx, Jem'^^dx, Jeoe'^dyete. (78) 



the square of the cosine or the sine may be replaced by ^^ so that 
(77) becomes 

8 (ff + 99 + hK) aa' q^ q^q^ cos n{t+p) cos n (^ + p'), 

which is because the directions (/J g, h) and (f', g\ hT) are at right 
angles to each other. 

In any other case at least one of the coefficients — , — , -^ 

c c c 

will be different for the states d and d'. Thus, — may have the 
value Jc for one state and the value fc' for the other. The integrals 



/« 





5i 



cos JCX OOSh'xdx = 2( k4-k') ^^ ^^ "*" *')^1 "^ 2(k-'k') ®^ ^^ "" ^0 ffl? 



J sin lex sin Jc'xdx = ~ ^ ^^ j|^ ^^ sin (A; + ^0 gi + g (j^L^-) ^^ (^ ""• ^')gi 



both are zero, because Icq^ and ^'g^ are multiples of jr. Consequently, 
each of the three integrals 

fiJ'^dS, etc. 
into which (77) may be decomposed vanishes. 
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It is readily seen that similar results hold for the magnetic 
energy. It will suffice to observe that, in the state represented by 
the formulae {76), the magnetic force has the components 

^ =» 8/ a sm-^^^ cos-^^i^ cos— ^-^ sm w (f +p), 

c c c 

= 8g a cos-^-^^sm-^^^^cos— ^^^smn(^ + p), 



where 



^ = 8A a cos-^^^^cos-^-^Bin— ^— sinn(^ + jj), 

c c c 



are the constants determining a direction perpendicular both to (fij, 
ft,, ftg) and to (/; ^f, A). 

If farther, one takes into accoimt what has been said of the inte- 
grals (78), it wiU be found that the parsAlelepiped contains an amount 

4(/'* + / + A*)^ig2«sa*cos^w(^ + 2>) = 4gigjg3a^cos*w(^ +i)) 

of electric, and an amount 

4^iftg8«^sin^w(^+i)) 
of magnetic energy. Each of these expressions has the mean value 

2gig2?8a^ 

42 (Page 97). On farther consideration I think that it wiU be 
very difficult to arrive at a formula different from that ofRayleigh 
so long as we adhere to the general principles of the theory of 
electrons as set forth in our first chapter. But, on the other hand, 
it must be observed that Jeans's theory is certainly in contradiction 
with known facts. Let us compare, for example, the emissivity ^^ 
for yellow light of a polished silver plate at 15® C. with that (E^ 
of a black body at 1200® C, confining ourselves to the direction 
normal to the plate. Silver reflects about 90 percent of the in- 
cident light, so that the coefficient of absorption of the plate is ^, 
and by Kirchhoffs law, E^^^qE^, if E^ denotes the emissivity of 
a black body at 15®. But, by Jeans's theory (see § 74) the emissivity 
of a black body for light of a given wave-length must be proportional 

288 1 

to the absolute temperature, so that we have E^ = j-^ E^ = — E^, 

Now, at the temperature of 1200®, a black body would glow 
very brilliantly, and if the silver plate at 15® had an emissivity only 
fifty times smaller, it ought certainly to be visible in the dark. 
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It must be noticed that we have based our reasoning on Eirch- 
hoff's law, the validity of which is not doubted by Jeans. In &ct, 
the point in the above argument was that, at temperatures at wluch 
a black body has a perceptible emissivity for the kind of rays con- 
sidered, it can never be that, for some other body, only one of the 
coefficients E and A is very small The silver plate might be ex- 
pected to emit an appreciable amount of light, because its coefficient 
of absorption shows that in reality the exchange of energy between 
its particles and the ether is not extremely show. 

From facts like that which I have mentioned it appears that, 
if we except the case of very long waves, bodies emit considerably 
less light, in proportion to their coefficient of absorption, than would 
be required by Jeans's formulae. The only equation by which the 
observed phenomena are satisfactorily accounted for is that of Planck, 
and it seems necessary to imagine that, for short waves, the connec- 
ting link between matter and ether is formed, not by free electrons, 
but by a different kind of particles, like Planck's resonators, to 
which, for some reason, the theorem of equipartition does not apply. 
Probably these particles must be such that their vibrations and the 
effects produced by them cannot be appropriately described by means 
of the ordinary equations of the theory of electrons; some new as- 
sumption, like Planck's hypothesis of finite elements of energy will 
have to be made. 

It must not be thought, however, that all difficulties can be 
cleared in this way. Though in many, or in most cases, Planck's 
resonators may play a prominent part, yet, the phenomena of con- 
duction make it highly probable that the metals at least also contain 
free electrons whose motion and radiation may be accurately described 
by our formulae. It seems difficult to see why a formula like Planck's 
should hold for the emission and absorption caused by these particles. 
Therefore, this formula seems to require that the free electrons, 
though certainly existing in the metal, be nearly inactive. Nor is this 
all. If we are right in ascribing the emission and the absorption by a 
metal to two differeut agencies, to that of free electrons in the case 
of long waves (on the grounds set forth in § 60), and to that of 
,p"esonator8" in the case of shorter ones, we must infer that for inter- 
mediate wave-lengths both kinds of particles have their part in the 
phenomena. The question theu arises in what way the equiUbrium 
is brought about imder these complicated circumstances. 

« It must be added that, even in the case of long waves, there 
are some difficulties. To these attention has been drawn by J. J. 
Thomson.^) 



1) J. J. Thomson, The corpuscular theory of matter, p. 85. 
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I shall close this discussion by a remark on the final state that 
is required by Jeans's theory. I dare say that it will be found 
impossible to form an idea of a state of things in which the 
energy would be uniformly distributed over an infinite number of 
degrees of freedom. The final state can therefore scarcely be thought 
of as really existing, but the distribution of energy might be con- 
ceived continually to tend towards uniformity without reaching it in 
a finite time. 

42* (Page 97) [1915]. Later researches have shown that in 
all probability the theorem of equipartition holds for systems subject 
to the ordiuary laws of dynamics and electromagnetism. A satis- 
factory theory of radiation will therefore require a profoimd modi- 
fication of fundamental principles. Provisionally we must content 
ourselves with Planck's hypothesis of quanta. 

We cannot speak here of the development that has been given 
to his important theory, but one result ought to be mentioned. 

Planck finds that the mean energy of a resonator whose number 
of vibrations per second is v, is given by 






If AjT is much greater than hv, the denominator may be re- 
placed by 

hv 

and the formula becomes 

E^JcT. 

This is the value required by the theorem of equipartition. 
We see therefore that this theorem can only be applied if the tem- 
perature is sufficiently high. For lower temperatures E is smaller 
than kT and even, if JcT is considerably below A v, we may write 

hi IcT^ 
which is very small. 

The resonators imagined by Planck are ^linear" each consisting 
f. i. of a single electron vibrating along a straight line. If the 
number of degrees of, freedom of a vibrator is greater^ the total 
energy becomes greater too and it seems that we may state as a 
general rule that a system capable of a certain number of funda- 
mental vibrations, when in equilibrium with bodies kept at ihe tem- 
perature jP, takes the energy E for each of its degrees of freedom. 

Lorentz, Theory of electrons. 2nd Ed. 19 
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43, 44, 45 



We may even apply this to the ether contained in the rectan- 
gnlar box which we considered in §§ 73 und 74.*) 
We found (pp. 94 and 95) 

for the number of fundamental vibrations whose wave-length lies 
between I and X + dX. Each of these corresponds to a degree of 
freedom and we have therefore to multiply 

hv 



E = 






c 
by the above number. Replacing v by y, we find in this way 

Sitch 1 



eh 



Qiq^qi'dX. 



«*^^-i 



If we want to know the energy per unit of volume we have still 
to divide by the volume of the parallelepiped Qiq^Qz- The result is 
seen to agree with Planck's radiation formula (132). 



(Page 102). In Zeeman's first experiments it was not found 
possible neatly to separate the components; only a broadening of the 
lines was observed, and the conclusions were drawn from the amount 
of this broadening and the state of polarization observed at the 
borders. 



(Page 110). For great values of the coordinates, the coeffi- 
cients c might be functions of them. They may, however, be treated 
as constants if we confine ourselves to very small vibrations. 

45 (Page 112). The result of the elimination of g^, q^, ... q^ 
from the equations (176) is 



fl - »»1< — »«Ci8J • 


., -inc^^ 




., -inc^u 




., f^ — m^n^ 



= 0. 



(79) 



Developing the determinant we get in the first place the principal 
term 



1) P. Debye, Ann. Phys. 88 (1910), p. 1427. 
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and in the second place terms containing as factors two of the 
coefficients c. These coefficients being very small , we may neglect 
all farther terms which contain more than two factors of the kind. 
One of the said terms is obtained if, in the principal term, the two factors 
fj^—mj^n^ and/J— w,w* are replaced by —inCj^^-inc^j^^ — n^cl^. Hence, 
denoting by JTj^, the product which remains when we omit from JI 
the factors fj^ — nij^n^ and /) — m^n^, we may write for {79) 

il-n«^(|,jr^, = 0, {80) 

k I 

an equation that can be satisfied by values of n^ differing very little 
from the roots n^\ w^*, . . . n^^ of the equation 

JT=0, 

which are determined by (172). 
Thus there is a root 

n^ = w| + d, (81) 

where d is very small. Indeed, if this value is substituted in (60) 
we may replace n^ by w| in all the products 77^,, and the same may 
be done in the factors of the first term JT, with the exception only 
of /J. — nij^n^, for which we must write —nij^d. By this 11 becomes 

-m,Sn,{nl), 

where the last term means the product 77 after omission of the said 
factor, and substitution of n* = n| in the remaining ones. 

In the sum occurring in (80) only those terms become different 
from zero, in which the factor fj^ — m^n^ (corresponding to the par- 
ticular value we have chosen for Jc) is missing. Our equation there- 
fore assumes the form 

- ^.(Jir,(nj) - nj^cf,n„(n|) ^0, 

from which the value of d is immediately found. 

This value may be positive or negative, but, as it is very small, 
the right-hand side of (81) is positive in any case, and gives a real 
value for the frequency 

46 (Page 113). Equation (79) is somewhat simplified when 
we divide the horizontal rows of the determinant by Ym^y Y^%f ®tc-; 
and then treat the vertical columns in the same manner. Putting 

19* 
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80 that 



and using (172)^ one finds 



hi^ 



^*i 



(83) 






me. 



IS 7 



tne 



fxlJ 



— tne.^c, 



fi2> 



• y 

• f 



— tne 



if* 



n. 



n' 







m 



Let us now suppose that a certain number h, say the first k, 
of the frequencies ^i; ^2> * • • hsLVQ a common value v^ and let us seek 
a value of n satisfying the condition (84), and nearly equal to v. 
When n has a value of this kind, aU the elements of the determinant 
with the exception of w|^i — n^, ... w * — n* are very small quantities. 
Therefore^ the part which contains these [i — k elements^ namely the part 



W+i-n^). 



(%' 



n«) 



n,^ - n\ 



tne 



— tne, 



219 



n 



18; 



2 



w 



-tne,,, 



me 



k2> 



tne 



Ik 



tne 



ik 



n! — n 



8 



greatly predominates. We shall therefore replace (84) by 



nl 



n 



8 



tne 



lit 



- *w^8u ^1 - < 



— «ne^i, ~ *we^g, 



^ne 



1* 



— tne, 



2k 



nl'— n* 



0. 



Finally, since the quantities e are very small, we shall replace n 
by V wherever it is multiplied by an e, so that we find 



„2 « n\ - ive^j. 



— *i/d 



21 ; 



1/^ — W*, 



— 11/C 



*l; 



— tve 



k2f 



-tve^j, 



— tve, 



2k 



V 



,8 



n' 



0, 



(55) 



an equation of degree Jfc in w*. 

Now, on accoimt of the relations (83), the latter determinant 
is not altered when we change the signs of all the elements con- 
taining an e (the effect being merely that the horizontal rows become 
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equal to the original yertical columns). Hence ^ after development^ 
the equation can only haye terms with an even number of these ele- 
ments^ so that it is of the form 

(„2 _ n«)* + P^{v^ - n2)*-2 + p^(y^ _ n«)*-* + . . . = 0, (86) 

where P^ is made up of terms containing two factors of the form 
ive, P, of terms containing four such &ctors^ and so on. 

It follows from this that the coefficients P are real quantities. 
But we may go further and prove that, if v* — n^ is considered as 
the unknown quantity, all the roots of the equation (55) or (86) 
are real. 

For this purpose we observe that, on account of (55), if we take 
for v^ — V? one of its roots, the equations 

(v* — n^)x^ — ive^^x^ i'^^ik^k == ^f 

— ive^^x^ + (v* — v?)x^ — • — i'^^tk^k ^ ^y 



— ive^^Xi — ivCj^^x^ __ . . . -|- (v* — w*)a;^= 

may be satisfied by certain values of ^r^, ^, . . . Xj^, which in general 
will be complex quantities. Let x^, x^} - •' ^k^^ ^^ conjugate values. 
Then, multiplying the equations by x^, x^, • • • ^* respectively and 
adding, we find 

(i/* — v?) ^XjS^ — V ^i(ej^x^Xj + e^jXjX^ = 0. (87) 

Now, putting 

^/ = ly + iVj7 ^j « ly - iVjy ^i = S| + ^Vi, ^j == 6, - *'%, 

we have 

XjX^ = g/ 4- iy/, 
and, in virtue of (83), 

i(ej^x,Xj + e^jXjX^) -= 2a^.,(g,i?y - lyi?,). 

The two sums in (87) are therefore real, and v^ — n^ must be so 
likewise. 

We have now to distinguish the cases of k even and h odd. 
In the first case (86) is an equation of degree \k, when (v^ — n^y is 
considered as the quantity to be determined, and, since i/* — - n* must 
be real, its roots are all positive. Galling them a*, j8^, y*, . . . , we 
have the solution 

n^-v^^±a, ±p, ±r, ... 
whence 

„ = v±^, r±^, v±^, ... (88) 

being 1c values of the frequency. 
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When Ic is odd, equation (86) has the factor v* — n*, so that one 
root is 

corresponding to the original spectral line. After haying dirided the 
equation by i^ — n^, we are led back to the former case, so that 
now, besides n — v, there are A; — 1 roots of the form {88). 

In the particular case of three equivalent degrees of freedom, 
equation {86) becomes 

giving n* — V* *= and 



from which (177) immediately follows, if we replace v by n^ and 6^3, 
^1, «i2 by their values (8.2). 

I am indebted to a remark made by Dr. A. Pannekoek for the 
extension of the foregoing theory to cases of more than three equi- 
valent degrees of freedom. 

47 (Page 113). That the distances between the magnetic com- 
ponents of a spectral line will be proportional to the intensity of 
the magnetic field (for a given direction of it) is also seen from 
the general equation {86). It suffices to observe that each quantity 
e is proportional to |H|. Therefore P^ is proportional to H^, P, to 
H*, and so on. The values of n* — v^ which satisfy the equation 
vary as |H| itself, and as they are very small, the same is true of 
n — V. 

48 (Page 120). In the following theory of the vibrations of a 
system of four electrons we shall denote by a the edge of the tetra- 
hedron in the position of equilibrium, by I the distance from the 
centre to one of the edges, by r the radius of the circumscribed 
sphere, and by %' the angle between the radius drawn towards one 
of the angles and an edge ending at that angle. We have 



cos 






In the state of equilibrium one of the electrons A is acted on 
by the repulsions of the three others, each equal to 






ty 
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and by the force due to the positive charge. The latter force is 
the same as when a charge 6 » ^xr^Q^ were placed at the point 0. 
Hence we haye the condition of equilibrium 

-,cos^ + j— -, = 0, 



43ra' 4«r 

or 

^o = ~^^»- 

The frequency of the first mode of motion is easily found by ob- 
serving that, after a displacement of all the electrons to a distance 
r + d from the centre^ where S is infinitely small, the resultant 
force acting on any one of them would remain zero, if the attraction 
exerted by the positive sphere were still equivalent to that of a 
charge e at 0. As it is, there is a residual force due to the at- 
traction of the positive charge included between the spheres whose 
radii are r and r+ d. The amount of this charge being 4str^Qd, 
and the force exerted by it on one of the electrons cqS, we have 
the equation of motion 

giving for the frequency 

2= ^g 



n 

m 

Let us next consider the motion that has been described in the 
text as a twisting around the axis OX. The formula for this case is 
found in the simplest way by fixing our attention on the potential 
energy of the system. When the edges AB and CD are turned 
around OX through equal angles q) in opposite directions, two of 
the lines AC^ AD, BC, BD are changed to 



y4:P + a^Bm\i7t - 9>) = a(l -^q>- iq>^, 
and the two others to 

The potential energy due to the mutual action of the corpuscles 
is therefore 

The potential energy with respect to the positive sphere having 
not been altered (because each electron has remained at the distance 
r from the centre), and the kinetic energy being equal to 



^ma^q>. 
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the equation of motion becomes 

STca 



^ma^q)^ + ^^ q)* = const., 



giving for the frequency 

n' =s= — - s» — "p_ . 

In examining the vibrations for which the equations (181) and 
(182) are given in the text, we may treat the system as one witk 
only two degrees of freedom, the configuration of which is wholly 
determined by the coordinates p and g. 

This time we shall apply the general theory of a vibrating^ 
system, starting from the formulae for the potential energy U and 
the kinetic energy T expressed as functions of p, g, p, g. If we 
ascribe a potential energy zero to two corpuscles placed at the distance 
a, their potential energy at the distance a+ da wiU be 



na 4« I tt* a' J 



4«(a + da) 4: 

The value of 8a being 2g for the pair ABj — 2g for CD, and 
— for the remaining pairs, we find the following expression for the 
mutual potential energy of the four corpuscles 



c* 



na* 



As to the potential energy m of a corpuscle with respect to the 
positive sphere, we may write for it e((p — tp^), if the potential due 
to the sphere has the value g)Q for the position of equilibrium of the 
corpuscle and the value q> for its new position. Therefore, since g> 
is a function of the distance r from the centre, we may write, deno- 
ting by Sr the change of r. 



«-^(lf*- + l|-;M- 



Taking into account that, by Poissson's equation, 

and that —3^; the electric force acting on the electron in its ori- 
ginal position, is equal to 

e _ 1 
4«r*"~ 3 9o^' 
we find 

u = e{-iQ,r6r + (Uo - ^(f)(.Sr)' } . (90) 



48 -NOTES. 297 

If AT), is the line AB displaced, and ^' its middle point, we hare 

OA' = y(ii.py+(^a + gy, 

and therefore for the electron A 

Sr^^^(2lp + ag) - ^,{2lp + agf + ^0» + g"). 

The same value holds for B and we get those for C and D by 
changing the signs of jp and g. Substituting in {90) and taking the 
sum of the four valueg, we find 

«||(9o-9)i^(2Zl> + a^)'-|p«(l'*+P*)), 
which, added to {89) y gives 

U^ e[\{Q, - Q)^{2lp + agf - |(.o(V + 3^^)) 

= 2m{ap^ + 2^pg + y^), 
if we put 

The square of the velocity being p^ + g^ for each electron, we have 

T^2m{p^ + g'), {91) 

and the equations of motion 

dt\dp) ' dp ^' dt\dg)^ dg^^ 
assume the form 

p+ ccp + pg=^Oy 'g + pp + rg = 0. 

If we put 

p = Jc cos wf , g = spj 

the constants n and s are determined by the equations 

- w^ + (a + /35) = 0, - sn^ + {^ + ys) = 

from which (181) and (183) are easily deduced. 

In the calculation of the influence of a magnetic field on the vibra- 
tions to which the formula (183) relates, we may consider the three 
modes of motion, corresponding to a definite value of 5, which, in the 
absence of a magnetic field, have the same frequency, say n^, as the only 
ones of which the system is capable. Reverting to the formulae of § 90, 
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we shall call p^, p^j p^ the three displacements, commoii to all the 
electrons, which occur in the three modes, this displacement being 
parallel to OX in the -first mode, to OF in the second and to OZ 
in the third. It is to be understood that p^^ is now what is called 
p in § 100, and that in every case the displacements p are attended 
with transverse displacements g = ±sp. 
Equation (91) gives for each mode 

so that the coefficients m^, m^, m^^ introduced in § 89 have the 
common value 

Wo = 4w(l +s^). {92) 

The coefficients fiy f^^ f^ are also equal to each other, and if we 
substitute 

(cf. (175)), we find the following equations 

- *'WoC2i«i + ^o(V - w*)«2 - i^c^ziz = 0, {93) 

- *»»0C31^1 - «^0^32^« + ^o(V - ^')^3 = 0> ' 

corresponding to (176) and giving for the frequencies of the magnetic 
triplet (cf. (177)) 

% and w, ± ^z^-^ V^8 + ^1 + ^f. • iP^) 

It remains to determine the coefficients c, for which purpose we 
have to return to (173). 

The expression P^Sp^ represents the work done, in the case of 
the virtual displacement Sp^, by the electromagnetic forces that are 
called into play by the motion of the electrons in the magnetic field H. 
Consequently c^^p^Spi is the work of these forces in so far as they 
are due to the velocities of the particles in the motion determined 
by p^. Calculating this work, we shall find the value of c^,. 

It wiU be well to introduce the rectilinear coordinates of the 
four corpuscles in their positions of equilibrium. If the axes are 
properly chosen, these are for A: Z, ?, Z, for B: Z, — Z, — Z, for C: 
— I, ly — Z, and for D: — I, —I, L 

When the coordinate p^ is changed by djp^, the four particles 
undergo a displacement equal to Sp^ in the direction of OX, com- 
bined with displacements sdp^ directed along the line AB {or A 
and B and along CD for C and D. Taking into acount that in 
the case of a positive sdp^^, the distance from OX is increased for 
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A and B, and diminished for G and D, and patting s' 
find for the rectangular components of the displacement 
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s]/J, we 



for A: 


SPt, 


s'dp,, 


s'dp,, 


„ B: 


SPi, 


- s'Spi, 


-s'dPi, 


„ C: 


SPi, 


s'Spi, 


s'8p„ 


„ B. 


; Sp„ 


/dp,, 


— s'Spi. 



(P5) 



If here, instead of Sp^y we wrote jp^, we should get the com- 
ponents of the velocities occurring in the motion p^^ Similarly, the 
velocities in the motion p^ are 



for A 
B 



;» 



yy 



77 



c 



s'Pi, 

-s'Pty 

-s'Pt, 

s'P„ 



Pi> 
Pi, 
Pi, 
Pi, 



SPi,\ 

s'Pi, 
-s'Pt, 
-s'Pf 



(96) 



We have now to fix our attention on the electromagnetic forces 
due to these velocities, and to determine the work of these forces 
corresponding to the displacements (P5). The result is found to de- 
pend on the component H^^ only, and we shall therefore omit from 
the beginning . all terms with H^ and Hy Thus we write 

-vH„ ---v^H„ 

for the components of the electromagnetic force acting on an electron, 
by which, taking V^ and V^ from {96) j we find the following forces 
acting on the corpuscles in the directions of OX and OZ: 



for A\ 
B: 
C: 
„ D: 



V 



}) 



e 
c 

e 
c 

e 
c 

e 
c 



7 "«^«' 

^^.Pi, 









Finally, in order to find the work c^^p^Sp^, we must take the 
products of these quantities and the corresponding ones in the first 
two columns of (^5), and add the results. This leads to the value 



c„ = 4lH.(l-0-4fH.(l-iA 
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and similarly 

SO that the last term of (94) is equal to 



-^ 2cm ' ' 1 -|-s* 
Dividing this by the corresponding term in (164), we find 

from which the values (184) and (185) are easily deduced. 

49 (Page 123). Let q ^ Qq be made to approach the limit 
from the positive side, so that, by (182), i;= + (x>. Taking into 
account that 

and that the limit of 

y2(l+2y») 

V 

is 2, one will easily find that the formulae (183) — (185) lead to the 
values given in the text. 

The same results are also obtained when q — Qq is supposed to 
approach the limit from the negative side. 

It must, however, be noticed that, as (97) shows, for one of the 
two solutions (namely for the one for which o = — ^) the coefficient 
5 determined by (181) becomes infinite, indicating that for this so- 
lution p = (since g must be finite). The corresponding vibrations 
would therefore be ineflfective in the limiting case (§ 99), because 
the radiation is due to the vibrations of the electrons in the di- 
rection of OX. 

50 (Page 123). After having found the frequency », we may 
deduce from the equations (93) the ratios between g^, g,, q^, which 
determine the form of the vibrations, and the nature of the light 
emitted. We shall abbreviate by putting 

4|(l-isO = tf, (98) 

SO that 

and, by (94) and (92) ^ for the outer lines of the triplet 

»*-».* = ±^|H|, (99) 



— m 



where we shall understand by |H| a positive number. 



60 NOTES. 301 

If h is a unit yector in the direction of the magnetic forcOy the 
equations (93) assume the form 

± & + KKQb - h,«i) = 0, (100) 

± 23 + KMi ~ Mi) =- 0.1 

Let 

«i = a^ + ib^, gj - ay + i\, «8 - »• + *•>, 

be a set of complex yalues satisfying these conditions and let us con- 
sider 2L^, b^, etc. as the components of certain vectors a and b. 

Separating the real and the imaginary parts of (100)^ we find 
the equations 

± a — [b . h] = 0, + b + [a . h] == 0, 

showing in the first place that the vectors a and b must be at right 
angles both to the magnetic field and to each other, and in the 
second place that they must be of equal magnitude. 

We are now in a position to determine the nature of the light 
emitted by the vibrating system. As we found in § 39, the radia- 
tion of an electron depends on its acceleration only. We infer 
from this that, when there are a certain number of equal electrons, 
the resultant radiation will be the same as if we had a single corpuscle 
with the same charge, whose displacement from its position of equi- 
librium were at every instant equal to the resultant of the displace- 
ments of the individual electrons. Now, in the first mode of motion 
which we have considered in what precedes, the resultant displace- 
ment is obviously 4tp in the direction of OX. In this way it is 
seen that the radiation going forth from the tetrahedron when it, 
vibrates in the manner we have now been examining is equal to that 
from a single electron, the „equivalent" electron as we may caU it, 
the components of whose displacement are given by the real parts 
of the expressions 

4gi£'»*, 4:q^6'^\ 4fta*»^ 
i. e. by 

4a^ cosn^ — 4b^ sinw^,| 

4a cos nt — 4b sin ntA (101) 

4a, cosn^ — 4b, sinn^.) 

The equivalent electron therefore has a motion compounded of 
two rectilinear vibrations in the directions of the vectors a and b, 
with equal amplitudes 4|a| and 4|b| and with a difference of phase of 
a quarter period. Hence, it moves with constant velocity in a circle 
whose plane is perpendicular to the magnetic force, and the radiation 
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will be much the same as in the elementary theory of the Zee- 
man-eflfeet. 

When we take the upper signs in our formulae we have 

a = [b.h], 

from which it follows that the circular motion represented by {101) 
has the direction of that of the hands of a clock, if the observer is 
placed on the side towards which the lines of force are directed. 
Therefore in this case the light emitted in the direction of the lines 
of force has a right-handed circular polarization. Its polarization is 
leffc-handed when we take the under signs. 

Now, the equation (99) shows that, when 6 is positive, the fre- 
quency is greatest for the right-handed, and least for the left-handed 
circular polarization, contrary to what we .found in the elementary 
theory of the Zeeman-effect. The reverse, however, will be the 
case, when 6 has a negative value. Since the charge e is negative, 
it follows from (97) and (98) that the signs of 6 and id are 
opposite. The sign of the Zeeman-eflFect wiU therefore be that which 
we found in the elementary theory or the reverse according as o is 
positive or negative. 

51 (Page 126). When the particle has a velocity of translation V, 
the forces acting on one of its electrons are 

X = |(v,H,-v.H;, r-J(v.H,-v,H.), -^=-|(v.H,-v,HJ 

Here, denoting by x, y, e the coordinates of the electron with 
respect to the centre of the particle, and distinguishing by the index 
the values at that point, we may replace H^, H^, H, by 

Substituting this in the expressions 

Z{yZ-zT), etc. 

for the components of the resultant couple and using the equations 
of § 104, we find 






or, smce 
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/ZU 

When the field is constant and if in the symbol -^ we under- 
stand by H the magnetic force at the point occupied by the particle 
at the time t, the couple is given by 

eKdH 
c dt ' 

andy since the moment of inertia is 2 m K, the change of the angular 
velocity k is determined by 

dk^ e^dH 

dt 2mc dt 

Hence ^ on the assumption that the particle did not rotate so long 
as it was outside the field^ 

^tnc 

In the above calculation no attention has been paid to the elec- 
tromagnetic forces called into play by the rotation itself. In as much 
as the magnetic field may be considered as homogeneous throughout 
the extent of the particle, these forces produce no resultant couple, 
just because the axis of rotation is parallel to the lines of force. 
This is seen as follows. If r denotes the vector drawn from the 
centre to one of the electrons, we have for the linear velocity of 
that corpuscle 

v-[k.p], 

and for the electromagnetic force acting on it 

F = l[v.H] = ^{(k.H)r-(r.H)k}. 

The moment of this force with respect to the centre is 

[P.F] |(r.H)[r.k], 

80 that its components are 

- i (^H, + y Hy + 0H,) (y k, - ^k^), etc. (103) 

From this we find for the components of the resultant moment 

-|^(H,k.-H,k,), etc., 

from which it is seen that this moment is zero when k has the 
direction of H. 

The problem is more complicated when we take into account 
the small variations of the magnetic field from one point of the par- 
ticle to another. I shall observe only that, if we use the vidues 
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(102), we must add to (103) terms of the third order with respect to 
X, y, Zj and that the snm of these terms vanishes in many cases^ for 
instance when, corresponding to each electron with coordinates x, y, z^ 
there is another with the coordinates — x, — y, ^ z. 

52 (Page 126). Let k and r have the same meaning as in the 
preceding Note and let V be the absolute velocity of an electron, v' 
its relative velocity with respect to the rotating particle^ so that 

V == [k . r] + V'. (104) 

From this we find for the acceleration 

q « ir « [k . r] + V - [k . V] + v. 

The change of / consists of two parts 

V - [k . vl + q', 

where the second is the relative acceleration and the first the change 
that would be produced in v' if there were no such acceleration; in 
this case v' would simply turn round with the particle. Since, on 
account of (104), we may write 

[k.v']-[k.v], 

when we neglect the square of k, we are led to the formula 

q = q' + 2[k.v]. 

53 (Page 135). In this statement it has been tacitly assumed 
that the bounding surface 6 of the spherical space S does not inter- 
sect any particles. Suppose, for instance, the molecules to be so 
polarized that each has a positive electron on the right and a negative 
one on the left-hand side, and draw the axis OX towards the first 
side. Then, when the surface 6 passes in all its parts through the space 

between the particles, the mi^givl J QxdS will be equal to the sum 

of the electric moments of the particles enclosed, and may with 
propriety be called the moment of the part of the body within the 
surface (cf. equation (195)). If, on the contrary, molecules are inter- 
sected, the value of the integral does not merely depend on the com- 
plete particles lying in the space S, but it must be taken into account 
that, in addition to these, 6 encloses a certain number of negative 
electrons on the right-hand side, and a certain number of positive elec- 
trons on the opposite side. Even wten these additional electrons are 
much less numerous than those belonging to the complete particles, 
they may contribute an appreciable part to the integral, because the 
difference between the values of x for the positive and the negative 



/ 
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ones is comparable with the dimensions of the space S itself, and 
therefore mnch greater than the corresponding difference for two elec- 
trons lying in the same particle. 

The following remarks may, however, serve te remove all donbts 
as to the validity of the relation 

When the molecules are irregularly arranged, as they are in li- 
quids and gases, some of them (and even some electrons) are cer- 
tainly intersected by the spherical surfa9e 6 used in the definition of 
the mean values i^. But, on account of the assumptions made about 
the dimensions of 6, the intersections wiU be much less numerous 
than the molecules wholly lying within the surface, and if, in calculating 

(pdSy we omit the parts of particles enclosed by 6y this wiU lead to 

no error, provided that the function 9 be of such a kind that the 
contribution to the integral from one of those parts is not very much 
greater than the contribution from one of the complete particles. 

This condition is fulfilled in the case of the integral / 9 Y^dS, 
because there is no reason why the velocities V should be exceptio- 
nally great near the surface 6. Without changing the value of the 
integral, we may therefore make the surface pass between the par- 
ticles (by slightly deforming it), and then we may be sure that 

I Qyi^dS^-vT I QxdSf and that the latter integral represents the total 
electric moment of aU the complete particles in the space S. 

54 (Page 138). We shall observe in the first place that the 
£eld in the immediate neighbourhood of a polarized particle may be 
determined by the rules of electrostatics, even when the electric mo- 
ment is not constant. Take, for instance, the case treated in § 43. 
It was stated in Note 23 that at great distances the terms resulting 
from the differentiation of the goniometric function are very much 

greater than those which arise from the differentiation of — These 

latter, on the contrary, predominate when we confine ourselves to 
distances that are very small in comparison with the wave-length; 
then (cf. (88) and (89)) we may write 

"p - - i{p*i (v) + ^vjn (y) + P* w (y)l' 

a«=0, 

d = — grad^?, h =» 0, 

from which it appears that the field rs identical with the electro- 
static field that would exist, if the moment p were kept constant. 

Lo rants, Theory of electrons. 2nd E<L 20 
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It is further to be noted that the dijBference between the mean 
electric force E and the electric force existing in a small cavity^ depends 
only on actions going on at very short distances, so that we may 
deal with this difference as if we had to do with an electrostatic 
system. 

Let us therefore consider a system of molecules with invariable 
electric moments and go into some details concerning the electric 
force existing in it. 

The field produced by the electrons being determined by 

(l = — grad^j, 
we have for the jnean values 

E = d = — grad^, 

or^ in words: the mean electric force is equal to the force that 
would be produced by a charge distributed with the mean or, let u» 
say, the „effective" density qj 

In the definition of a mean value 9 given in § 113, it was ex- 
pressly stated that the space S was to be of spherical form. It is 
easily seen, however, that we may as well give it any shape we like^ 
provided that it be infinitely small in the physical sense. The equation 



0S 



=fQd8 



may therefore be interpreted by saying that for any space of the 
said kind the effective charge (meaning by these words the product 
of Q and S) is equal to the total real charge. 

We shall now examine the distribution of the effective charge. 
Suppose, for the sake of simplicity, that a molecule contains two 
electrons situated at the points A and B with charges — e and -f- ^ 
and denote by r the vector AB, There wQl be as many of these 
vectors, of different dii'ections and lengths, as there are molecules. Now, 
if the length of these vectors is very much greater than the size of 
the electrons, we may neglect the intersections of the bounding sur- 
face of the space S with the electrx)ns themselves, but there will be 
a great number of intersections with the lines AB, These may not 

be left out of account, because for any complete molecule J QdS=^0^ 

whereas each of the said intersections contributes to the effective 
charge within 6 an amount •— 6 or 4- ^ according as r^ (where n is 
the normal to 6 drawn outwards) is positive or negative (cf. Note 53). 
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HencO; the total charge within 6 may be represented by a surface 
integral In order to find the part of it corresponding to an ele- 
ment d6 (infinitely small in a physical sense) we begin by fixing onr 
attention on those among the lines A3 which have some definite 
direction and some definite length. If the starting points A are ir- 
regularly distributed and if^ for the group considered; their number 
per unit of Yolume is v^ the number of intersections with d6 will be 
vT^d6 when r^ is positiyC; and — vr^d6 when it is negative. There- 
fore, the part contributed to the charge within <y is — ver^d6 in 
both cases, and the total part associated with d6 is —2iveT^d6y titie sum 
being extended to all the groups of lines AB. But ^r is the electric 
moment of a particle, veT the moment per unit of volume of the 
chosen group, and 2ver the total moment per unit of volume. De« 
noting this by P, we have for the above expression — ZJver^d6 the 
value — P^ and for the eflfective charge enclosed by the surface 6 

As the difference between E and the electric force in a cavity 
depends exclusively on the state of the system in the immediate vici- 
nity of the point considered, we may now conceive the polarization P 
to be uniform. In this case the integral (lOS) is zero for any closed 
surface entirely lying within the body, so that the effective charge 
may be said to have its seat on the bounding surface U, Its surface 
density is found by calculating (105) for the surface of a flat cy- 
linder, the two plane sides of which are on both sides of an element 
c227 at a distance from each other that is infinitely small in compa- 
rison with the dimensions of d2J, GaUiog N the normal to the sur- 
face 27, we have at the outer plane P^*=0 (if we suppose the body 
to be surrounded by ether), and at the inner one P^ = — Pn' The 
amount of the effective charge contained in the cylinder is therefore 
given by Pj^dU, and the charge may be said to be distributed over 
the surface with a density P^f, 

Now consider a point A of the body. By what has been said, 
the electric force E at this point is due to the charge P^^ on the 
bounding surface 2J. If, however, a spherical cavity is made around 
A as centre, there will be at this point an additional electric force 
E', caused by a similar charge on the walls of the cavity, and ob- 
viously having the direction of P. The magnitude of this foice is 
found as follows. Let a be the radius of the sphere, d6 an element 
of its surface, d' the angle between the radius drawn towards this 
element and the polarization P. The surface density on d6 being 
— I P I cos d'y we have for the force produced at A 



^na*J I 



P| cos*#d<y, 

20* 
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giving 

E'-iP. 

Our foregoing remarks show that the expression 

E + iP 

may always be used for the electric force at the centre of a sphe- 
rical cavity, even though the polarization of the body change from 
point to point and from one instant to the next. 



(Page 138). In the case of a cubical arrangement all the 
particles within the sphere may be said to have equal electric mo- 
ments p. Taking the centre A of the sphere as origin of coordinates, 
we have for the force exerted in the direction of a; by a particle si- 
tuated at the point (x, y^ z), at a distance r from the centre, 



Pa; 8 a?' — r* py ^xy pr *dxz 
But the sums 

are zero, when extended to all the particles within the sphere. For 
the second and the third sum this is immediately clear if we take 
the axes of coordinates parallel to the principal directions of the 
cubical arrangement. Further, for axes of this direction, 

showing that each of these expressions must be zero, because their 
sum is so. 



56 (Page 139). It must be noticed that this magnetic force H 
produces a force 



e 
c 



[v-H] 



acting on an electron. Since, in a beam of light, H is in general of 
the same order of magnitude as the electric force E (cf. the equations (7)), 

Ivl . 
this force is of the order of magnitude — in comparison with the 

force eE. It may therefore be neglected because the amplitudes of 
the electrons are extremely small with respect to the wave-length, 
so that the velocity of vibration is much smaller than the speed 
of light. 
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56* (Page 141) [1915]. When the value of fi (see form. (202) 
and (199)) corresponding to (206) is substituted in equation (230) 
(§ 134) which determines the index of absorption^ one finds exactly 
the result found by Lord Rayleigh^) for the extinction of light 
by a gas. This extinction is due to the scattering of the rays by 
the molecules, the electrons contained in these being set vibrating by 
the incident light and becoming therefore centres of radiation. As 
the energy radiated &om an electron is intimately connected with 
the force given by (206) (§ 40) it is natural that the amount of 
extinction should be determined by the coefficient (206). 

57 (Page 141). In order to compare the effect of the collisions 
with that of a resistance of the kind represented by (197), we shall 
first consider the vibrations set up in an isolated particle whose 
electron is subjected to a periodic electric force 

Ear '^i' cos n^ (106) 

and to the forces determined by (196) and (197). The equation 

of motion 

d^ - -J, d^ 

is most easily solved if, following the method indicated in § 119, we 
replace (106) by 

In this way we find for the forced vibrations 

i - ^ ^.\' «•"'== , , ^' _^. a- ', (107) 

f — mn^-j-zng w(«o — w") + tw^f ' ^ ^ 

where 

Let us next suppose that there is no true resistance, but that 
the vibrations of the electrons are over and over again disturbed by 
impacts occurring at irregular intervals. In this case the motion of 
each particle from the last collision up to the instant t for which we 
wish to calculate |, is determined by the equation 

dn c ^ 
the general solution of which is 



1) Bayleigh, Phil. Mag. 47 (1899), p. 875. 
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where the integration constants C^ and Og will vary from one par- 
ticle to another. These constants are determined by the values of | 

and -^y say (1)^ and (^j , immediately after the last collision. Now 

among the great number of particles^ we may distinguish a group^ 
still very numerous, for which the last collision has taken place at a 
definite instant t^. Supposing that^ after the impact, all directions of 
the displacement and the velocity are equally probable, we shall find 
the mean value of | for this group, if in {108) we determine G^ and 

Cg by the conditions that for t^t^ both | and ^ vanish. The 
result is 

or, if we put 

This is the mean value of | taken for a definite instant t and for 
those particles for which a time d" has elapsed since their last col- 
lision, and we shall obtain an expression that may be compared 
with (107), if we take the mean of (109) for all the groups of par- 
ticles which differ from each other by the length of the interval d". 
Let N be the total number of particles considered, and A the 
number of collisions which they undergo per unit of time, so that 
the time r mentioned in the text is given by 

N 

The collisions succeeding each other quite irregularly, we may reckon 
that the number of the particles for which the interval -9* lies 
between -&• and -&• + dd' is 

(V (V 

As'r dd' « ~€~~i dd' ; (110) 

this is found by a reasoning similar to that which we used in Note 36. 
We must therefore multiply (109) by (110), integrate from -Q* = 
to d ^ CO, and divide by N, In this way we get for the final mean 
value of the displacement 

£ = ^ 5»«* . 

/ , , 1 jX , «»w*w 
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Neglecting the term — | in the denominator we see that under the 

influence of the collisions the phenomena will be the same^ as if there 
were a resistance determined by 

2m 

58 (Page 147). In the case of a mixture the electric moment 
P is made up of as many parts P^^ P,, . . . as there are constituents. 
Reasoning as in §§ 116 — 119 we can establish for each component 
formulae like (200), so that, if we put a = ^, we have for the first 
substance 

for the second 

and so on. Hence, if all the dependent variables vary as «*"*, 

p - E + j P p _ E + jP 

and, if we put 

7x:« + ^- ^^t + • • • - o , 



P-a)(E+iP). 
Combining this with (192) we find 

and for the index of refraction 






Now each term ^-tp ^—i^ gives the value of ^."T^ for one of 

the constituents taken with the density mQ which it has in the 
mixture, a value that is found when we multiply the constant r for the 
constituent in question by the density mQ. This immediately leads 
to equation (218). 

59 (Page 149). According to the equations (220), if we put 
a » •^, the displacements li; I2; * • • ^^^ determined by 

(/; - m^n^ li - ei (E, + ^ PJ, etc. 
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Consequently 

with similar formulae for Ne^i]^, ^^itu ©te- Hence, taking tlie sums^ 
P-(E + i.p)|^.--. + ^Z^. + ...}, 

from which formula (222) is easily found. 

60 (Page 153). The direct result of the substitution is 

W wV * »n ^ "^ « + »/?'" ^ "^ «» + /»*' 
giving 



8 c«A« . a 



£rom which the equations (227) and (228) are easily deduced. 

61 (Page 154). The expression g ^, considered as a function 

of a has a maximum yalue ^a ^^^ ^ — /^J i* is therefore very small 
when /3 is large. It follows from this that even the greatest values 
of iTo t ftre of the order of magnitude -^, so that we may ex- 
pand the square root in (227) and (228) in ascending powers of 
that quantity. Hence, if we neglect terms of the order ^, 

^ 2g -f 1 .. 1 2tt + 1 1 (2g + l)« 

and this may be replaced by 

1 2a + 1 1 a« 



y 



1 + 



2 «*+/?• 2 (a«+/5«)«^ 



because the quantity / « iT^r^a never has a value greater than one of 
the order -^« 

n« 4 (a* + py ' ^^-^^ 
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We are therefore led to (229) and (230) if in ft we neglect terms of 
the order ^, and in Tc terms of the order -^' Indeed^ if we want 

to know h with this degree of approximation^ we may omit in h^ and 

c*A;* 1 

in — j- quantities of the order a,, as we have done in {lit). 

62 (Page 156). If Jdn is the intensity of the incident light, 
in so far as it belongs to frequencies between n and n + dn, the 
amount of light that is absorbed by a layer with the thickness ^^^ 
upon which the rays fall in the direction of the normal is given by 
the integral 

4=y(l-£-«*^J'rfn, 

where we have taken into account that the intensity is proportional 
to the square of the amplitude. If the absorption band is rather 
narrow, we may put 



2c a' + /5« 

and, in virtue of (231), 

dn == — - — ; — -,du, 
2.m no 

Further, we may extend the integration from a = — oo to « = + oo, 
considering /3 » n^'g' and J as constants. The calculation is easily 
performed for a thin layer, for which 

l-fi-2*^_2A;z/-2ifc«z/l 

It is found that the part of A that is due to the first term is 
independent of g' or g. When, however, the second term is retained, 
A increases with the resistance g. 

* 

63 (Page 161). This is easily found if the denominator of (239) 
is written in the form 

and then multiplied by the conjugate complex expression. 

64 (Page 167). The explanation of magneto-optical phenomena 
becomes much easier if the particles of a luminous or an absorbing 
body are supposed to take a definite orientation under the action of 
a magnetic field. On this assumption, which makes it possible to 
dismiss the condition of isotropy of the particles (§ 93), Voigt*) has 
been able to account for many of the more complicated forms of 

1) W. Yoigt, Magneto- und Elektrooptik, Leipzig, 1908. 
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the Zeeman-effect; it was found sufficient to suppose that each par- 
ticle contains two or more mutually connected electrons whose motion 
is determined by equations similar to our formulae of § 90, the recti- 
linear coordinates of the electrons now taking the place of the general 
coordinates p. The theory thus obtained must undoubtedly be con- 
sidered as the best we possess at present, though the nature of the 
connexions remains in the dark, and though Yoigt does not attempt 
to show in what manner the actions determined by the coefficients c 
are produced by the magnetic field. 

I must also mention the beautiful phenomena that have been 
discovered by J. Becquerel.^) Certain crystals containing the ele- 
ments erbium and didymium show a great number of absorption 
bands, many of which are so sharp, especially at the low tempera- 
tures obtainable by means of liquid air or liquid hydrogen^), that 
they may be compared with the lines of gaseous bodies, and these 
bands show in remarkable diversity the Zeem an- effect and the 
phenomena connected with it. Of course, in the case of these crystals 
the hypothesis of isotropic particles would be wholly misplaced. Voigt 
and Becquerel found it possible to explain the larger part of the 
observed phenomena on the lines of Voigt's new theoiy to which 
I have just alluded. 

In § 91 it was stated that a true magnetic division of a spectred 
line is to be expected only when the original line is in reality a 
multiple one, i. e. when, in the absence of a magnetic field, there are 
two or more equal frequencies. Voigt has pointed out that, when 
originally there are two frequencies, not exactly but only nearly 
equal, similar effects may occur, sometimes with the peculiarity that 
there is a dissymmetry, more or less marked, in the arrangement of the 
components observed under the action of a magnetic field. Cases of 
this kind frequently occour in BecquereTs experiments, and Voigt 
is of opinion that many of the dissymmetries observed with isotropic 
bodies (§ 142), if not all, may be traced to a similar cause. 

It is very interesting that some of Becquerel's lines show the 
Zeeman-effect in a direction opposite to the ordinary one (i. e. with 
a reversal of the circular polarization commonly observed in the lon- 
gitudinal effect) and to a degree that is equal or even superior to the 
intensity of the effect in previously observed cases. These phenomena and 
similar ones occurring with certain lines of gaseous bodies') have led 

1) J. Becquerel, Comptes rendus 142 (1906), p. 775, 874,1144; 148(1906), 
p. 769, 890, 962, 1133; 144 (1907), p. 132, 420, 682, 1032, 1336. 

2) H. Kamerlingh Onnes and J. Becquerel, Amsterdam Proceedings 
10 (1908), p. 692. 

3) J. Becquerel, Comptes rendus 146(1908), p. 683; A. Dufour, ibidem, 
. p. 118, 229, 634, 810; R. W. Wood, Phil. Mag. (6) 16 (1908), p. 274. 
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some physicists to admit the existence of vibrating positive electrons^ for 

which the value of — would be comparable with or even greater than 

the value found for the negative electrons of the cathode rays. They 
may also be explained by the assumption that in some systems of 
molecules^ under the influence of an external magnetic field^ there are 
motions of electricity such as to produce in the interior of the par- 
ticles a field that is opposite to the external one. To this latter hypothesis 
Becquerel, however, objects that, like all phenomena of induced 
magnetization, the internal fields in question would in all probability 
be liable to considerable changes when the body is heated or cooled, 
whereas the magnetic division of spectral lines remains constant 
through a wide range of temperatures. 

The possibility of a third explanation, though one about which I 
am very doubtful, is perhaps suggested by what we found in § 102, 
namely by the reversion of the ordinary direction of the effect caused 
by a particular arrangement of a number of negative electrons. 

65 (Page 171). If x, y, z are the coordinates of a particle of 
the medium alt the time t, its coordinates at the time t + dt will, 
be equal to 

Here g^, g^, g, may be regarded as linear functions of Xy y, g 
so that, for instance, 

%^ = cc + ^x + yy+ 8zy 

or, as we may write as well 

The particles which originally lie in the plane 

x^ a 
will have reached the plane 

re' « a + (a +^x + yy + Sz)dt 

at the end of the interval considered. The direction constants of the 
normal to this plane are proportional to 

1 — ^dt, — ydty — Sdt 



or to 



OX ' oy ' oz 



66 (Page 173). Let a sphere of radius B move with the con- 
stant velocity w through an incompressible medium, and let us sup- 
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pose the motion of the latter to be irrotational. TheO; if the centre 
of the sphere is taken as origin of coordinates ^ and the line of mo- 
tion as axis of x, the velocity potential is given by 

giving for the components of the velocity 

At a point of the intersection of the surface vrith the plane YOZ, 
these values become 

-iw, 0, 0, 

so that the relative velocity of sliding is — 4 ^ • 



67 (Page 173). Instead of considering a uniform translation of 
the earth through the ether^ we may as well conceive the planet to 
be at rest, and the ether to flow along it, so that, at infinite di- 
stance, it has a constant velocity Wq in the direction of OZ. 

Let the ether obey Boyle's law, and let it be attracted by the 
earth with a force inversely proportional to the square of the distance 
r from the centre. Then, when there is no motion of the medium, 
the density h and the pressure p will be functions of r, determined 
by the equation of equilibrium 

dp (ok 

and the relation 

k = (ip, 

where o und ft are constants. 

These conditions are satisfied by 

logA = y" + logio, 

Jcq being the density at infinite distance. 

Now, there can be a state of motion in which there is a velo- 
city potential 9, and in which the density k has the value given by 
the above formula. Indeed, if we put 



»-'[»(f:-')+»s-:+') 



r 
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(understanding by a and h constants and taking the centre of the 
sphere as origin of coordinates), the components of the velocity 

d(p dtp dw 

satisfy the equation of continuity 

d{ku) dijcv) d(kw) ^ 
dx ^ dy "^ dz ^^' 

The form of (p has been chosen with a view to the remaining 
conditions of the problem, namely: 

forr = oo-^ = ^==0 ^-^^w 
and 

for r = JB(i. e. at the surface of the earth): ^ = 0. 

These conditions lead to the equations 

— a + 6 = Wq, 

Along the intersection of the planet's surface with the ^j/ -plane 
there is a velocity of sliding 

ft (a fioi 



dz 






This is found to be 0,011 w^if^^ 10, and 0,0056 w;o if ^ = 11 . 

In these cases the ratio between the density near the surface and 
that at infinite distance would be e^^ or a^^ respectively. 



68 (Page 181). Let the relative rays converge. towards a point 0, 
which we take as origin of coordinates, and let us determine the form 
of the waves by the construction explained in § 153. We have to 
compound a vector in the direction of the relative ray and having 

the magnitude v with a vector — ^ • Neglecting quantities of the 

second order, we may also make the first vector equal to t;, the wave 
velocity in the medium when at rest, and we may consider this ve- 
locity as constant in the immediate neighbourhood of the point 0. 
Moreover, the second vector may be regarded as having a constant 
magnitude, say in the direction of OX. 
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Now, at a point (x, y, si), at a distance r from 0, the compo- 
nents of the first vector are 

X y z 

V. — — t;, V 



r ' r ""^ r "' 



and those of the second 



— iii 



so that the components of the resultant vector, which is at right 
angles to the wave-front, are 



{ r ' ^' J ' r ' r 



The equation of the surface normal to the resultant vector is 
therefore 



This is the equation of an eUipsoid, the centre of which lias 
the coordinates 

?^ 

if 

and whose semi-axes have the directions of OX, OY, OZ and the 

lengths 

vC C C 

Since the square of a is neglected, we may say that the waves 
are of spherical form. Their centre approaches the point as the 
constant C diminishes. 

69 (Page 191). If n is the frequency of the source of light, 
the frequency at a fixed point in one of the tubes will also be n, 
because the successive waves take equal times to reach this point. 
Hence, with reference to fixed axes, a beam of light may be repre- 
sented by expressions of the form 

acosn(^- -j+jp), 

where u is the velocity in question. 

Transforming to axes moving with the fluid — and confining 
onrselves to one of the two cases distinguished in the text — , we 
have to put 

x^ x' + wt, 
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by which the above expression becomes 

a cos n (^ — —t'- — +p\. 
In this way the relative frequency is seen to be 

for which, denoting by [i the refractive index for the frequency n, 
we may write 

„'-„(i-ff), 

c 
because u differs from — only by a quantity proportional to w. 

The index of refraction corresponding to the frequency n' is 

aw dii 
^ c dn^ 

and the corresponding velocity of propagation 

c . w diL e w rp^l'' c w ^dfi 



ILW d^L ft ft dn fir n dT ft fi, dX 

e dn 

if X is the wave-lengtL 

This is the velocity to which we must add the term toll A • 

In the case of water we have for the spectral line D 

1 - -, = 0,438 
ft* ' 

and 

l_i._ 1^^^ = 0,451 

II* H dX ' 

% 

whereas, if the velocity relative to the fixed parts of the apparatus 
is represented by 

€ = 0,434 (with a possible error of ± 0,02) is the value which 
Michelson and Morley deduced from their experiments. 

69* (Page 191) [1915]. In a repetition of Fizeau's experiment 
Zeeman has recently found ^) for different wave-lengths displace- 
ments of the interference fringes which agree very satisfactorily with 
the formula I gave in § 164. This is shown in the following table, 



1) Zeeman, Proc. Amsterdazn Academy, 17 (1914), p. 445; 18 (1915), p. 398. 
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in which d is the observed shift, expressed in terms of the di- 
stance between the fringes, d, the shift calculated by means of the 
formula, and d „ the result of the calculation when the term 



is omitted. 






XiaAU 

4500 
4580 
5461 
6440 
6870 



Number of 
observations 

6 

6 

9 

1 

10 



exp 

0,826 ± 0,007 
0,808 ± 0,005 
0,656 ± 0,005 
0,542 
0,511 ±0,007 



0,786 
0,771 
0,637 
0,534 
0,500 



^ L 

0,825 
0,808 
0,660 
0,551 
0,513 



Zeeman adds that the calculated values of ^ may perhaps be 
vitiated to a small extent by inaccuracies in the measurement of the 
velocity of flow and of the length of the column of flowing water. 
These errors disappear from the ratio between the values of ^ for 
two different wave-lengths. Taking for these 4500 and 6870, the 
ratio as deduced from the experiments is found to be 1,616. Accord- 
ing to the formula it is 1,572 when the last term is omitted, and 
1,608 when it is taken into account. 

70 (Page 191). For the case of a mirror the proposition is 
easily proved after the manner indicated in § 154. If, supposing the 
mirror to be made of a metallic substance, we want to deduce the 
same result from the theorem of corresponding states (§§ 162 and 165), 
we must first 'extend this theorem to absorbing bodies. This can 
really be done.^) 

71 (Page 192). Beams of light consisting of parallel rays, in a 
stationary and in a moving crystal, will correspond to each other 
when their lateral boundary is the same, i. e. when the relative rays 
have the same direction s. In both cases we may consider a defi- 
nite line of this direction, and write down the equations for the 
disturbance of equilibrium at different points of this line, reckoning 



1) See H. B. A. Bockwinkel, Sur les ph^nom^nes du rayonnement dans 
nn syst^me qui se meat d^nne vitesse uniforme par rapport a Tether. Arch. 
,iiderl. (2) 14 (1908), p. 1. 
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the distance s from a fixed point of it. For the stationary crystal 
the vibrations are represented by expressions of the form 

acosw(^-^+^), 

and the corresponding expressions for the other case have the form 

a cos n(f \' p) } 

or, since along the line considered 

from which it appears that the velocity u' of the ray relative to 
the ponderable matter is determined by 

72 (Page 194). Strictly speaking, it must be taken into account 
that in the moving system the relative rays may slightly deviate 
from these lines, the theorem that their course is not altered by a 
translation having been proved only when we neglected terms of the 
second order. Closer examination shows, however, that no error is in- 
troduced by this circumstance.^) 

72* (Page 197) [1915]. If I had to write the last chapter now, 
I should certainly have given a more prominent place to Einstein's 
theory of relativity (§ 189) by which the theory of electromagnetic 
phenomena in moving systems gains a simplicity that I had not 
been able to attain. The chief cause of my failure was my clinging 
to the idea that the variable t only can be considered as the true 
time and that my local time f must be regarded as no more than 
an auxiliary mathematical quantity. In Einstein's theory, on the 
contrary, f plays the same part as t) if we want to describe pheno- 
mena in terms of Xy y\ z% t' we must work with these variables 
exactly as we could do with Xj y, z^ t. If, for instance, a point is 



1) Lorentz, De rinflueDce du monvement de la terra sur les ph^nom^nes 
lamiueux, Arch, n^erl. 21 (1887), p. 169—172 (Abhandlongen uber theoretiBche 
Phygik, 1, p. 389—392). 

Lorentz, Theoiy of electrons. 9nd Ed. 21 
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moving; its coordinates x, y, z will undergo certain changes dx, dy, 
dz during the increment of time dt and the components of the Telo- 
city V will be 

^« dt^ V dt' ^»^dt' 

NoW; the four changes dx, dy, dz, dt will cause corresponding 
changes dx\ dy\ dz\ dif of the new variables x\ /, /, if and in the 
system of these the velocity v' will be defined as a vector having the 
components 

^«"dr' ^y dt' ' ^* dt' ^^^^ 

The substitution used by Einstein is the particular case we get 
when in (287) and (288) we take 2 » 1^ as we shall soon be led to 
do (Note 75* and § 179). Provisionally, this factor will be left un- 
determinate. 

The real meaning of the substitution (287), (288) lies in the 
relation 

x'^ + /» + /* - cH'^ ^ l\x^ -I- y2 + 5« - cH^) {113) 

that can easily be verified, and from which we may infer that we 
shall have 

when 

a?* + / + ^* = cH\ (115) 

This may be interpreted as follows. Let a disturbance, which 
is produced at the time ^ = at the point re = 0, y = 0, jer = be 
propagated in all directions with the speed of light c, so that at the 
time t it reaches the spherical surface determined by {115), Then, 
in the system x\ y', z\ t\ this same disturbance may be said to start 
from the point a;'= 0, y'^ 0, jef'= at the time f «= and to reach 
the spherical surface {11^ at the time t\ Since the radius of this 
sphere is ct\ the disturbance is propagated in the system Xj y\ z, 
f, as it was in the system x, y, z, f, with the speed c. Hence, the 
velocity of light is not altered by the transformation (cf. § 190). 

The formulae (287) and (288) may even be found, if we seek a 
linear substitution satisfying the condition (IIS) and such that for 
ic = 0, y = 0, ;er = 0, ^ - we have x =0, y^ 0, / = 0, f = 0. 
The relations being linear the point x' ==0, y'= 0, z'= will have, 
in the system x^y, z, t, a velocity constant in direction and magnitude. 
If the axes of x and x' are chosen in the direction of this velocity, 
one is led to equations of the form (287), (288). 

In the theory of relativity we have constantly to attend to the 
relations existing between the corresponding quantities that have to 
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be introduced if we want to describe the same phenomena, first in 
the system x, y, z^ t and then in the system x'^ y\ z\ i\ Part of 
these ^transformation formulae'' present themselves immediately; others 
must be properly chosen and may be considered as defining '^ corre- 
sponding" quantities, the aim being always to arrive, if possible, at 
equations of the same form in the two modes of description. 

The transformation formulae for the velocities are easily found. 
We have only to substitute in {112) the values 

dx' ^'kl{dx—-wd(), dy'^ldy, de'^^lde, 

df^kl{dt-^'^^dx) {116) 

and to divide by dt the numerator and the denominator of the frac- 
tions. If we put 

«, = *(l-5v,), {117) 

the result is 

v,-*'-^, v/-:^, v;-:^. {118) 

These formulae combined with (285) lead to the following relations 
that will be found of use afterwards 

(c._v'«)*-(£!:^, {119) 

*(i+".v;) 

In order to conform to the notations that have been used in the 
text, we shall now put 

V^ = U^ + W?, Vy«Uy, v,-u,. 

By this we find 

v;=*^, v;--^, v:^-^, {121) 

showing the relation between the velocity v' and the vector u' used 
in the text 

Finally, we may infer from {120) and {122) 

We may add that o) is a positive quantity, because the velocities 
w and V^ are always smaller than c, 

21* 
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We shaU next consider the transformation formula for what we 
may call a "material" element of volume. 

Let there be a very great number of points very close to each 
other and moving in such a way that their velocities are continuous 
functions of the coordinates. Let us fix our attention on a definite 
value of t and let at that moment x, y, z be the coordinates of one 
of the points Pq, and rc + x, y + y, jer + z those of a point P in- 
finitely near it. If 

«, y, e, t, 

are the ralaes of x', ^, ^, t' corresponding to x, y, e, t, we may 
write for those which correspond to a; + x, y + J, z + z, t 

x' + klT, ^ + lj, 7 + lz, T'-hl^x. (IM) 

Now, using the system x^ y, jSy t, we can fix our attention on 
all the points, lying simultaneously, i. e. at a given time ^, in a 
certain element dS of the space, x^ y, z. We can consider these 
sane points after having passed to the system x'j /, /, t\ We shall 
then have to consider as simultaneous the positions belonging to a 

definite value^ say t' of the time t'y and we can consider the ele- 
ment dS' in the space a?', y, /, in which these positions are found. 

What we want to know, is the ratio between dS and dS\ 

In order to find it, we must remark that in {124) we have the 

coordinates of the point P at the instant t' — UI—^t., From these 

we shall pass to the coordinates at the instant t' by adding the 
distances travelled over in the time ^i—^x. We may write for them 

^^"^^V-r> ^^~^'^^yj ^^y»~^^j; 

and since x, y, z are infinitely small, we may here understand by 

V^, V^, Y^ the velocities of the point F^ at the instant t\ The coor- 
dinates of the different points P (having different values of x, y, z) 

at the definite instant t' are therefore given by 

a;' = ^ + fc?(l+'^)i, 

/ = 7 + AZ^x + Zz. 

These equations express the relations between the coordinates 
X, y, z of a point in the element dS and those of the corresponding 
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point in the element dS\ In virtue of a well known theorem the 
ratio between the elements is given by 

dx* d X dx 



dS 



dy 

ax' 



ay' 

dy 



dz 
dz 



the determinant being taken with the positive sign. Working out 
this formula; and remembering that x, y, z are infinitely small, we 
find for the determinant 

so that, on account of {120^ 

dS' = —dS. 

We have denoted the element by dS' in order to distinguish it 
from the dS' given by equation (299). 

We shall now suppose that the points which we considered 
have equal electric charges. Then we may say that the same charge 

that lies in {{5 at the time i, is found in dS' at the time t\ or as 
we may now write t\ and this will remain true if, by increasing the 
number of points, we pass to a continuous distribution. The densities 

Q and q' which, in the two modes of considering the phenomena, 
must be attributed to the electric charge, will therefore be inversely 

proportional to the volumes dS and dS'. Hence 

(125) 



CO 



We have written q' in order to distinguish this density from the 
quantity q' defined by (290). The two are related to each other in 
the way expressed by 

^ = *©()', (126) 

to which we may add, on account of (132) and (^126) 

Q'y' - QU\ {127) 

The transformation formulae for the electric and the magnetic 
force remain as given in (291). 

73 (Page 197) [1915]. It may be shown that in the theory of 
relativity the fundamental equations (17) — (20) are not changed in 
form when we pass to the system ij/, y', e^ t\ 
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In virtue of (286) and (288) we have the following general re- 
lations between the differential coefficients with respect to Xy y, 0, t 
and those with respect to x', y\ e\ t' 

The equation (17) therefore assumes the form 

and the first of the three equations contained in (19) becomes 

z(|J!f_|^) = *i|^_ji«|!!f + J.pY,. (131) 

\dy oz I e dt c dx ^ c ^ ' ^ ^ 

Substituting the value of -^ taken from this formula in (130)^ 
we find 

dx * dy de c \dy ce J c* dx \ c' /^ k ^ 

k 
HencC; multiplying by j^ and taking into account the values 

of d^ etc.^ and q' 

d^' + W^d^ ^ ^^ ^ 

which is of the same form as (17). 

/)fi 
If, on the other hand, the value of x-? drawn from {130) is 

substituted in (131), one finds 

\dy dz') c dy e dz' '^Xc c* J dt' ^ c ^"«' 

k 
or, after multiplication by ^, 



(It^ + ^X)' 



dy de' e 
because, on account of (121) and (135) 

k — 

We have thus found the first of the equations contained in 
The remaining formulae are obtained by similar transformations. 



74, 76 NOTES. 327 

As to the equations (292) giyen in the text^ we have only to 
remark that in (133) q may be replaced by 

(1 -■#)*'. 

following from (126) and (123\ and that, with a view to (127), we 
may in (133) replace qW by p'lT. 

74 (Page 198) [1915]. Since in the theory of relativity the 
fandamental equations have exactly the same form in the two systems 
Xj y, Zy t and x, y\ /, ty we may at once apply to this latter the 
formulae which we gave in § 13. We may therefore determine a 
scalar potential ^> and a vector potential a^ by the equations 

A'?-^|^ = -7, {134) 

and we shall hare 

{136) 

(137) 
Since 

the formulae (135) and (137) agree with the second of (294), and (296). 
Further, if in (134) we replace q' by 



A'a'- 


. *2'*'= -LpV 


d'=. 


1 aa' ,,— 
c at' eM 9, 




ll' = rota'. 




P'V - P'u', 






we see on comparison with (294) that a solution is 

By this (136) takes the form of (295). 

75 (Page 203). The first three equations follow at once from 
(118), if we replace co by -^7 ^"^ ^^ ^^7 ^^ ^^ virtue of (120), 

~ being very small. The values of ^Jt^ J^' 57* *^® found by 
a new differentiation in which the relation 



dt 



«('-'^) 
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derived from (116), is used. We may here replace V^ by w, so that 
it becomes 

dt ^ k' 



75* (Page 203 and 205) [1915]. An important conclusion may 
be drawn from equations (305) if we start from the fandamental 
assumption that the motion of a particle can be described by meana 
of an equation of the form 

F = 6, {138} 

where F means the force acting on the particle and G is a vector^ 
the momentum, having the direction of the velocity V and whose 
magnitude 6^ is a function of the magnitude v of the velocity. In- 
deed, we may infer from this (cf. § 27) that the longitudinal masa 
rn and the transverse one m' are given by 

m -"^; m = — (139} 

The formulae (305) show that 



f 1 9 ff ^ ff 



and we find therefore 

dG ^ c« G 
dv c* — »• V ' 

a differential equation from which the momentum can be found as a^ 
function of the velocity. 

The solution is as follows 

T , ^ c*dv dv dv dv 

rt log tr — (c«_t7*)t; "~ "ti 2(c+t7) "•" 2(c — «)' 

log 6r « logv — ^log (c + v) — ^log (c — v)-^ log C, 

Cv 



G 



(c*—v*)^ 



where (7 i& a constant of integration. 
Substituting in (139) we find 



/ (7c* ,r C 



and, for the case considered in the text 



c ' c 
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Now^ in passing to tiie limit v ^0, h and I both become equal 
to 1, from which we may conclude 

C 

The coefficient I must therefore have the value 1 for all values 
of the velocity (cf. § 179). 

As to the momentum, we may write for it 



and for its components 






C _ _cWpYa. n cWpYy u cmpY, 

Having got thus far we can immediately write down the trans- 
formation formulae for the momentum. 

Indeed; using the system x\ y', z', i' we shall have to put 



6/ cwov;^ n, cmpY y p. 



(c» — y'T (c«— y'«)^ (c«— v'*)^ 

and these quantities can be expressed in terms of G^, G , G, if we 
use the formulae {llS) and {119\ 
The result is found to be 

G>A;G,--*^, g;==g„ g; = g.. (iao) 

These formulae may now serve us for finding the relation between 
the force F =* G in the system Xy y, z^ i and the force in the system 
Xj y\ z\ i' for which we may write 

F' == G; 

indicating by the dot a differentiation with respect to <'. For this 
purpose we shall fix our attention on the changes of the quantities 
in (i4(?) going on in the element dt. Between these we have the 
relations 

rfG;«fedG,~ ^^^^^> t;, dG;-(ZG,, rfG; = dG,. 
If these are divided by 
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which is found from (116) and (117) , we get 

Now for the motion of the particle considered in the system x, y, 

fit c df) 

B, ty - — - — 3 is the longitudinal mass and ^^^ the longitudinal accele- 

ration. The product of these is the component of the force F in 
the direction of motion^ and multiplyii^ again by v we shall find 
the scalar product (v • F). The last term, in the first of the above 
equations may therefore be written 



(D C* 



and the transformation formulae for the forces take the form 

F; = i{F.-,^(v.F)), F;-1f„ F; = iF, (141) 

We are now in a position to formulate the condition that must 
be satisfied if the principle of relativity shall hold. In trying to do 
so we must keep in mind that a physical theory in which we ex- 
plain phenomena by the motion of small particles consists of two 
parts; viz. 1. the equation of motion (138) of the particles and 2. the 
rules which represent the forces as determined by the relative posi- 
tions of the particles, their velocities, electric charges, etc. The 
principle of relativity requires that the form of the theory shall be 
the same in the systems x, y, jgf, t and x\ y\ /, t'. For this it will 
be necessary that, if, by means of the rules in question we calculate 
the forces F from the relative positions etc. such as they are in the 
system a?, y, jer, t, and similarly the forces F' from the relative po- 
sitions etc. in the system x\ y, /, t\ the components of F and F' 
satisfy the relations {141). We may call this the general law of 
force; in so far as it is true we may be sure that the description 
of phenomena will be exactly the same in the two systems. 

There is one class of forces of which in the present state of 
science we can say with certainty that they obey the general law, 
viz. the forces exerted by an electromagnetic field. Indeed the rule 
which determines the action of such a field on an electron carrying 
the charge e is expressed by the formula 

F =e(l + -[v.h] {142) 

c 

in tlie system x, y, z, t and by 

F'=cd' + y[v'.h'] (145) 
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in the system x\ yfj /, ^. If in the formulae (291) and {US) we 
put Z » 1; it can be inferred from them that (142) and (1^3) satisfy 
the conditions (i4I). 

In proving this we shall confine ourselves to the special case 
of an electron that is at rest in the system x, y, Zy t. Putting 
V — we find from {117) and {118) co = ft, v; = — ic;, v'^ — 0, V^ «0, 
so that {143) becomes 

F;-«d;, F;.«(d; + ^h;), f; - e (d; - ^^ h;) , 

or, if we substitute the values (291) 

K = ^^xy Fy = ^^yy ^\ "= y K 

We find the same values from {141), if we put 

Y«0, (D=»A;, F — cd. 

For other classes of natural forces we cannot positively assert 
that they obey the general law, but we may suppose them to do so 
without coming into contradiction with established facts. 

If we make the hypothesis for the molecular forces, we are at 
once led to the conclusion to which we come at the end in § 174. 
It may be mentioned here that attractive or repulsive forces depend- 
ing only on the distances are found not to follow the general law. 
Therefore the principle of relativity requires that the forces between 
the particles are of a somewhat different kind; their mathematical 
expression will in general contain small terms depending on the 
state of motion. Moreover the principle implies that all forces are 
propagated with the velocity of light. 

This may be seen as follows. Let the acting body have the po- 
sition a: = 0, y = 0, e ^0 at the time ^ = and let its velocity or 
its state be modified at that instant. If t is the instant at which 
the influence of this change makes itself felt at some distant point 
Xy y, 0, the velocity of propagation s will be determined by 

x^ + y^ + 0^^ sH\ {144) 

According to the principle of relativity the velocity of propagation 
must have the same value s in the system x', y\ /, t\ The values 
for the place and time of starting being a:'=-0, y'=»0, / — 0, ^'==0 
we must therefore have 

if x'y y\ Zy i' are the values corresponding to the a?, y, jgf, t of 
{144). If the two equations are combined with {113) ^ i. e. with 

x^ + y^ + 0^ — c^t^ - x'^ + y* + /» - (^r^ 
one finds 
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These considerations apply f. i. to uniyersal gravitation. In the 
theory of relativity this force is supposed to be propagated with the 
velocity of light and Newton's law is modified by the introduction 
of certain accessory terms depending on the state of motion. They 
are so small, however, that it will be very difficult to observe the 
influence they can have on the motions in the solar system. 

It will be easily seen that the question whether the forces re- 
quire time for their propagation from one particle to another loses 
its importance when there are no relative motions. In this case the 
theoretical considerations are greatly simplified. Let us suppose f. u 
that all the particles are at rest in the system x\ y\ /, i^ so that 
they have the common velocity V^ =■ «i? in the system a?, y, z^ i. 

Then equation (ii7) becomes ^ ^ ^ and the relations (i4J) take 
the form 

agreeing with (300). Indeed, in this latter equation So is the system 

in which the coordinates are x\ y', /, so that F(So) corresponds to 
what we have now called F'. 

Equation (300) is thus seen to be a special form of the general 
formulae {Idt), Though, strictly speaking, it can only be applied to 
systems in which there are no relative motions of the parts, it may 
be used with a sufficient approximation in the questions discussed 
in §§ 173—176. 

76 (Page 207) [1915]. The somewhat lengthy calculations by 
which these formulae have been obtained and which were added in 
a note to the first edition may be omitted now after what has been 
said in Note 75*. Even the reasoning set forth in this article and 
the next one might have been considerably simplified. If we sup- 
pose that all the forces acting on the electrons, f. i. those by which 
they are drawn back towards their positions of equilibrium, obey the 
general law of force (Note 75*), we may conclude directly that the 
equations which determine the motion of the electrons and the field 
d', h' in the system x, y', /, t' have the same form as those which 
describe that motion and the field d, h in the system Xj y, Zy t Or^ 
in the notation used in the text, the motion of the electrons and the 
values of d' and h', expressed in terms of Xj y\ z\ ( can be the same 

in the two systems So ^"^^ S- This is the theorem of corresponding 
states which we wanted to establish. 

As to the considerations which lead up to it step by step in 
§§ 175 and 176, we may make the following remarks. 
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1. In the original system Xj y, js, t the electric moment of a pai> 
tide is defined by the equations 

Pa:=^a^, Py^-^y, P,=-2^^, 

the X, y, e of the different electrons being taken for a definite value 
of tj so that we are concerned with simultaneous positions of the 
electrons. I had some trouble with the corresponding definition of 
Paj? Py'; P/ (P^-ge 206) because I did not consider t' as a real „time" 
and clung to the idea that in the system x'j y\ z\ t' simultaneity had 
still to be conceived as equality of the values of t In the theory 
of relativity, however, t' is to play exactly the same part as t\ in 
consequence of this we have simply to understand by x', y', / in the 
formulae 

p; « ^x\ p/ - ^ey\ p; = ^sf 

the coordinates of the electrons for one and the same time if. Pro- 
ceeding in this way, we can immediately write down the equations 
(308), which correspond exactly to (271) and (272). Indeed we 
have seen (Note 72*) that the fundamental equations are not changed 
by the substitution used in the theory of relativity. Hence, it is 
clear that if in the two systems a:, y, 0, t and a?', y\ /, if the density 
of the electric charge (p or q') is the same function of the coordi- 
nates and the time (the charges moving in tJie same way), the same 
will be true of the components of the electric and the magnetic 
force (d, h or d', h'). 

2. The transformation formulae for the electric moment may be 
obtained as follows. 

Let Xy y, z be the coordinates of the „centre" of a particle, rc + x, 
y + y, ^ -[- z those of a point P where there is an electron e, aU 
these coordinates being taken for the same time. Then if ic', y', /, t' 
are the values corresponding to a?, y, z^ t (so that in the second 
system x', y\ / is the position of the centre at the time t'\ the values 
corresponding to a; + x, y + y, j8? -j- z, ^ will be 

a;'-|-AjZx, y' + ?y, /-|-?z, ^'— ife?-^x. 



The first three expressions determine the place of P for the value 
of i indicated by the fourth, and in order to find the coordinates 
of the electron for the time i\ we have to take into account the 

changes of the coordinates in the interval JZ-^x. Hence, if x is sup- 

posed to be infinitely small, we may write for the relative coordi- 
nates with respect to the centre, such as they are at the time ^ 



5 ^ C ^y + *^ 5 X Vy', Iz -f U ^, 
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where v' is the Telocity of the centre^ which is in the case con- 
sidered in the text. 

We shall find the values of p/, p^', p,' if, after having multiplied 
by e, we take the sums extended to all the electrons of the particle. Hence 

P/-*iP,, Py'-iPyi PZ-^P,^ 

agreeing with the formulae of p. 206. 

77 (Page 211). Let S be a moving dedrostatie system and 
So the corresponding stationary one. We have d! ^0, h' » 0, and, 
ii q>' is the scalar potential in Sq^ the equations (291) and (295) give 
for every point of S 

°« — ^W °y""c"' — *a7' "• + 7"y — JW 

and consequently 

h_o , h -*?^|?^, h.=-Ai»'^i?; 



(145) 



y c dz' ' * cay' 

From this we find for the first component of the flow of energy in S 

and (by (53) and (302)) for the first component of the electro- 
magnetic momentum, with which alone we are concerned, 

«. - "^Si (I?)' + ©> - *?i/"i ©* + ©' 1 ''■■ 

We have therefore merely to calculate the last integral for the 
field of a sphere without translation with radius JR and charge a. 
This is a very simple problem. We may observe that the three 
integrals 

/(g)'"^. sm''^- A%p^ . 

have equal values, so that they are each equal to one third of their 
sum, i. e. to two thirds of the energy of the system. The latter 

having the value g-^, we have for each of the integrals j. , and 



e' 



It is dear that 6 » and G, — 0, so that in general 
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78 (Page 213). The equations {145) lead to the following value 
of the electromagnetic energy 

Putting I =^ 1 and remembering that each of the integrals 
'/ (y^) dS^ etc. has the value J^ ^ ^ we find 

^[l + 2ft»(H-^)], (147) 

which becomes equal to (315) when the value of k is substituted. 



79 (Page 214). Indeed^ when the electron is at rest^ the electric 
force in its immediate neighbourhood is jB = T~w ' ^^ ^^ ^^ ^^ right 
angles to the surface^ there is a normal stress equal to 

80 (Page 215). When, by some disturbing cause^ the radius of 
the sphere is increased^ the electric stress acting on its surface is 
diminished^ as is seen from (148). As the internal stress is supposed 
to remain constant, it will draw the points of the sphere towards 
the inside, so that the original volume will be restored. 

We shall next show that the equilibrium would be unstable 
with respect to changes of shape. Consider a deformation by which 
the sphere is changed to an elongated ellipsoid of revolution, the 
magnitude of each element of surface remaining as it was^ and each 
element retaining its charge. Then it can be shown that in the in- 
terior, at each point of the axis, there wiU be an electric force 
directed towards the centre if the charge of the electron is negative. 
Let this force be equal to g at a point just inside the surface at 
one extremity P of the axis. By a well known theorem the electric 
force just outside the surface at the same extremity will be q + (o, 
if we denote by — a? the negative surface density of the ellipsoid, 
which by our supposition is equal to the surface density of the ori- 
ginal sphere. A surface element at P will be subjected to two nor- 
mal electric stresses, ^(3 + (oy outward, and Jg* inward; besides these 
there is the constant internal stress which must be equal to 4^cd*, be- 
cause, in the original state^ it counterbalanced the electric stress. 
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Since both q and o are positiye, there is a resultant force qo 
directed towards the outside and tending still further to elongate 
the ellipsoid. 

In order to prove what has been said about the internal electric 
force, we may proceed as follows. Choose a point A on the semi- 
axis OP, and consider a cone of infinitely small solid augle d^^ 
haying this point for its vertex, and prolonged through* it Let d^^ 
at the point B^, and de^ at B^ be the elements of the ellipsoidal 
surface determined by the intersection with the cone, d'^ and Q'^ the 
angles between the line B^B^ and the tangent planes at the exy 
tremities, and let JB^ be the point nearest J., so that the angle B^AT 
is sharp. Then, since 

^^1^ 8in^, ' ^^2= Bind, ' 

the attraction exerted by the two elements on a unit of positive elec- 
tricity at A will be equal to 

and 



It may be shown by geometrical considerations that 

sin ^^ > sin %'^ , 

from which it follows that, of the two attractions, the second is 
greatest, so that there is a residual force in the direction AB^, A si- 
milar result is found for any other direction of the cone; the total 
resultant electric force must therefore be directed towards the centre. 

81 (Page 220). The expressions {146) of Note 78 show that, 
if Z is different from 1, the value {147) found for the energy must be 
multiplied by I, According to the hypothesis of Bucherer and 

Langevin, I = J~ , which leads to the result mentioned in the text. 

82 (Page 222). If in the equations (200), in which we may 
now omit the terms depending on the resistance and on the external 
magnetic field, we substitute P = D — E, they take the form of a 
linear relation between the vectors D and E, containing their diffe- 
rential coefficients with respect to the time. 

83 (Page 224). Let the effective coordinates of P and ^ be 0, 0, 
and x\ y'y /; then, by (286), the relative coordinates are 0, 0, and 

^, y\ z. Hence, if 0, ^i, ^ are the values of t at the instants when 
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ihe signal is started from P, received by Q and again perceived at 
P, we have by (284) for the absolute coordinates of the points 
where the signal is found at these moments^ 

0,0,0; !' + «;<,,/,/; m;^, 0, 0, 

and since the distance from the first to the second is travelled over 
in an interval t^y and that from the second to the third in an inter- 
val ^3 — t^, 

By means of these equations t^ and ^ can be calculated. It is 
simpler, however, to consider the quantities 

and 

V = i «, • (150) 

Indeed, th« fonnulae may be transformed to 

x'» + y'« + e'» =- <^t\' 

giving 

<i' = |ya;'» + y'* + /* (151) 

and 

But it appears from equation (288), for which we may now write 

t'^\t-l,x\ {153) 

that the variable t^ defined by {150) is the time measured as local 
time of P that has elapsed between the starting and the return of the 

signal. On the other hand, yaf^ + y'* + /^ is the length L which 

2 L 

the observer J. ascribes to the distance P^, and -r-r is the value of 

the velocity of light which he deduces from the experiment. Equation 

(152) shows that this value will be equal to c. 

84 (Page 226). It is sufficient to observe that, as is seen from 

(153) and (i4P), a clock showing the local time of Q will mark the 
time t^ at the moment when Q is reached by the signal, and that,. 

according to {151) ^ this time t^ is precisely — • 

If or en tK, TbAory of eleotrons. 8nd sd. 22 
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85 (Page 226). According to what has been said in § 189^ the 
mass m which the moving observer ascribes to a body will be the 
mass which this body would actually have, if it were at rest. But, 
the masses being changed by the translation in the manner indicated 
by (305), the real mass will be h^m if the acceleration has the direction 
of OX, and %m if it is at right angles to that axis. Using the in- 
dices (p) and (r) to distinguish observed and real values, we may 
therefore write 

where the factors enclosed in brackets refer to accelerations parallel 
to OX, or or OZ, 

On the other hand it appears from the formiilae (303) that for 
the accelerations 

so that, if the moving observer measures forces F by the products of 
acceleration and mass, we shall have 

Now, let two particles with equal real charges e be placed at 
the points of the moving system whose effective coordinates are oi^, y^, g^,^ 
x^, y^, e^ and whose effective distance / is therefore given by the 
first equation of § 171. If these particles had the corresponding po- 
sitions in a stationary system, the components of the force acting on 
the second of them would be 

«-a^OeV (y/-y,Oe* (V-^iOg* (^.^^ 

Hence, in virtue of (300), the components of the real force in 
the moving system wUl be 



(x,'-x,')e^ 1 (y,'-y/)e« 1 (V~^,')« 



'\^i 



4«r'» ' k 4.nr'' ' k 4knr 



,'8 



and by (154) the components of the observed force will again have 
the values (l5S). The observer A will therefore conclude from his 
experiments that the particles repel each other with a force 



e» 



4«r 



,'t 



and he will ascribe to each of them a charge e equal to the real one. 
Let us suppose, finally, that a charge e is placed in an electro- 
magnetic field existing iii the moving system, at a point which shares 



86 NOTES. 339 

the translation. Then^ on account of (293)^ the components of the 
force really acting on it are 

and we may infer from (154) that the components of the observed 
force have the values 

eij, ei; ei;. 

It appears from this that, as has been stated in the text^ the 
moving observer will be led to the vector d' if he examines the force 
acting on a charged particle. 

86 (Page 230) [1915]. Later experiments by Bucherer^), 
Hupka^y Schaefer and Neumann') and lastly Guye and La- 
vanchy*) have confirmed the formula (313) for the transverse electro- 
magnetic mass, so that, in all probability, the only objection that 
could be raised against the hypothesis of the deformable electron and 
the principle of relativity has now been removed. 

1) A. H. Bucherer, Phya. ZeitBchr. 9 (1908), p. 756; Ber. d. deutBchen Phys. 
Gbb. 6 (1908), p. 688. 

2) E. Hupka, Ann. Phys. 81 (1910), p. 169. 

S) CI. Schaefer and G. Neumann, Phys. Zeitschr. 14, (1913), p. 1117. 
4) Gh. E. Gnye Mid Gh. Lavanchy, Gomptes rendos 161 (1915), p. 52. 
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Mit 11 Fig. [X u. 402 S.] gr. 8. 1914. Li Leinw. geb. n. Ji^ 11.— 

Auerbach. F., Physik in graphischen Darstellungen. 1373 Figuren auf 
213 Tafeln mit erl&utemdem Text. [X, 213 u. 28 S.] 4. 1912. geh.n.yi^ 9.—, 
in Leinw. geb. n. JC 10. — 

Alls Natur und Geistes'welt. Sammlung wissenschaftlich-gemeinverstSudlicher 
Darstellungen aus alien Gebieten des Wissens in Banden von 120 — 180 Seiten. 
Jeder Band ist in sich abgeschlossen und einzeln k3.uflich. F'reis jedes Bandes 
geh. JC\, — , in Leinw. geb. «/^ 1 . 25. Bisher ca. 500 B9jide. Sonderprospekt erschienen 

Bom, M., Dynamik der Kristallgitter. Mit 1 Tafel und 2 Figuren. fYII u, 122 S.] 
gr. 8. 1915. geh. n. .4^ 7.—, in Leinw. geb. n. M 7.60. 

BriU^ A., das Relativit&tsprinzip. Eine Einfiihrung in die Theorie, Mit 6 Fi- 
guren. 2. Aufl. [lY u. 34 S.] gr. 8. 1914. geh. n. JC 1.20. 

Brion, G«, Leitfaden zum elektrotechnischen Praktikum. Mit 380 Fig. 
[Xm u. 404 S.] gr. 8. 1910. geh. n. J( 10.—, geb. n. ^ 11.-^ 

Burkhardt, H., Entwickelungen nach oszillierenden Funktionen und 
Integration der Differentialgleichungen der mathematischen Physik. 
Bericht, erstattet der Deutschen Mathematiker-Yereinigung. [XII, m u. 1804 S.] 
gr. 8. 1908. In 2 HalbbS.nden geh. je n. <>^ 30.— 

Byk. A.. Einfiihrung in die kinetische Theorie der Gase. 2 Bftndchen. 8 
Mit Fig. I: dieidealenGase. [Yu. 102S.] 1910. geh. n.Ui^ 2.80, geb. n. .^^ 8.20 

Debye^ F.^ Yorlesungen dber Quantentheorie. [ca. 240 S.] gr. 8. [In Yorb.] 

optische Untersuchungen iiber Lichtdruck, Regenbogen und 

andere B eugungserscheinungen. EinBeitrag zur Behandlung optischer Fragen 
im Sinne von Randwertaufgaben. [ca. 100 S.] gr. 8. 1916. geb. (TTnter der Presse.j 

Diesselhorsty H.^ elementare ElektrizitS.tslehre. Theoretische Elektri- 
zit&talehre. 2 B^nde. fJe ca. 190 S.] gr. 8. [In Yorbereitung.J 

Ebert. H., Lehrbuch der Physik. Kach Yorlesungen der Technischen Hochschule 
zu Munchen. In 2 B3.nden. I. Band. Mechanik. W&rmelehre. Mit 186 Ab- 
bildungen. [XXu. 661S.] gr.8. 1912. In Leinw. geb. n. U(f 14 . — [H Bd. in Yorb.] 

SSinstein^ A., und M, Grofimann^ Entwurf einer verallgemeinerten Relati- 
vit3.tstheorie und einer Theorie der Gravitation. [38 S.] gr. 8. 1913. 
geh. n. <>^ 1.20. 

Frcuik^ Ph., Relativit&tstheorie. (Sammlung .^Wissenschaft und Hypothese*'.) 
[ca. 320 S.] 8. [In Yorbereitung.] 
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Gans, B., Einfuhrung in die Yektoranalysis. Mit Anwendnngen auf die math. 
Physik. 3. Aufl. Mit 36 Fig. [VIII u. 181 S.] gr. 8. 1913. geh. n.JC'S. 40, geb. n. UK 4 . — 

Giimsehl, E., Lehrbnch der Physik. Zum Gebranche beim Unterricht, bei 
akademischen Vorlesungen nnd zum Selbsistadium. S. Aufl. In 2 BSnden. 

LBand. Meehanik, Aknatik und Optik. Mit 1066 Figaren vnd 2 farbigen Tafeln. [XII 
tu 966 S.] gr. 8. 1914. geh. n. J( 11.—, geb. n.J(l%.— IL Band. [Brsoheint Sommer 1916.] 

HertZy p.. Lehrbnch der statiBtischenMechanik (mechanischeGrnndlagen 
der Thermodynamik.) [ca. 600 S.] gr. 8. [In Vorbereitnng.] 

Hubert^ D,, und S. Heoke, Vorlesungen tlber kinetische Gastheorie. In 

2 B&nden. [ca. 288 8.] gr. 8. [In Vori)ereitimg.] 
Jahnke, E.y n. F. Emde, Fnnktionentafeln mit Formeln und Karven. Mit 

53 Fig. [Xn a. 176 S.] gr. 8. 1909. geb. n. JC 6.— 
V. Ignatowsky. W.^ die Vektoranalysis nnd ihre Anwendung in der theo- 

retischen Physik. 2 Teile. Mit Figoren im Text. 8. 

Teil I: Die Yektor analysis. [YHI u. 118 8.] 1909. geh. n. Ul^ 8.60, geb. n. M S.— 
— 11: Anwendung der YektoranalyBia in der theoretiachen Physik. {TV n. 183 S.] 
1910. geh n.J( 8.60, geb. n. M S. — 

KaUUme^ A.. Grundznge der math ematisch - physikalischen Aknstik. 
2 Teile. Mit Figuren. 8. I. Toil. [VII a. 180 8.] 1910. geh. n. JC 3.20, geb. n. 
JC 8.60. II. Teil. [X u. 226 8.] 1918. geh. n. Ul^ 6.40, geb. n. JC 6.— 

Keferstein^ J., grofie Physiker. Bilder ans der Geschichte der Astronomie and 
Physik. FOr reife SchSer, Stadierende imd Naturfreunde. Mit 12 Bildnissen 
auf Tafeln. [IV u. 238 8.] 8. 1911. geb. n. *^ 8.— 

Kelyin, Lord^ Vorlesungen fiber Molekulardynamik und Theorie des 
Lichtes. Deutsch herausgegeben von B. Weinstein. Mit 132 Figoren. [XVm 
u. 690 8.] gr. 8. 1909. geb. n. JC 18 . — 

KohlrauBOhy Fr., Lehrbuch der praktischen Physik. 12. Aufl. In Gemein- 
schaft mit H. Geiger, E. Grtoeisen, L. Holbom, W. Jaeger, E. Orlich, K. Scheel, 
0. SchOnrock herausgegeben von E. Warburg. Mit 389 Abbildungen. [XXXI u. 
742 8.] gr. 8. 1914. In Leinw. geb. n. JC 11.— 

Leoher, E.^ Lehrbuch der Physik filr Mediziner und Biologen. Mit 499 Ab- 
bildungen. [Vn u. 461 8.] gr. 8. 1912. geh. n. JC H,—, xa Leinw. geb. JC 9.— 

Lorentz, H. A., Abhandlungen fiber theoretische Physik. 2 BSnde. Bd. I. 
Mit 40 Fig. [IV u. 489 8.] gr. 8. 1907. geh. n. J^ 16.— , in Leinw. geb. n. JC 17.— 

the Theory of Electrons and its Applications to the Phenomena 

of Light and Radiant Heat. A course of lectures delivered in Columbia Uni- 
versity, NewYork, in March and April 1906. [IV u. 332 8.] gr. 8. 1909. geh. 
n. JC 8. — , in Leinw. geb. n. «^ 9.— (2. Aufl. erscheint Februar 1916.) 

das Belativit^tsprinzip. Drei Vorlesungen, gehalten in Teylers 8tiftang 



zu Haarlem. Bearbeitet vonW. H. Keesom. [H u. 52 8.] gr. 8. 1914. geh. n. JC 1. 40. 
les theories statistiques en thermodynamique. Conferences faites 



an „Coll^ge de France" en novembre 1912, r^dig^es par L. Dunoyer. [IV u. 124 8.] 
gr. 8. 1916. Geh. n. JC 6. SO. 

A, Binstein, H. Minko'wski; das Relativit&tsprinzip. Mit Anmer- 



kungen von A. 8ommerfeld, einem Vorwort von 0. Blumenthal sowie einem 
Bildois H. Minkowski s. 2. durchgesehener Abdruck. [lY u. 89 S.J gr. 8. 1915. 
geh. n. JC Z, — , in Leinw. geb. n. ui( 3.60. 
Meyer, St.,andE.v.8ohweidl«r9BadioaktivitS.t. [ca.420S.l gr.8. 1916. [U.d.Pr.] 

Flanok, M., das Prinzip der Erhaltung der Energie. 8. Aufl. [XVI u. 278 8.] 

8. 1914. In Leinw. geb. n. JC 6. — 
Foske, F., Didaktik des physikalischen Unterrichts. Mit 88 Figuren. [X 

u. 428 8.] gr. 8. 1916. geb. n. JC 12.— 
Fringsheixn, E., Vorlesungen fiber die Physik der Sonne. Mit 286 Figuren 

und 7 Figurentafeln. [VIH u. 486 S.j gr. 8. 1910. geh. n. JC U.~, geb. n. JC IS,— 

Bebenstorff. H., physikalisches Experimentierbuch. Fflr reifere SchQler, 
Studierenae und Naturfreunde. Li 2 Teilen. 

I. Teil: Anleitung sum aelbtt&ndigen Experimentieren fllT jftngere nnd mittlere 

Sehttler. Mit 99 Figuren. [VI u. 280 8.] 8. 1911. geb. n.UI^8.— 
IL — Anleitnng zum selbstftndigen Experimentieren fdr mittlere and rei^e 
Schiller. Mit 87 Figuren. [VI u. 178 8.] 8. 1918. geb. n.UI^S.— 

Bieharz. P., Anfangsgriinde der Mazwellschen Theorie verknfipft mit 
der Elektronentheorie. Mit 69 Figuren. [IX u. 246 $.] gr. 8. 1909. geh. 
n, JC 7. — , in Leinw. geb. n. JC 8. — 
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Sammlung znatheznatisoli-physikallsolier Lehrb^olier, Herausgegeben von E. 

Jahnke. In B3,ndclien zn je etwa 120 S. 8. kart. q. geb. Bis jetzt eischieneD 

18 BS.ndcIieii. . Siehe nS.cIi8te Seite. 
Schaefer^ C.^ die Maxwellsche Theoiie der £lektrizit9.t und des Magne- 

tismns. Mit Bildnis Mainfrells und 32 Figuren. [VIII u. 174 S.] 8. 1908. kart 

n. JC 3.40, geb. n. M 8.80. 
Schuster, A., Einfubrung in die theoretische Optik. Autorisierte deutscbe 

Ausgabe. tTbersetzt yon H. Eonen. Mit 2 Tafeln und 185 Figuren. [XIY u. 

418 SO gr. 8. . 1907. geb. n. JC 12.—, geb. v,, JC 13.— 
Starke, H., experimentelle Elektrizitatslebre, verbunden mit einer Einfiibrung 

in die Maxwellsche und die Elektronentheorie der Elektrizii^t und des Lichts. 

2., auf Grand dei Fortschritte der Wissenschafb umgearbeitete Auflage. Mit 

334 Figuren. fXVI u. 662 S.] gr. 8. 1910. geb. n, JC 12.— 

^LeitfadenderExperimentalphysik. [ca. 480 S.] gr. 8. 1916. [In Verb.] 

TasohenbuchftbrMathematikerundPhysiker. in.Jahrg. Herausg.vonF. Auerbach 

U.R. Bo the. Mit einem Bildnis Friedr. Eohlrauschs. [X u. 463 S.] 8. 1913. geb.n. J!^ 6 . — 
Thomson, J. J., Elektrizit&ts-Durchgang in Gasen. Deutsche autor. Ausgabe, 

unter Mitwirkung des Autors besorgt und erg&nzt yon E. Marx. Mit 187 Figuren. 

[Vn u. 687 S.l gr. 8. 1906. geh. n. JC 18.—, geb. n. JC 19.— 
Trabert, W«, Lehrbuch der kosmischen Physik. Mit 149 Figuren und 1 Tafel. 

[X u. 622 S.l gr. 8. 1911. geh. n. Ji 20.—, geb. n. J^ 22.— 
Voigt, W.f MTagneto- und Elektrooptik. Mit 76 Figuren. [XIV u. 396 S.] 

gr. 8. 1908. In Leinw. geb. \i, Ji 14 . — 
— '- Lehrbuch der Kristall-Physik (mit AusschluB der Kristalloptik). Mit 

218 Fig. u. 1 Taf. [XXIV u. 964 S.l gr. 8. 1910. geh. n. Ul^ 30 . — , in Leinw. geb. n. .>^ 32 . — 
Volkmann^ P., EinftLbrungin aas Studium der theoretischen Physik, insbe- 

sondere m das der analytischen Mechanik. Mit einer Einleitung in die Theorie der physi- 

kalisch-Erkenntnis. 2.Aufl. [XVIu.412S.] gr.8. 1913. geh. n. .^ 13.— , geb.n. ./^ 14.— 
Fragen des physikalisohen Schulunterrichts. [XVI u. 66 S.] 

gr.8. 1913. geh. n. c^2.— 
Tolterra, T., Drei Vorlesungen uber neuere Fortschritte der mathema- 

tischenPnysik. Mit Zus&tzen u. Erg&nzungen des Verfassers. Deutsch yon E. L a m 1 a 

in Berlin. Mit 19 Figuren und 2 Tafeln. [IVu. 84S.] gr.8. 1914. geh. n. .>^ 3.— 
Vortrftge iiber die kinetische Theorie der Materie und der Elektrizitat. 

Gehalten in G5ttingen auf Einladung der Eommission der Wolfskeblstiftunff yon 

M. Plank, P. Debye, W. Nernst, M. v. Smoluchowski, A. Sommerfeld und 

H. A. Lorentz. Mit Beitr3.gen von H. Eamerlingh-Onnes und W. H. Eeesom. 

Mit einem Vorwort von D. Hilbert und 7 in den Text gedruckten Figuren. [IV 

u. 196 S.] gr. 8. 1914. eeh. xi, Ji 7.—, in Leinw. geb. n, JC 8.— 
Weber, R., Beispiele und O^bungen aus Elektrizit3.t und Magnetismus. 

Nach dem Manuskript der 6. franzdsischen Auflage. Mit 74 Fig. [VUl u. 380 S.] 

8. 1910. geh. n. JC 4.80, geb. tl. JCh.lh, 
Weber, K. H., und It. Gans, Bepertorium der Physik. In 2 BSnden^ jeder zu 

2 Teilen. Mit vielen Textnguren. 8. geb. 

LBand. Meohanik and W&rme. I. Teil: Mechanik, Blaatisit&t, Hydrodynamik und 

Akn8tik(F.A.SohalKe). Mit 126 Figuren. [2^ n. 
484 8.] 1915. n. .^ 8.— 

I. ~ II. — KapilUritftt,Wftrme,W&rmeleitang, kine- 

tische Ga> theorie and at atistiteheMeohanik 
(P. Herts). Mit 72 Figaren. [XIY a. 618 S.] n. M 12.— 
n. — Elektriiit&t, Magnetiamaa, Optik. 2 Teile. [In Yorbereitang.] 

Weber, H., und J. Wellstein, £nc7klop9.die der Elementar-Mathematik. 
. Ein Uandbuch fur Lehrer und Studierende. In 3 B9.nden. gr. 8. HI. Band: An- 
gewandte Elementar-Jiathematik. Von H.Weber, J. Wellstein und 
R. H. Weber. 2. Auflage. In 2 Teilen. 

LTeil: Mathematiache Physik. Mit einem Baohe tlber Maxima and Minima Ton H. Weber 
and J. Wellstein. Bearbeitet von B. H. Weber. 2. Aaflage. [XII a. 536 S.] 1910. 
In Leinw. geb. n. M 12. — 

Wien, W., fiber Elektronen. 2. Aufl. [39 8.] gr. 8. 1909. geh. n. JC 1.40. 
Vorlesungen fiber neuere Probleme der theoretischen Physik. 

Gehalten an der Columbia-Universitat in New York im April 1913. Mit 11 Figuren 

im Text. [IV u. 76 S.] gr. 8. 1913. geh. n. JC 2.40. 
Wood, R. W., physikalische Optik. Deutsch von E. Prumm. Mit vielen 

Figuren. [ca. 400 S.] gr. 8. 1916. [Unter der Presse]. 

B. G-. Teubner in Leipzig, Poststr. 3. Neuester Eatalog: Auswabl neuerer 
Werke auf dem Gebieto der Matbematik, Naturwissenschaften und Technik aus dem 
Yerlage von B. G. Teubner in Leipzig, bis Sommer 1916. Bitte zu verlangen. 



Sammlung 
mathematifdi-phyfikalifdierLehrbucher 

Herausgegeben von E. Jahnke 

Die Sammlung setzt sich znm Ziel, knrz« Darstellangen zo bieten, welche fflr dn engbegrenztes Q6btet die 
mathematischen Methoden dnfach and tdchtfafilich ableiten und deren Verwendbarkdt in den einzelnen Teilen 
▼on Physik und Technik aufdecken. Dabd ist VoUstflndigkdt der BeweisfAbrung nicbt erstrebt, Tiehnehr wird 
besonderer Wert daraaf gelegt, Dinge, die ffOr die Anwendangen Ton Wichtigkdt sind, nicht mgunsten wissen- 
schafilicher Strenge zurflcktreten zn lassen. Die DarsteUang der einzebien Qebiele ist so gehalten, daS jede 

dn abgeschlosaenes Ganzes fikr deb bildet. 

Bisher erschienen: 

I. Einfflhrung in die Theorie des Magnet ismus. Von Dr. ItQans, Professor an der Uoiversiiat 
U Plata, m 40 Pig. fVI u. 110 S.) 1908. Steif geh. M. 2.40, in Ldnw. geb. M. 2.80. 

II. Elektromagnetische Aasgleichsvorgftnge in Preileitangen and Kabela. Von K. 
W.Wagner, Kaiserl. Tdegr.-lngenieor In Charlottenburg. Mit 23 Pigoren. [IV n. 109 S.) 1908. Steif 
gdi. M. 2.40, in Leinwand geb. M. 2.80. 

III. Einfflhrnng in die Mazwellsche Theorie der Elektrizllftt und des Magnetismns. Von 
Dr. CL Schaefer, a. 0. Professor an der Universitflt Breslan. Mit Bildnis J. C. Maxwelte tmd 32 Figuren. 
(VIII n. 174 S.] 1906. Steif geh. M. 3.40, in Ldnwand geb. M. 3.80. 

IV. Die Theorie der Besselschen Funktlonen. Von Dr. P. Schafheitlin, Pirofesser am Sophien- 
Realflymnadumzo Berlin. Mit 1 P^urentafel. (Va.l29S.] 1906. Stdf geh. M. 2.80. in Leinwand geb. M. 3.20. 

V. Pnnktionentafeln mit Pormeln and Karven. Von Dr. B. Jahnke, ProieMor an der Kgl. 
Bergakademie za Berlin, and P. Bmde, Prof. a. d. Bergakademie in Klaosthal i. H. Mit 53 Flgoren. 
pen a. 176 S.| gr. 8. 1909. In Leinwand geb. M. 6.— 

VI. lu. 2. Die Vektoranalysis and ihre Anwendang in der theoretischen Physik. Von 
Dr. W. ▼. Ignatowsky, Privatdoz. a. d. Univ. Berlin. In 2 Tdlen. 

I. Die Vektoranalysis. Mit 27 Fig. fVIII n. 112 S.| 1909. Steif geh. M. 2.60, in Ldnw. geb. M. 3.-- 
IL Anwendang der Vektoranalysis in der theoretischen Phynk. Mit 14 Pig. [IVn.l23S.] 1910. Stdf geh. 
M. 2.60, in Ldnwand geb. M. 3.— 

VH. Theorie der KrftftepUne. Von Dr. H. E. Ttmerding, Professor an der Technischen Hodischole 
za Braunschweig. Mit 46 Pigaren. (VI a. 99 S.I 1910. Steif geh. M. 2.60, in Leinwand geb. M. 3.— 

VIII. Mathematische Theorie der astronomischenPinsternisse. VonDr.P.Schwaha, DIrektorder 
Qesellschaft and Stemwarte „Urania" in BerUn. Mit 20 Pig. (VI a. 128 S.] 8. 1910. Steif geh. M. 3.20. 
in Ldnwand geb. M. 8.60. 

IX. Die Determinanten. Von Geh. Hofrat Dr. B. Netto, Professor an der Universitftt Oiefien. (VI o. 130 S.| 
8. 1910. Stdf geh. M. 3.20, in Leinwand geb. M. 3.60. 

X. Binfflhrang in die kinetische Theorie der Case. Von Dr. A. Byk, Professor an der Universitlt 
and der Technischen Hochschule zu Berlin. 2 Telle. 

L Teil: Die idealen Case. Mit 14 Pigaren. (Vn. 102S.| 1910. Steif geh. M. 2.80, in Ldnwand 
geb. M. 3.20. — II. Teil in Vorbereitong. 

XLQrundzflge der mathematisch-physikalischen Aknstik. Von Dr. A. Kalfthne, Professor aa 
der Technischen Hochschule za Danzig. 2 Tdle. I. Tdl: (VII u. 144 S.] 1910. Stdf geh. M. 3.20. in 
Ldnwand geb. M. 3.60. - II. Teil: Mit 57 Pigaren im Text. (X u. 225 S.] 1913. Stdf geh. M. 5.40, in 
Leinwand geb. M. 6.— 

XII. Die Theorie der WechselstrOme. Von Professor Dr. E. Orlich, Mitglied der physikalisch -tech- 
nischen Rdchsanstalt zu Chariottenburg. Mit 37 Pigaren. (IV a. 94 S.] 1912. Steif geh. M. 2.40, in 
Leinwand geb. M. 2.80. 

XIII. Theorie der elliptischen Punktionen. Von Dr. Martin Kranse nnter Mitwirkang von Dr. 
Emil Naetsch, Professoren an der Technischen Hochschale zu Dresden. Mit 25 Piguren. |VII n. 
186 S.I 1912. Stdf geh. M. 3.60, in Ldnwand geb. M. 4.- 

XIV. Konforme Abbildung. Von weiL Oberlehrer Leo Lewent. Heransg. von ProLEugen Jahnke. 
Mit einem Beitrag von Dr. Wil h. Blase hke, Professor an der UniverdtAt Ldpzig. Mit 40 Abbildungen. 
(Vl u. 118 S.] 1912. Stdf geh. M. 2.80, in Leinw. geb. M. 3.20. 

XV. Die mathematischen Instramente. Von Professor Dr. A. Galle in Potsdam. Mit 86 Abbildungen. 
(VI u. 187 S.j 1912. Stdf geh. M. 4.40, in Ldnw. geb. M. 4.80. 

XVI. Dispersion and Absorption des Lichtes in rnhenden isotropen K6rpern. Theorie and 
ihre Polgerungen. Von Dr. D. A. Go Id hammer. Professor an der Uniyersitat Kasan. Mit 28 Fi^ren. 
(VI a. 144 S.] gr. 8. 1912. Stdf geh. M. 3.60, in Ldnw. geb. M. 4.— 

XVILElemente der technischen Hydromechanik. VonDr. R. v. Mises, Professor an der Universit&t 
Strafiburg i. E. 2 Tdle. I. Tdl: Mit 72 Figuren. (VIII u. 212 S.| 8. 1914. Steif geh. M. 5.40. 
in Leinwand geb. M. 6.—. II. Teil in Vorberdtung. 
XVIII. Graphis Che Method en, Von Dr. C. Runge, Professor an der Universitftt GOttingen, Mit 94 Figuren 
im Text. (IV a. 142^.1 1915. Geh. M. 4.40, in Ldnwand geb. M. 5.- 
XIX. Leitfaden zum graphischen Rechnen. Von Dr. R. Mehmke, Professor an der Technischeo 
Hochschale zu Stuttgart. (Unter der Presse.I 

« 

Weitere B&ndchen in Vorberdtung. 
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